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Note on Surges of Voltage and Current in Transmission 

Lines 

By F. W. Carter, F.R.S. 

(Received 3 March, Revised 21 April, 1936) 

The increase in extent and capacity of electrical transmission systems 
lends increasing importance to the subject matter of this note; for 
excessive survoltage, particularly when it occurs suddenly, is apt to 
damage equipment and endanger life. Lightning, striking a trans¬ 
mission line, causes a large and virtually instantaneous rise of potential 
at the point struck; and it is important, in the study of its effects, to 
determine the resulting disturbance at a distant point of the line. A 
solution of the fundamental case of an infinite transmission line, at the 
end of which a change of potential suddenly occurs, was propounded by 
Heaviside,* but this solution appears to be incorrect. It nevertheless 
seems to have been very generally accepted by engineers who have dealt 
with the problem.t The subject has also been discussed by Jeffreys.J 
but it is felt that the present treatment offers advantages, not only in that 
it leads to a clearer physical apprehension of the phenomena, but also 
as being more amenable to the purpose of practical calculation. 

The equations between voltage V and current i at any point x and time 
t are 

g + Lf + R,-0. ,1) 

|+K^+SV = 0, (2) 

where R is the resistance, S the leakage conductance, L the self-induction, 
and K the capacity of the line—all reckoned per unit length. Whence, 

^ = LK^ + (RK + SL)^ + RSV. (3) 

* “ Electromagnetic Theory,” vol. II, § 372. 

t See Cohen, “ Heaviside’s Electrical Circuit Theory," p. 108 (McGraw-Hill Pub¬ 
lishing Co.); Bush, ‘ Trans. Amer. Inst. Elec. Engrs.,’ vol. 43, p. 1180 (1924). 

t “ Operational Methods in Mathematical Physics,” 2nd ed., p. 104 re«^(CambridgB 
Mathematical Tract No, 23). 
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We adopt Heaviside’s notation and follow his exp>osition for a time. 
We replace dldt by p, and write equation (3) in the form 


where 



1 / R j S \ 1 / R 



(4) 


We write for the coefficient of V on the right of equation (4); and the 
solution of (3) for an infinite line and a suddenly applied voltage V„, 
expressed in symbolical form, is 


V = Vo e-''*H(/), 


(5) 


where H {t) is Heaviside’s unit function, being zero for negative time and 
unity for positive time. We here deviate from Heaviside’s exposition, 
and expand q in descending powers of p + p, as if it were algebraic; thus 


q^P-±± 

^ V 




' q Y _ III ( 

Ip + p- 2-4\p+p. 


V 



( 6 ) 


where 2 is a series of odd powers of ojip + p), which may be written in 
the forms 

1~(1 

4 id . .■ ■' ' . 

y 


We note that 

Thus 


00 

2 


(2r)! 


,,2r + I 


r-o(r+ l)!r!2*'+'-^ 
vm g m.(m + 2r- 1)! ar 


H it) = exp (- exp (— 2 ) H (f). 


We write 




V 
1 1 


l + p, + (£?)!+ MlZL e~^*. 

^^ 2 !, ’(/M- 1 )! J 


(7) 

( 8 ) 
(9) 

( 10 ) 


It should be understood that t*” is a mere symbol, and not an algeln'aic 
power. It is written as a pseudo-power in order that certain results 
may thereby be intelligibly expressed in symbolical form. 



Surges in Transmission Lines 


3 


Now 

/ rr \^ / ft 

1^) -(J) o-.-)H(rt. (H) 

Accordingly, if F (y) is a series of positive integral powers of y —^including 
a constant term— 


F (fi-p) » « = ( F (f) - [f (") - F (0) I) H (,). (12) 

We write X for u/p, and interpret (Xc)"* as X^c". We therefore deduce 
from equation (9) the symbolical form. 


e-o" H (?) -- Jexp (~ (1 - x*)i H) 


exp i - ^) [ exp ([1 - (I - X»e»)»] - 1 ]}h (0, (13) 


or the expanded form, 

— g-vx!v I I — 

—exp 


g-px:v _ _ x®)i 


00 QO 

L 2 


px\ 
V I 


(w 4- 2r — 1)1 


V - 1)1 (« + /•)!/•! 


x(^^)”(Xc)"+»Fj H(?). (14) 


The operator exp (— pxlv) has the effect of changing / to ? — xjv in all 
terms which follow it (i.e., in e” and H (?)). The disturbance accordingly 
travels with velocity v, reaching the point x after lapse of time xjv from 
the instant of stimulus; and, writing ei for the value of e when ? — xjv 
replaces /, the appropriate solution of equation (3) is 



— exp 


££^11 (n + 2r~l) 

V I c-o (n — 1)1 (n + ?•)! r! 2"+*’’ 




(15) 


Now El"* passes from unity to zero as ? — xjv passes from zero to infinity, 
and the symbolical form of the double summation, given in equation (13), 
becomes algebraic at both limits. It is immediately apparent that the 
disturbance at x starts abruptly with value Vo exp (— px/»), and develops 
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continuously towards the greater value V# exp [— VC?* ~ °*) */*’] 
Vo exp [— x\/{SR)l. 

The current can readily be deduced, for equations (1) and (5) give 




(16) 


and, reasoning as before (equation (12) seq.), we deduce the symbolical 
form 

-“P(--'ll«('- 

The initial current at x- is Vo '\,/(K jL) exp px/v), and the final current 

VoV(K/L) • V[(P - + <^)1 exp [- VtP* - «^) xlv] 

or 

Vo V(S/R). exp [- XV(SR)]. 

Equation (17) can be put in algebraic form by observing that 
i\ - X£\5 




P being regarded as constant, a = Xp. Whence 

- «P (- (n_ ])!("+X l)?rl2--"-‘ 

X (^r* [(Xe, )«+*-> - (X«,)«+*n} H (t- I). (18) 


Wherein should be interpreted as zero, 

The surge resulting from a more general stimulus can be readily deduced 
in the form of a definite integral. The initial rate of rise of potential is 
that of the stimulus multiplied by exp (— px/e). The usual, or at least 



Surges in Transmission Lines 


5 


the usually assumed, form of stimulus consists in potential rising rapidly 
at uniform rate for a few micros«:onds, followed by a much longer 
period of constant potential, and finally tailing slowly to zero. The 
resulting surge at any point in the line is quite amenable to calculation. 
As applied to actual lightning discharges, however, the solution can hardly 
rank higher than a general guide. li^or not only is the form of stimulus 
uncertain, but the data have not the constancy that has been assumed; since 
R is increased by skin effect, and S is largely the result of corona discharge. 
The selection of representative values for these quantities is therefore, to 
a great extent, a matter for judgment. 

Summary 

The paper discusses the problem of surges of voltage and current in 
the general transmission line. It points out that the solution propounded 
by Heaviside is incorrect, and gives the correct solution. The subject 
has particular importance on account of the disturbances which result 
when lightning strikes a transmission line; but the analysis is general and 
could be applied equally to switching surges. 
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The Interaction of Atoms and Molecules with Solid 

Surfaces 

III-r-The Condensation and Evaporation of Atoms and 

Molecules 

By J. E. Lennard-Jones, F.R.S., and A. F. Devonshire, The University 
Chemical Laboratory, Cambridge 

{Received "i April, 1936) 

In the first two papers of this seriest (to be referred to as papers I and 
II) calculations were made of the probability that an atom adsorbed on a 
solid surface would be excited to states of higher vibrational energy and 
to states in the continuum, equivalent to evaporation. In this paper we 
carry the theory of evaporation a stage further and also develop a theory 
of condensation and show the relation of the theory to the method of 
statistical mechanics. 

LangmuirJ showed by a simple dynamical argument that under certain 
assumptions a solid surface in contact with a gas would be partially 
covered with adsorbed atoms and that the fraction of the surface covered 
could be expressed in terms of the pressure of the gas by the simple 
relation 0 = apl{\ + ap). The parameter a is proportional to the pro¬ 
duct of a quantity t, which is the average time spent by an atom in the 
adsorbed phase, and a quantity c, which is the probability that an atom 
striking the surface shall be adsorbed. Recently Fowlerg has shown that 
Langmuir’s formula is essentially a thermodynamic one and can be 
obtained without involving a precise mechanism either of adsorption or 
evaporation. By adjusting the parameter a, the formula can be made to 
fit many of the experimental results and so the value of the product ct can 
be inferred. This is probably as far as the statistical method can go. It 
cannot determine either c or r uniquely, and if estimates are to be made of 
T, then information about c must be obtained from other sources. It is 
often assumed that c is of the order of unity, but this cannot be true in all 

t Lennard-Jones and Strachan, ‘Proc. Roy. Soc.,’ A, voL' 150, p. 442 (1935); 
Stradiwii, ‘ Proc. Roy, Soc.,’ A, vol. 150, p. 456 (1935). 

t * J, Amer. Chcm, Soc.,’ vol. 40, p, 1361 (1918). 

§ * Proc. Camb. Phil. Soc.,’ vol. 31, p. 262 (1935). 
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cases, or even in the most interesting ones, for, as Robertsf has shown, 
thfe accommodation coefficient (which is a measure of the probability 
that an atom will gain or lose energy on striking a solid surface) is some¬ 
times very small. It is as low as 0-05 for helium striking tungsten and 
only 0-07 for neon striking tungsten at room temperature. 

The object of this paper is to obtain explicit formulae for c and t, 
which shall be valid when the probability of adsorption or evaporation 
is small. The product of these formulae must, of course, be equal to the 
expression obtained from the thermodynamic formula. The Langmuir 
adsorption formula is obtained simply by considering the process of 
detailed balancing. 

The advantage of the explicit formula for t is that it gives specific 
information (in the cases for which it is valid) as to the mechanism of 
evaporation. It was supposed in paper II of this series that, because most 
of the adsorbed atoms must be in the lowest vibrational energy state at 
low temperatures, evaporation must generally consist in the ejection of 
one of these atoms from the solid. It is shown in this paper that this is 
not necessarily so. Evaporation may, even at low temperatures, take 
place in two stages, an atom first being excited to a higher vibrational 
level and then, while in that higher state, receiving another quantum of 
thermal energy from the solid sufficient to cause evaporation. 

Numerical results have been worked out for some typical cases and, in 
order to illustrate the effect of mass, other things being equal, the prob¬ 
abilities of evaporation and condensation of the isotopic molecules Hj, 
HD, and Da have been calculated. The ratios are found to be remarkably 
constant and reasons for this result are given. 

It is found that the time of evaporation does not obey the simple 
equation t = exp (E/^T), where tg is a constant, as is often assumed, 
but To depends on temperature in a complicated way. The coefficient of 
condensation, here evaluated theoretically for the first time, is found in 
some cases to be quite small (of the order of 0* 1) and its dependence on 
temperature and on the characteristic temperature of the solid is illus¬ 
trated by examples, 

2—Outline of the Method of Calculation 

As in the previous papers we suppose that an atom is held to a solid of 
simile cubic structure by a field of force, whose potential can be repre¬ 
sented by a Morse function. The heat motion of the surface atoms of 
the solid is assumed to be small compared with the range of the surface 

t ‘ Proc. Roy. Soc.,’ A, vol. 135, p. 192 (1932); vol. 142, p, 518 (1933). 
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field and to be the same as that of the atoms within the solid. The wave 
equation of the solid and an adsorbed atom is then 


I * 
Im j-i 


a® 


a* 


p a* 


Mo + 






2m az® 


(De- 






0 , ( 1 ) 


where z — 0 is the surface of the crystal, Z the displacement of the surface 
atom along the z axis, and b the distance between the surface atom and the 
minimum of the potential energy curve. The mass of the adsorbed atom 
is m and that of an atom of the solid is M, while Mo is equal to ^MG®, 
where G® is the number of atoms in the lattice. The position of the 
adsorbed atom relative to a fixed plane of reference is z and the heat 
motion is analysed into plane waves whose amplitudes and frequencies 
are denoted by and The subscripts /, g, and h inde¬ 

pendently take all integral values from — G/2 to G,/2, while j distinguishes 
the longitudinal waves (y -- 1) and transverse waves (y ~ 2 and 3). The 
constant k in the exponential terms determines the range of the field and 
when the heat motion is not too violent kZ is small. This permits us to 
write the potential energy of the interacting field approximately as the 
sum of two terms, viz., 

V - 1 - Vi = D (e- -}- 2#cZD (2) 


and Vi then represents the “ coupling ” between atom and solid. This 
quantity is then treated as a perturbation which causes a surge of energy 
to and from the solid and leads to transitions of the adsorbed atom from 
one state to another. 

A similar method has been used by Herzfeld and Gdppert Mayerf 
to find the probability of excitation of the internal degrees of freedom of a 
molecule by the thermal motion of a solid to which it is adsorbed. The 
“ coupling ” in their work was taken to be the interaction of dipoles and 
quadripoles. 

The probability of a transition in which one of the thermal waves of 
the solid gains or loses a quantum of energy and so changes from a state 
p to a state r while the vibration of the adsorbed atom changes from a 
state / to a state s is given by 


rw.«(0 = 2l(rs|Vi|p/)|» 


1 - cos (W, + E. - W, - E,) tjh 
(W, + E. - W, - E,)« 


t ‘ Z. phys. Chem.,’ Bodenstein-Festband, p. 669, Leipzig (1931). 


( 3 ) 
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In this formula (r5|V,|/7/) is the matrix element of V, with respect to the 
initial and final wave functions of the solid and the vibrating atom, W„ 
and El refer to the initial energies of solid and atom respectively, W,. and 
E, their final energies. The simplifying feature of the field we have 
adopted is that consists of a product of Z and a function of z, so that 
the matrix element of Vj also splits up into a product. 

Now Z can be expressed as a linear sum of the amplitudes a,,*, and 
bfoM of the vibrations of the solid,t and the wave function of the solid 
consists of a product of functions of and appropriate to the 
linear oscillator.t The matrix element of Z with respect to such products 
is then easily shown to be equal to a sum of terms of the type 


where 


__ 

4w,Mo ip + g* + {1 - exp (- 27t4v,^,/fcT)} ’ 




A* 

+ + 




/* + g* + A*' 


(4) 

(5) 


The matrix element of the part of V^, which involves z, is given by 


where 


8u = I ‘l>, (») (^ “““ - «"*“) (m) du, 

J -00 

u — 2 — b. 


and (f)e (u) and <f>, (u) are solutions of the equation 


i! il 

2m Sm* 


_ V - 


11 )^“"'* 


0 . 


( 6 ) 

(6a) 

(7) 


The time factor in the expression (3) for „ ensures that only tran¬ 
sitions are effective in which the initial and final energies of the two systems 
(assumed uncoupled until / — 0) are approximately equal. This means 
that a number of expressions of the type (4) have to be summed over those 
values of /, g, h which satisfy a relation of the form 

W, - W„ - ^ (P + g* + h»)i = E. - E., (8) 

where c, is the velocity of the thermal waves, being Ci for the longitudinal 
waves, and c, for the transverse waves. This confines the region of the 
summation (or integration in the limit) to the nei^bourhood of a sphere. 
Actually it is found that integration must be extended over a hemisphere, 

t Cf. equation (6), paper 1. 
t Cy. equation (4), paper 1. 
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for only these give independent normal modes (n^esented by and 

The result of carrying out this integration, expressed by 2 is 

to give a transition probability in terms of the elastic constants of the 
solid and of the potential held at the surface and the quantum numbers 
involved in the vibrational transition. This transition probability for the 
quantum switch / ► s may be denoted by Fj, t, wherej 


P _ V / 1 
\ci» 


+ 

- exp(~/iv,./ArT)}' 


[Deactivation 
/ ->- jJ 


This formula refers to the probability of a switch from a higher level / to 
a lower one s, that is to a deactivation of the vibration by the solid. The 
corresponding formula for excitation to a higher level (s - /, where 
/ > s) is obtained by changing the temperature factor from (1 — p to 
_ ]) jhis takes care of the Boltzmann factor and expresses the 
fact that the solid is more likely to absorb than to emit a quantum of 
energy. Thus the probability of excitation per unit time is where 


G 


•I 


2yDV / 1 I 2\ (E,-E,)g,.» 

^ {exp (hvJkT) — I}' 


[Excitation s -*• /] (10) 


For the case when s and / are both vibrational levels in the discrete set an 
explicit formula for gj, has been given in Paper I, equation (15). 


3—The Condensation and Evaporation of Atoms 

The method outlined in the preceding section can be extended so as to 
give the probability of a transition from a state in the continuum to one 
in the discrete set (condensation) and of a transition in the reverse direc¬ 
tion (evaporation). The probability of condensation from an energy 
range AE in the continuum to a discrete level s in unit time is 




(E-E.)g(E,s) AE 


\ci» c,*/ {1 - exp - (E - E.)/fcT}’ 

(condensation) 

and that of the reverse process is G., e . AE, where 

Gi, K = Fe, , exp {~ (E — E,)/A:T} (evaporation). 


( 11 ) 

( 12 ) 


t Waller, • Uppsala UnJv. Arsskr.’(Uppsala, A-B. Lundequistaka Bokhandeln) 
(1925). 

{ Cf. paper I, equation (8). It is to be noted that Tpi,„ and Fj, have different 
dimensions, that of r^.„ being the same as that of (F,,) t. 
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In the above equation 
j?(E,5)-N(E)N*(E) 


j * (E, «) (e-^* — c-"“) (w) du , 


(13) 


and takes the place of in equation (9). N (E) is a factor necessaiy to 
ensure the appropriate normalization of ^ (E, «), the wave function in 
the continuum. This normalization must be equivalent to the assign¬ 
ment of a weight unity to each of the discrete states. It may be obtained 
by the method of Paper II or by assuming the potential field cut off at a 
large distance L from the surface of the solid by an infinite potential 
barrier. All the wave solutions of equation (7) are then discrete and to 
each the same weight unity can be assigned. By allowing L to become 
infinitely large and the energy levels to be continuous for positive energies, 
the correct normalization factor can be obtained. 

Now a solution of equation (7) in the continuum can be given in terms 
of a confluentf hypergeometric function 

<f> (E, u) = 71“* Wrf, (t)), (14) 

where 

y\ = 2de~'‘“, d—{2mD)^jKh, (x = (2 »jE)*/k/J. (15) 


This represents a standing wave, which can be expressed as the sum of 
two travelling waves, one moving towards the solid and one away from 
it by the formula 




r(2/(x) 

T (i + ifi — d) 



~ 4i+ 


(16) 


where the functions y)“* M have asymptotic forms, which are the same 
as plane waves of unit amplitude. From this equation it can be shown 
that the normalizing factor N (E) is given byj 


|N(E)|» 


|r(i-i(x-rf)|«(2m/E)* 
r (-2i»|* 47tA 


= I T (i-,>-</)[» m 

|1^(—2/ji)P 2nA*K (I ’ 


(17) 


The first function represents an incident wave whose flux is given by 


Tim 



Hi* _ 



ir(2/(x)i« 

(i-t-V-d)!*- 


(18) 


t paper II, equation (2). 

{ Whittaker and Watson, ‘ Modem Analysis’; </. chap xvi (1920), paper II. 
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The flux for the normalized ^ functions is then 


. tt^jc |r(2/ti)p|N|* _ 1 _ 1 

m |r(i + i > - i /)|2 2nh~ h' 


(19) 


and this is the number of collisions of atoms with energies within the 
range AE per unit area per unit time. 

It follows that the probability of condensation from the energy range 
AE into the a- vibrational level per collision is Now the number of 

gas atoms whose velocity lies between v and v + dv in the direction of 
the surface is 

V dv, (20) 


where v is the concentration, and the number of collisions per unit area 
of the surface per second by this group of atoms is equal to 




Hence the number of atoms condensing from this group into the s vibra¬ 
tion level per second is 


V 


g-K/i-T 


(27twitT)* 


hV^,,dE. 


( 21 ) 


We now suppose that there is detailed balancing between the s vibra¬ 
tional level and the range dE of the continuum when a fraction 0 of the 
surface is covered with adsorbed atoms. For this purpose we must 
assume that there is a finite number of spaces «, per unit area where 
atoms can be adsorbed and that only one atom can be adsorbed in each. 
The number of adsorbed atoms in the s vibrational level is then 


On. exp (-E.//fcT)/{S exp (-E,/kT)}, 

a 


where E, is measured from the state in which the particle is desorbed at 
rest at infinity. The number of adsorbed atoms evaporating from the 
vibrational level to the range dE of the continuum is 

On, exp (-E./*T) G,. k dE/iZ exp (- E,/kT)}. (22) 

$ 

If we assume, as Langmuir did in deriving his adsorption isotherm, that 
adsorption can only occur on the vacant spaces, then the rate of adsorp- 
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tion is obtained by multiplying the expression (21) by (1 — 0). Detailed 
balancing then occurs if 


(1 - 0)v exp (- Elk!) uv __ {exp i-EJkT)} G.,e 

{2nmkT)i "** {Lexp(-k>T}) 

$ 


(23) 


the energies all being measured from the same zero. Using equation (12) 
for the relation between G,,e and Te., and putting p — vA:T, we have 


p = 


0 n,i2nm)*(kT)i 
1 - 0AS{exp(- E,/A:T)}’ 


(24) 


which is a detailed formula for Langmuir's isotherm. 

This is the one dimensional analogue of the formula recently given by 
Fowler, deduced by the methods of statistical mechanics,f viz.. 


0 {kjy (T) exp (- xIkT) 

1-0 p.(T) 


(25) 


In this formula energies are measured from the energy of an atom in its 
lowest adsorbed state and x is the energy between this state and the 
lowest free state in the gas (not the same as D); v, (T) is the partition 
function for an adsorbed atom (or molecule) and is given by a formula of 
the type 

V, (T) S p, (exp (- vi,/*T)}, 


where p, and t;, are the weights and energies pertaining to one of the 
possible states. Similarly (T) is the partition function of the vibra¬ 
tional and rotational states in the gas phase. 

Let us suppose that the adsorbed particle not only vibrates normally to 
the surface with positive energies s„ and weight w, (which will usually 
be unity), but also moves freely parallel to the surface, subject to the 
condition that not more than one particle can be in the same “ adsorb- 
able " area of the Surface at the same time. This is equivalent to assum¬ 
ing free migration over the surface. Then in a given “ state ” the atom 
has a specified energy perpendicular to the surface, velocities parallel to 
it within a specified range dudv and is in a specified unit cell of area 
1 /«,. Then the partition function becomes 

t;,(T) = S [[ 

*» (IrcmkT/n^) S <a,exp (— tJkT). 

< 

t ‘ Proc. Camb. phil. Soc.,’ vol. 31, p. 262 (1935). 


(26) 
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Substituting this expression for «\(T) in equation (25) and putting 
d„(T) == 1, w. = 1 for atoms, and e. - E. = x. we arrive at equation 
(24). 

Langmuir derived his equation by considering the equilibrium between 
the rate of condensation and the rate of evaporation, without, however, 
distinguishing between the various states in the adsorbed and free phases. 
Let c be the probability of condensation of an atom! (whatever its 
velocity on striking the surface) and let t denote the average life of an 
adsorbed atom (or the reciprocal of the probability of evaporation), then 
the adsorption isotherm, obtained by Langmuir, is 


where 


_ 0 n. (2nmkT)i __ 0 

^' 1-6 CT (I -0)0’ 

a — cxjn, (2TtmkT)i, 


(27) 


so that comparing (27) and (25), we have 


r ~ =- 'L V, (T) exp (xlkT) 

' 2iim{kTfb,(T) ’ 


(28) 


or, for the one dimensional case, using the zero of energy adopted in this 
paper, from equation (24) 

OT = (hlkT) S exp (-E.)/A:T. (29) 


This is as far as the statistical method will go. It gives an explicit 
formula for the product cr but does not determine either uniquely. A 
formula for each can, however, be derived in terms of the functions 
g(E, s) defined in equation (13). 

As in the earlier part of the paper, we assume that adsorbed atoms 
evaporate when they receive a quantum of thermal energy from the solid 
which is sufficient to raise them into the continuum. The maximum 
energy which can thus be imparted is Av„, and if the adsorbed atom is in a 
state of energy E, when it receives the quantum, it is transferred to the 
continuum with energy E, + According to this mechanism, the 
highest possible energy of an evaporated atom is of the order of Av„. 
This is a limitation of the present theory. The mechanism of receiving 
two or three energy quanta simultaneously from the solid is being 
examined. 

t The symbol a is often used for this “ condensation” coefficient, but as <x is now 
used in many papers to denote the Knudsen’s accommodation coefficient and as we 
hope to give a theory of this in a later paper, we have here adopted a new symbol c to 
avoid confusion. 
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Similarly condensation can only occur according to the above picture 
from energies in the continuum of less than Av„. If an atom impinges on 
the surface and its component of energy normal to the solid before impact 
is E, then the range of vibrational states into which it can fall is from 
E — /?v„ to zero. 

The number of atoms condensing per second from the group of mole¬ 
cules with energies between E and E -f t/E (normal to the surface) is 
obtained from equation (21) and is given by 


ve 

(2wmA:T)4 .7*) 


(30) 


where 5 (E) is the lowest vibrational level into which atoms of energy E 
can fall and is the maximum value of the vibrational quantum number, 
that is, the integer which is just less than d ~ We write 


j:(E)- sr,,., 

»(K) 


(31) 


and C is a function not only of E, but also of the constants of the solid and 
the potential field between solid and atom; ht^(E) is the probability of 
condensation per collision when the energy of impact is E. 

The probability that an atom, which strikes unit area of the surface 
(assumed free), will condense on it is given by 


c 


r'om i/E vf dE 

Jo (2nmhT)t ^ ' j,, (27:mhT)* 


(32) 


? (E) being zero for energies greater than hv„. This gives an explicit 
formula for Langmuir’s “ condensation ” coefficient which can be evalu¬ 
ated once Fk,, has been calculated. A formula for Fk,, is given below. 

The probability that an atom in the s vibrational level will evaporate 
per second into the range dE of the continuum is G,,BdE and so the 
total probability that it will evaporate is 




K* T Ai'« 


G,,b dE. 


(33) 


Now the probability that an atom is in the s vibration level is 
exp(-E./kT)/Sexp(-E./A:T), 

9 


and so the probability of evaporation per second is 

exp (~E./fcT)/2 exp (-E./fcT), 


( 34 ) 
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and the life time of the atom on the surface, defined as the reciprocal of 
this, is given by 

T = 2 exp (-E,/ifcT)/2?, exp i-BJkT). (35) 

a 9 

We can now show that the product of the formulae for c and t given 
in (32) and (35) is equal to the expression (29) given by the statistical 
theory. Using equation (33) we have 

S 5, exp (~E,/^T) == S [ ’ ^ G,. K exp (—EJkT) dE. 

t ‘ i J 0 

^ rK,,exp(-E/itT)rfE, 

* Jo 

- r'” K (E) exp (- E/A:T) dE, (36) 

Jo 

on using the relation given in equation (12), since the two expressions on 
the right involve the same double summation. It follows that the product 
of the formulae for c and t reproduce equation (29). 


A — The Evaluation of the Matrix Elements 


The formulae given in the preceding section all involve the matrix 
element g (E, s) defined by 

g (E, s) == |N (E)P j r <!>* (E, u) (e-2- - a—) <f>, (u) du \ (37) 

) J -C30 

and g (E, s) dE is analogous to (gj,,)*, where gi,, is defined in equation (6). 
Now the wave function <l>, («) of the discrete level is given by 

<!>, (M) - exp e (>j), (38) 

where v) and d are defined in (15) and L%+. (>]) is a generalized Laguerre 
polynomial defined in paper I.f N, is the normalizing factor given byj 

N,* =-- {r (2d - s)YIk (2d - 2 s- 1) si (39) 

Substituting for <f> (E, u) from (14) and |N (E) |* from (17), we have 


_ m ir(^-d+iV)IMr(2d-5) |g lli* 

ir (21|x)[* ( s! N, ( (4d»K)*’ 


(40) 


t Paper I, p. 447, equation (12). 
t Paper 1, p. 450, equation (14), 
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where I is an integral defined by 

Jo 

(1 - ^ . 2d~s ~~ I .rj ' + O(y) *))rfrj. (41) 
To evaluate an integral of the type 


Jo 

we note that W,,,„ (rj) may be defined by means of a Barnes integralt 




fooi r(.v) r(—s~d~m+i) r(~s~d+m+i) 


2iti 


r(—</—r(—j) 


T’ds, 


where d and m have any values real or complex, such that d ± m + \ is 
not a positive integer or zero, and jarg v)] < 3tc/2. The contour of 
integration has to be chosen so that the poles of F (^) and those of 
r (_ j r /M + i) lie on opposite sides of it. 

It follows that 


’‘"'ssj/''”''*"' 


r(.r)r(~5—</--/>-fi)r(—5— 

. r(—rf—i|A-f 


T/l/Y)dS. 


If the order of integration is changed, it is seen that the integral with 
respect to vj is convergent if and only if 

R {</ -I / + .V) > 0, 


and, so the contour of the integral in the r-space must satisfy this con¬ 
dition as well as lie to the left of the set of points — d ±, i[x \ «, 

where n is any positive integer or zero. Both conditions are satisfied, 
provided that 

R (/ ± + i) > 0. 

The integration with respect to tj is easily effected and we then get 

J = ± ^(s+d+i) V(s) r(-s-d-/tx+i) r(-s~d+/[i+i) . 

‘ r(-rf-iix+i)r(-rf+,>-fj) 


By a result due to Barnes^ 

-~f r(« + r)r(M-^)r(Y-^)r(a-5)</r 

Z7C/ J „rjOi 

= r(«4-Y)r(«-bS)r(p-f Y)r(3 + a) 

r (a + P + Y + 

t Whittaker and Watson, ‘ Modem Analysis/ p. 343 (1920), 
t Whittaker and Watson, ‘ Modern Analysis/ p. 289 (1920), 


VOL, CLVI,—A. 


C 




18 


J. E. Lennard-Jones and A. F. Devonshire 


the path of integration being such that the poles of T (a + j) T (p + s) 
lie to the left and those of T (y — s) F (8 — s) to the right. This con¬ 
dition is satisfied by the integral J, and so we have 

j(... r(/- /iJL + i) r(/ +1> + i)/r (/-d + i). 

The Barnes integral just quoted is found at one stage in the proof to 
be proportional to 

r (a + s) r (p + 8) r (1 - a - 8) r (1 - - s) 

- r (a 4 Y) r (p + Y) r (1 - « - Y) r (1 - p - y), 
and using the result that 

r (z) r (1 — r) = 7t/sin nz, 

it is clear that the Barnes integral vanishes ifa+p+y + Sisa negative 
integer or zero. Hence J, vanishes for / — d — n, where n is any positive 
integer less than {d — i), and when I ~ d + 1, or rf, we have 

|r (/ + ,> +i)|*. (42) 

The integral J may also be evaluated by a modification of a method given 
by Goldsteinf for W,/, „ when m is real. 

It follows that 


l-^\r(d+i + /tx)P {(d-s- (43) 

Substituting for I in equation (40) and using the relation 


r(i—rf±/|ji) r(i -|-rfq=j(x) = 7:(±/sinh (in cos [x^Tt—cosh [XTisin (Xo’r)~\ 


where (ig — d— j, so that 

and also the relation 


~ (sinh* (xt: cos* (XoTc+cosh* |x7t sin* tXo7r)~* 
= 27t* (cosh 2 (X7C—cos 2 [Xo^c)”*, (44) 


we find 

g (E. s) 


I r (2i fi) i* = 7t 1(2 (X sinh 2 ixrc), (45) 

sinh2tx7c ir(</ + ^ + /(x)|* |X.(ix* -b [x,*)* . 

4//* d*K^ (cosh 2|xTr ~ cos 2|XoJt) jr! F (2</ — j) ‘ ^ 


In this formula ix, is given by 


jx, ^ _ J 2mE,)ilnA, (47) 


t ‘ Proc. Lond. math. Soc..* vol. 34, p. 
p. 460. 


103 (1932); cf. Stradian, paper 11, loc. clt.. 
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and is related to the energy of the jrth vibration level in the same way that 
(i. is related to the energy in the continuum.! Then 

g(E, s)dE =/(|x, s)d[i 

= _L sinh 2[X7t) I r (</ + ^ + t»|^ ^ 

^d* (cosh 2ii.n — cos 2(Xo7i) s ! T (2d s) 

In this form a close resemblance can be traced between the expression 
for g (E, s) dE and the corresponding expression obtained in paper I for 
the matrix element between two discrete states,! viz., 

2 _ (2d-2!-\) r {2d~l)ll i2d~l<!-]) {(d~s-^r-(d-l-m^ 

\6d* s\T(2ds) 

(49) 

for |i. corresponds to i\ii or i(d ~ I — i) and jx, denotes (d — s ~ J), so 
that, for example, 

I r (rf + i + i [x)|® -♦ T (d + 1 + fXi) T (rf + J — |x,) 

= r (2<^ - /) r (/ + 1) = r (2^f - /) /!. 

The function on the right of equation (48), excluding </{x, viz.,/((ji, s), 
if assumed valid for complex values of [x, has poles at (x i ((Xo ± /), 
where I is an integer other than s, and the interesting result is obtained 
that gi,® is equal to the residue of/(|x, i) at the pole (x = / Oq — /) 
multiplied by (■■-2itj). It follows that S'gjA a summation over all I 
except / — s, can be expressed as a contour integral of the function on the 
right of equation (48) in the complex domain. The corresponding 

expression for transitions to the continuum, viz., g (E, s) dE, is equal 

to an integral of the same function along the real axis. This simple 
relation between the formulae for g|,® and g (E, s), worked out by different 
and independent methods, lends confidence in the correctness of the two 
formulae. 

5~Explicit Formulae for Rates of Evaporation and 
Condensation 

To facilitate applications of the formulae which have been derived, it 
may be helpful at this stage to collect together the main results. The 

t Cf. Lennard-Jones and Strachan, paper I, p. 447. (In the formula there givm 
there is a misprint; the symbol h should appear in the blank space so that the formula 
for En should read 
t Paper I, p. 450, equation (15). 
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object of this paper is to provide explicit formulae for the constants (c and 
t) occurring in Langmuir’s adsorption isotherm. The formula for t, 
the duration of time during which an atom remains on the average ad¬ 
sorbed on a surface is given by 


where 


T 


S exp (--E./iST);E 5. exp (-E./tT), 


f 

JO 


K y -I hvfft 


G.,b</E. 


(50) 

(51) 


Using equations (II) and (12) for G,,e and (48) for g (E, s)dE, the full 
formula for C, is thus 

i: iL 4- 

247iMm I Cl® cij s ! V {2d - s) 

V r* (i^^ + |r (rf + i 2tE sinh® 2(X7trf(x 

Jo {exp ((i® + ix,®)/2/mA^T) — 1} (cosh 2(xit — cos 240 ^^) ’ 

In this formula D and k are constants which determine the shape of the 
potential curve at the surface (equation (2)), </ is a function of D and k 
(equation (15)), M is the mass of an atom of the solid and m that of the 
adsorbed atom, a the spacing of the solid, assumed a simple cubic crystal, 
t’l and Cj the velocities of sound in the solid, (x is a measure of the energy 
(E) of the gas atom in the free state (equation (15)), (jl, a measure of the 
energy (E.) of the adsorbed atom in the sth vibrational state (equation 
(47)), and [Aq the same quantity for the lowest vibrational state; the 
upper limit of integration is given by 

X = {2m(E. -f(53) 

The formula for c, the coefficient of condensation, can be expressed in 
similar terms. The probability of condensation from the energy range E to 
E + dE per collision, to any discrete level has been given in equation (31) 
as 1 ; (E) dE, where 

!:(£)= S Fe.., 

(«.E) 

and Fe,. is given in equations (11) and (48). The coefficient of condensa¬ 
tion from (32) is then 

c = ^ j exp (~.k®^V*/2wA:T) K ((x) d(i, (54) 

where (ix) is defined by the relation 

^(tt) = !:(E)(dE/d(x). 


(55) 
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and is the maximum value which X, given in equation (53), can have. 


viz.. 

Hence 


K =-~ /if//. 


(56) 


c-^Jl iL .4 -I 'l V 

hi 247rMm \c^ ^ s\ T (2d - s) 

^ p"* [exp(—K’^;tV^/2w^T)](ii.^+ (x.y |r(f/+^ + /»p2txsinh2tA7r . 
j() [1 ~exp{—/<V/^([i,®+[jt/)/2/wA:T}](cosh2|JL7t —cos2|Xo7t) 

(57) 

So far as we know, this is the first explicit formula to be given for c. It 
is often assumed to be unity, but the numerical calculations in the next 
section show that this is by no means always true. 

For a given value of jx all the terms in the integrands of (52) and (57) 
are easy to determine except !?(//+^ +/H.)| 2 . When d is large, a 
simple expression for it can be obtained by the use of Binet’s formula.! 
Thus writing 

f/ + i P cxp(i^), 

we find for large d 

I r (d 4 - i ~ 271?“ exp {— (2d + 1) — 2n(f>). (58) 


For other values of d reference may be made to the formulae given by 
Jahnke and EmdeJ and the papers there cited.§ Having evaluated the 
integrands for a series of values of 4 , it is necessary to calculate the value 
of the integrals in (52) and (57) by quadrature. 

When Cl and C 2 are not known, they can be eliminated by means of the 
formula 


^( 4 + 4 ) 

9 \Ci* C2»/ 


(59) 


used in Debye’s theory of specific heats. 

When the solid is a face-centred lattice and r# is the length of aii edge of 
a cube containing four atoms, the factor a® of formulae (52), (57), and 
(59) has to be seplaced by ro®/4.|| Hence if the relation (59) is used in the 
formula for -r and c, they take the same form for simple cubic and face- 
centred lattices. 


t WhitUiker and Watson, * Modern Analysis,’ chap. xii. 
t ‘ Tables of Functions,’ Teubner (1933). 

§ In particular, ‘ Ingeborg Ginwl,’ ‘ Acta Math. Stockh.,’ vol. 36, pp. 273-354 
(1931). 

II Strachan, paper II, p. 462. 
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6—Discussion of the Results 

In order to illustrate the effect of various factors in the formulae for t 
and f, a number of typical cases has been worked out. Only atoms or 
molecules held by van der Waals forces are likely to be evaporated by the 
emission of one quantum of thermal vibration of the solid. Other more 
tightly bound atoms would require the emission of several quanta simul¬ 
taneously and the present analysis would not apply. 


Table J—The Times of Evaporation of HstT,,) at Various 
Temperatures (in Secs) 


\T 

30 

50 

100 

300 

300 

1 06 X JO ^ 

0 

0 

J -73 X I0“^« 

6-40 x J0‘^» 

350 

1-23 

2-49 

2*19 

8*06 

400 

1‘77 

3*48 

3 00 

10*5 

510t 

3-37 

6*63 

5-56 

19*3 


t This value was used under the mistaken impression that it was the actual character¬ 
istic temperature of copper. It serves to illustrate the trend of x,, with 0 for a given T. 

A typical van der Waals field between a surface and an adsorbed atom 
or molecule is represented by a value for D of KXX) cals per gram mole¬ 
cule and a value of k of 10'^ cm”^. A typical solid is taken to be copper 
and M has been given the value for a copper atom; other things being 
equal, c is inversely proportional to M. TTie effect of the mass of the 
adsorbed atom is more complicated since d depends upon it (equation 
(15)), and therefore also the set of values of (x,, including that of (lo 
the lowest level. 


Table II — The Ratio of the Times of Evaporation of HD and 

H 2 (rj2/'rjj) 


\T 

30 

50 

100 


300 

e\ 

300 

Ml 

101 

0*95 


0*95 

350 

1*41 

M8 

1-04 

* 

1-04 

400 

1*39 

119 

106 


1*09 

510 

1*50 

1-27 

M3 


M5 


To illustrate the effect of a change of m, we have worked out the values of 
T for the hydrogen molecule (denoted in the Tables by t^) and also for 
HD and Da in the same potential field (denoted by xja and xaa respectively). 
The calculations have been carried out for a series of values of Debye’s 
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characteristic temperature 0. These results replace those given in paper 
II, in which evaporation only from the ground state was considered. 

One of the striking features of the figures in Tables 11 and III is the 
remarkable constancy of the ratios and over a wide 

temperature range. This is due to two counteracting influences. The 
first is the effect of the mass on the energy levels and in particular on that 
of the lowest energy level. This causes a change of the zero point energy 
and so affects the exponential terms in the formula for t. The effect of 
zero point energy has usually been the only one considered in most papers 
on the evaporation of Hj, HD, and Dj, and it alone would cause much 
greater variation of the relative times. The second factor is the effect of 
the mass on the wave functions and therefore on the matrix elements 
which determine the probability of transitions. It is difficult to separate 
out this effect from that of zero point energy, but it seems to level out the 
changes which would otherwise be expected. 

Table 111— ^The Ratio or the Times of Evaporation of Da and 

Ha (Taa/Tjj) 


\T 

0\ 

30 

50 

100 

300 

300 

1'32 

Ml 

0*97 

0*97 

350 

I‘75 

1*35 

1*13 

M2 

400 

1*74 

1*44 

1*18 

1*21 

510 

1*87 

1*49 

1*28 

1-30 


There is a marked increase in the ratios of and Tja/rii when 0 

is increased from 300 to 350, particularly at low temperatures (T — 30). 
This is due to the fact that the vibrational quanta of the solid are not 
sufficient to cause evaporation to take place from the ground state or the 
first excited level when 0 = 300, while when 0 — 350 about one-quarter 
of the molecules which evaporate come from the first excited state at 
T = 30“ abs. 

In paper II of the seriesf it was assumed that evaporation would take 
place mainly from the lowest state of vibration, at any rate at low tempera¬ 
tures, but this more extended analysis shows that this is not true. This is 
made clear by figs. 1 and 2 on which are plotted the values of and 
exp(—E,/il:T)/Sexp(—E,/*T) necessary to evaluate t by formula (50). 
Fig. 1 refers to the calculations of (Table I) for 0 — 510“ and T ^ 30° 
abs. There are six discrete vibrational levels in this case, labelled in the 
figure s = 0 to s = 5. Curve I gives the Boltzmann factor and curve II 


t Strachan, he. cit. 
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the relative values of ?„t while curve III shows the variation of their 
product. 

The sum of the six values of curve III at J = 0 to 5 — 5 gives the 
reciprocal of t. Fig. 2 gives the corresponding results for T — 300° abs. 
It will be observed in each case that which is a measure of the prob¬ 
ability of evaporation, has a maximum at one of the excited vibrational 
levels and as a result the probability of evaporation (curve III) also has a 
maximum at one of the excited levels in spite of the lower population of 



xJ—► 


Fio. 1—The probability of evaporation of an adsorbed molecule from various states 
of vibration perpendicular to the surface of a solid. Curve 1 gives the relative 
population of the various states, curve 11 the probability of evaporation from 
each state, and curve III the product of curves I and II (T 30° abs., 0 = 510). 

these levels. This suggests that evaporation often takes place in stages, 
an adsorbed atom first being excited to a higher vibrational level and 
then while in that level receiving a further quantum of energy from the 
solid sufficient to cause evaporation. 

The mean time of evaporation is often assumed to be given by the 
empirical formula 

+ Actually the values plotted in fig. 1 are 5,/(2‘5) 10* X 5,. 
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where — Eq is the energy of the lowest quantum state and is a constant 
of the order of a vibrational period. If the formula were correct, then 
T exp (Eo/AT) for any of the rows of figures in Table I should be constant. 
The actual values for t,j of Table 1 when 0 — 510 are .shown in fig. 3, 
It appears that changes by a factor of 5 between 30° abs. and 300° 
abs. 

Calculations of the average condensation coefficient for H 2 striking a 
solid with the same characteristics as those used above lead to the values 
given in Table IV. The probability of condensation increases with 



-d—*■ 

Fio. 2—CT = 300° abs., 510°). 

temperature but decreases as the characteristic temperature of the solid 
increases. A change of 0 has two effects on the expression for c in 
equation (57). The application of equation (59) makes c proportional to 
but the range of integration through X„ (equation (56)) also depends 
on ©. 

The effect of mass on c, other things being equal, is illustrated in Tables 
V and VI. An increase of mass of the colliding molecules increases the 
probability of condensation. For 0 = 300, the values of c for HD and 
Dj are getting large (of the order of 0-4) and the approximations of the 
theory are beginning to break down, as the perturbation method is only 
valid when the probability of condensation is small. 
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Fig. 3—t exp (Eq/ZcT) as a function of the temperature (T). 


Table IV—The Average Condensation Coefficient of H, 
Striking a Typical Solid 


\T 

0\ 

30 

50 

100 

300 

300 

0-256 

0-279 

0*293 

0-309 

350 

0-221 

0-226 

0*231 

0-246 

400 

0-154 

0-163 

0*170 

0-189 

510 

0-081 

0-085 

0*091 

0-103 


Table V—The Ratio (cu/cn) of the Condensation CoEFnaENTS of 
HD (fij) AND Hj (c'l,) on Striking the Same Solid 


\T 

30 

50 

100 

300 

e\ 

300 

1-46 

1-37 

1-35 

1-35 

350 

1-15 

1*17 

1-23 

1-23 

400 

M6 

M6 

1-20 

1-18 

510 

1-08 

1*09 

1-13 

1-11 
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Table VI—The Ratio (t'22/tTi) of the Condensation Coefficients of 



Da (raa) AND Hg 

(Ca) ON 

Striking the Same 

Solid 

\T 

30 

50 

100 

300 

e\ 





300 

1-66 

1-55 

1-54 

1-51 

350 

1 -26 

1*27 

1*32 

J*32 

400 

1*25 

1 -23 

I *25 

1*22 

510 

JI6 

M4 

M6 

I-J2 


A few typical values of AC (E), the probability of condensation per 
collision when the energy of the impinging molecule is E, are given in 
Table VII. 


Table VII— Probabilities of Condensation per Collision (AC(E)) 



T - 

30", (-) 510^ abs. 

T 

100", 0 

510" abs. 


Hg 

HD 

Da 

Ha 

HD 

Da 

0*25 

0*1094 

0*0566 

0*0736 

0*1310 

0*0707 

0*0966 

0‘5 

0*0785 

0*0800 

0*0865 

0*0939 

0*1008 

0*1139 

10 

0*0749 

0*0872 

0*0896 

0*0893 

0*1090 

0*1174 

1*5 

0*0765 

0*0888 

0*0916 

0*0907 

0*1104 

0*1198 

2*0 

0*0829 

0*0930 

0*0942 

0*0971 

0*1150 

0*1225 

3*0 

0*0897 

0*0982 

0*0998 

0*1009 

0*1175 

0*1259 

4*0 

0*0859 

0 0975 

0*1000 

0*0911 

0*1103 

0 1201 

5*0 

0 0607 

0 0795 

0*0885 

0*0621 

0*0803 

0*0992 

6*0 

0*0168 

0*0496 

0*0647 

0*0170 

0*0511 

0*0690 

70 

— 

0*0232 

0*0384 


0*0236 

0*0396 

8*0 

— 

— 

0*0152 


— 

0*0155 

9*0 


—. 

0*0028 

— 

— 

0*0028 


The values of E in calories corresponding to the figures given for (x are 
easily found from the formula E = where a = 23 -8, 15-8, and 11-9 
for Hg, HD, and Dj respectively. Usually AC (E) has a maximum for a 
finite value of n, but in the case of Hg there is an anomalous increase in 
value for small g., owing to the fact that cos 21 x 07 ^ happens to be nearly 
equal to unity and the term sinh 2fx7t/(cosh 2(X7t — cos 2(Xo7r) becomes 
large. 

The numerical values of t and c given in this paragraph have been 
worked out assuming particular values for the constants k and D of the 
surface field, but if experiments could be devised to measure t or c over 
a range of temperature, a comparison of the experimental results and the 
theoretical formulae would provide information as to the constants of the 
surface field. 
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1 —Summary 

A detailed theory of the evaporation and condensation of atoms and 
molecules at solid surfaces has been worked out. Formulae have been 
found for the probability that an impinging particle will condense on to a 
solid surface and for the length of time it will remain there. The theory 
thus provides for the first time explicit formulae for the constants which 
occur in Langmuir’s adsorption isotherm in terms of the physical pro¬ 
perties of the solid and its surface field. 

The mechanism by which evaporation is supposed to take place is by 
the transfer of a quantum of the thermal energy of the solid to the adsorbed 
atom. As thermal quanta are as a rule small, the energy applies mainly 
to atoms and molecules held by weak forces such as van der Waals 
forces. It is found that evaporation may, even at low temperatures, take 
place in two or more stages, an atom being first excited to a higher 
vibrational level and then, while in that excited state, receiving another 
quantum of energy sufficient to cause evaporation. 

To illustrate the effect of mass the probabilities of condensation and 
evaporation of Hj, HD, and D 2 have been evaluated in typical circum¬ 
stances. The coefficient of condensation is found in many cases to be 
quite small and not equal to unity, as is frequently assumed. 
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Surfaces 

IV—The Condensation and Evaporation of Atoms and 

Molecules 

By J. E. Lennard-Jones, F.R.S., and A. F. Devonshire, The University 
Chemical Laboratory, Cambridge 

{Received 3 April, 1936) 

The method used in the preceding paper implies that it is only the 
motion of the adsorbed atom perpendicular to the surface which is 
changed by the interaction of the solid, and the object of this paper is to 
remove that restriction and to formulate the method in more general 
terms. We suppose the adsorbed atom held by one of the atoms of the 
solid in such a way that it can vibrate relative to it not only radially but 
also laterally. Whereas in the example worked out in the preceding paper 
the adsorbed atom could vibrate normally to the surface and migrate 
freely along it, in the example considered in this paper the adsorbed atom 
can vibrate radially and laterally but cannot migrate. Owing to the 
other atoms of the surface, the motion of the ad.sorbed atom is confined 
to one side of a plane and the lateral motion can be regarded as taking 
place on a hemisphere. We suppose that the field of attraction can be 
represented by a function of the distance from the attracting centre. 


1—Transition Probabilities 


The motion of the adsorbed atom, when that of its point of attachment 
is stationary, is represented by the wave equation 



1 a*i 
r*sin* e 

+ E-V(r)]4' = 0. 


0) 


where r, 0, <f> are spherical polar coordinates and 6 is measured from the 
normal to the surface. The above equation applies to the region 
0 ^ 0 < 7t/2; for other values of 0 the wave function must vanish. The 
solutions of the equation may accordingly be written 


( 2 ) 
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where 


Qj"' (cos 6) — 


(v'2 Pi™ (cos 0), 

i 0 


0^6 <Tt/2,' 

njl 6 7t. 


( 3 ) 


Only those values of / and m are permissible for which I — mis odd, since 
they alone make 4' zero on the surface. The normalizing factors of the 
angular parts of <4 are chosen so that 


{Qj™ (cos 6)}* sin 6 = f (Pi™ (cos 0))^ sin G </G — 1. 

* 0 Jo 


The radial function /,i (r) is a solution of 


ril (1 \ m+m 

2m Ir* dr \ dr' r* j 


+ E-V(r)]/.,(r)-0, 


(4) 

(5) 


and when it corresponds to a discrete energy level, it is normalized so that 

rfH(>-)r^dr^U ( 6 ) 

Jo 

while, if it corresponds to a level of the continuous spectrum, it is chosen 
so that for large values of r it behaves as 

/e, ( (r) ~ 2 cos {xr + e) jr, (7) 

where 

K = ^ 2t: (2wE)V/». (8) 

h 


The normalized wave function is then/E,i(r)/(An)J, where v is velocity 
corresponding to E. The factor in the denominator ensures that the 
wave function corresponds to an incoming and outgoing spherical wave 
with a flux of 1 jh. The function is then weighted in a similar way to the 
discrete states. 

If now the surface atom is allowed to move, the wave equation for the 
coupled system is 

{H + |;V>-V(r-E)-f|)>F = 0. (9) 

where H is the operator for the crystal, as in equation (1) of the preceding 
paper, apd V (r — R) is the mutual potential energy of the adsorbed and 
surface atoms. The position of the surface atom is specified by R, 0, <I> 
relative to its equilibrium position. The motion of the surface atom will 
in general be such that R 0V/0r is small, for V will usually contain some 
parameter such as k in the Morse function (used in the preceding paper) 
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which determines the extent of the field; R must be small compared with 
the extent of the field. 

We can then write 

V(r-R) = V(r) + Vi, (10) 

approximately, where 

Vj — — R {cos 0 cos 0 + sin 0 sin 0 cos — O)} (3V/0 /-)b.«o 

= — (X sin 0 cos ^ 4- Y sin 0 sin ^ + Z cos 0} (0V/3r)R„o- (H) 


We can now treat as a perturbation and proceed as in the preceding 
paper. The probability of a transition per unit time from an adsorbed 
state of quantum numbers (.s, /, m) to a state in the range E to E + AE 
of the continuum and with angular quantum numbers X, (x, is then found 
to be G (.9, /, m ; E, X, (x) AE, where 


G (.V, /, w; E, X, [x) = 




(E-E,)g(A,(; E, X)|n(/,m; X, (x)p 
{exp(E-E.)/A:T-1) 


( 12 ) 


as in equation (12) of the preceding paper with 

g (j, /; E, X) = ^ j P /*K. A (r) r* dr 


I 2 




-F(.9,/; E, X)//.n, (13) 

rir/2 . 

2 I P,™ (cos 0) cos 0 Pa"* (cos 6) sin 0 dO, if fi == m. 


[ ’ P,’"(cos 0)sin 0P*’"*ncos0)sin 0c/O,if |x=-/w± 1, 
Uo 


(14) 


and equals zero for all other values of (x. While there is a selection rule 
for m, there appears to be none for /, as the integrals are over a hemi¬ 
sphere. 

The total probability of evaporation per unit time is then 

G (5 /, w) = S G(^, /, w; E, X, (x) dE, (15) 

A.mJq 

the energy being measured from the state of an evaporated atom at rest 
at infinity, and being the maximum quantum which the solid can 
impart. 

The probability of condensation per second from a state in the range 
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E to E + AE with quantum numbers X, |x to a state in the discrete set 
with quantum numbers s, /, m, is given by 

r(E, X, [x; s,/,m) AE, 

where 

r (E, X, (jl; ,v, /, w) = G (.y, /, m ; E, X, (x) exp {(E*,^ — E,,/, „,)/A:T}. (16) 

The probability of condensation per collision from the same initial stale 
to the discrete level s, I, m can be found as in equation (19) of the preceding 
paper and is equal to 

hr (E, \ {i; s, I, m). 

2—The Condition for Statistical Equilibrium—^The Adsorption 

Isotherm 

In calculating the matrix elements of the perturbation, it is necessary 
to ensure that a weight unity is assigned to each wave function. This 
means that the wave functions in the continuum must be weighted in such 
a manner as to correspond to an assignment of unity if the extent of the 
space in the evaporated region were finite and not infinite. It will make 
the assignment more precise in what follows if we suppose that an adsorbed 
atom is surrounded by a hemispherical boundary of large radius L 
surrounding the point of attachment. All the levels may then be regarded 
as discrete. Those in the adsorbed state are specified by quantum numbers 
s, I, m, and those in the evaporated state by k, X, [x, where k is defined in 
equation (8). 

In order to arrive at the equation of statistical equilibrium, we consider 
the process of detailed balancing between any one state in the adsorbed 
state and any one state in the evaporated state. Accordingly, we must 
multiply the statistical probability of finding an atom in the assigned 
adsorbed state by the probability per unit time that it will evaporate to 
the assigned upper state and equate the result to a similar product for the 
reverse process. 

Now the wave functions in the adsorbed state have been defined in 
equations (2) and (3) and are such that I — m must be odd. It follows 
that there are / different wave functions for an energy level E,.e and so the 
probability of evaporation from s, /, m to X, (x is 

n, 0 exp {- E,,,/fcT} G (s, l,m;E, X, |x)/£ /exp (-E..,/ikT), (17) 

where the summation in the denominator extends over all permissible 
values of s and /; n, is the number of surface atoms per unit area and 6 the 
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fraction of them to which an adsorbed atom is attached. The energies 
are reckoned from the asymptotic value of V (/•) at r = L. 

The probability of condensation is 


N exp (—E/kT) V (E, X, (x; s, /, m) j S X exp (—E,. JfcT), (18) 

where N is the total number of atoms in the evaporated phase. To effect 
the summation in the denominator, we require to know the distribution 
of the states in which k lies between definite limits. Now since L is large, 
the radial part of the wave function is determined, apart from a small 
region near the point of attachment, by the equation 


1 a 


dr 




(19) 


or, if we set rf ~ g, and nr x, equation (19) becomes 







( 20 ) 


Successive values of the quantum number k are determined by the 
condition that the wave function / shall vanish at the boundary r = L, 
and hence by the fact that the number of radial nodes increases by one at 
a time. This makes it necessary to examine the distribution of the roots 
of the function g when X is large. Now when X is large, the first root of g 
from equation (20) is of the order of X, and so we require the approximate 
solution of equation (20) when both X and x are large. Using Jeffrey’s 
method,! we find for the asymptotic value of g. 


g ^ cos 


(,f'‘ 




X 




X*)* 


( 21 ) 


and so the number of roots in the interval .v to x + dx is 


X* ' 7t ■ 


( 22 ) 


The roots are determined by the boundary condition 
^*+1 (kL) ~ 0, and so the number of roots in the range k to k + die 



X* 4 L dK 
k*L®/ It 


(23) 


Since the first root of g),+^ (x) is given by x ~(X + i) for X large, the 
maximum value of X for a given k is kL. 

t * Proc. Lend, Math. Soc.,’ ser. 2, vol. 23, p. 428 (1925). 
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The distribution of the states can be visualized by plotting the possible 
values of k, X, and relative to three rectangular axes. When X = 1, the 
possible values of k begin near the origin and ultimately become regularly 
spaced; since (jl must equal zero for this value of k there is only one row of 
roots. When X - 2, the first value of k is further from the origin, but 
ultimately they also become regularly spaced; there are now two rows 
of roots for (x. = 1 and — 1 • Building up the system of roots in 
this way, it is found that the general distribution is very much like the 
shape of a plough, pointed in front and possessing a knife edge along the 
K axis. 

The denominator in equation (18) for large L therefore takes the form 
(I In) L cIk exp (~ I8n»mkj) X (1 - X*/^®L*)* dX, 

J u Jo 

SO that we get for it the usual expression for the partition function, viz., 
(l/rt)f\dKexp(-AV/8Ti2wkT)«*L*/3=(V/27t=)rexp(-/jV/87t«mifcT)K*dK 

J 1 ) j 0 

= V(27wiitT)i//»*, (24) 

where V is the volume. The numerator is considered below. 

Substituting this expression in (18) and replacing N/V by the con¬ 
centration V, we have for the probability of condensation on to n, (1 — 0) 
uncovered surface atoms 


«, (1 — 0) vfe® exp (— E/kT) r (E X, (x; J, /, m) 

{2nmkT)i * ^ ' 

If this is equated to expression (17) and the relation (16) used, the con¬ 
dition for statistical equilibrium becomes 


Q (2nm)HkT)i 
‘ 1 - e/»»S/exp(-E..dA:T)' 

hJ 


( 26 ) 


The summation in the denominator is the partition function for the 
adsorbed state, and so equation (26) is the same as that given by Fowler.t 
when account is taken of the different zero from which energies are 
measured. 

If equation (26) be compared with the Langmuir adsorption isotherm 


6 «.(27tmkT)» 

P • 1 _ e » 


( 27 ) 


t ‘ Proc. Camb. Phil. Soc.,* vol. 31, p. 260 (1933). 
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in which c is the probability of condensation per collision averted over 
all velocities of approach and all states of adsorption, and t is the average 
life of an atom in the adsorbed state, the following expression for ct is 
obtained 


«,A»S/exp(~E,,,/^T) 

CT = _. (28) 

2nm (^T)* 


3—The Coefficieni of Condensation and the Time of 
Evaporation 

We now proceed to the derivation of separate formulae for c and t 
for this model as was done in the preceding paper. 

The total probability that an atom with quantum numbers k, X, [*, will 
condense on to a particular surface atom is given by 

C (E, X, (A) - S r (E, X, (x; /, m), (29) 

«, /. m 

a summation over all those discrete levels which are within the range /tv„ 
of the energy E. Now the number of atoms within the range k, X, (x and 
K dK, X -f d\ |x + d\L, when the radius of the hemisphere in which 
the evaporated atom can move is L, can be inferred from equation (23) 
and is 

^(1 


The range of (x is from 0 to X, that of X from 0 to *«L, and that of k from 
0 to <». The average probability of condensation of an atom per unit 
time is thus 


L pm pJ- p^^g^ _ x«/K»A*)iexp(-h*K«/8Tt»mitT)dAdXd(x, 

« Jo Jo Jo 


divided by a similar integral obtained by omitting C (E, X, (x) from the 
integrand, and is thus from equation (24) 


nV(27tmikT)t 


jj’f'" X, ;x)(l-XVA‘)‘ 

X exp (— A*K*/87t*/RA:T) dK rfX d\i. 


(30) 


where corresponds to an energy the maximum quantum which the 
soli«| can absorb or emit. 

To find the average probability of condensation per collision, we must 
divide this result by the number of collisions which one atom in the volume 
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V would make with a surface atom, of area 1/n,. This number is 
(2kT/Tcm)*/2V«, and so we find 

p (p(E, X, (.)(! - 

X exp (— h^K^I%v^mkT) dK d\dyL. (31) 

Similarly the probability that an atom in a discrete level s, /, m will 
evaporate to any state in the continuum is 

5 {s, /, m) - t f" f'"' f G {s, /, m; E, X, |x) (1 - dK d\ dv-, (32) 

J0 J0 Jo 

and so the probability of evaporation per second from any level is 
£ ? {s, I, m) exp (~ E..,/kT)/£ /exp (- E..,/fcT), 

#, m I 

giving a formula for t, viz., 

T = £ / exp (- E,.,/AT)/ £ 5 is, I, m) exp (- E.,,/A:T). (33) 

I /, m 

From the definition of 5 and ^ and the relation between r(E, X, |x; 
s, I, m) and G (s, I, m;E, X, (x), it can be shown that the denominator in 
equation (33) is equal to (L/tt) multiplied by the integral in (31) and so the 
product of the formulae (31) and (33) for c and t gives equation (28), as 
it should. 

The formulae for c and t involve the integrals defined in equation (13), 
otherwise they are explicit. Unfortunately, it is difficult to find a function 

V (r) such that this integral can be evaluated in finite terms, owing to the 
centrifugal terms / (7 + l)/r* in equation (5). The Morse function, which 
was found tractable in the previous paper, is not then so easy to deal 
with. A Fues function of the type A/r — B/r* could, however, be used; 
in any event, these integrals involve only one variable and so could be 
computed or evaluated by mechanical methods. 

4—Summary 

A theory of evaporation of atoms from a solid surface is worked out 
for a model in which an adsorbed atom can vibrate radially and laterally 
about its point of attachment, but cannot migrate. Evaporation is 
controlled by the rate at which thermal energy is communicat^ from the 
solid to the adsorbed atom. A formula for the probability of con¬ 
densation is given, and one for the duration of time of adsorption The 
condition for detailed balancing between adsorbed and evaporated states 
gives an equation for the adsorption isotherm in terms of the energy 
levels of the adsorbed state. 


2m(:rAT)*Jo 
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V—The Diffraction and Reflexion of Molecular Rays 

By A. F. Devonshire, The University Chemical Laboratory and Trinity 

Hall, Cambridge 

(Communicated by J. E. Lennard-Jones, F.R.S.—Received 3 April, 1936) 

1—Introduction 

The papers already published in this scriesf have been concerned with 
the interchange of energy between a gas and a solid and the mechanism 
of evaporation and condensation. In this paper a rather different, but 
related, problem is considered, namely, the theory of the reflexion and 
diffraction of molecular rays from solid surfaces. 

Frisch and SternJ have recently published the results of some accurate 
experimental work on the reflexion of helium and hydrogen from crystals 
of LiF and NaF. One striking result they obtained was that the curves 
giving the intensity of the reflected or diffracted beam contained a number 
of pronounced minima, and it was shown by Frisch§ that at these points 
two of the components of momentum of the reflected or diffracted 
particle had certain “ forbidden ” values, which when plotted against 
one another lay on one of two smooth curves. 

In this paper it is shown that these results can be explained quite simply 
and that the experimental curves can be used to provide information about 
the potential field in the neighbourhood of the solid. For this purpose it 
is necessary to take into account the periodic nature of the suiface field, 
but not the interchange of energy between gas atoms and the solid. 

[Note added in proof, 26 June, 1936.—^The theory given in this paper 
shows that under certain conditions atoms impinging on a crystal surface 
may be so diffracted by it (without loss of energy) as to be captured by the 
suiface held. A preliminary account of the results has been given else¬ 
where by Lennard-Jones and Devonshire,!! who have given curves showing 

t Lennard-Jones and Strachan, ‘Proc. Roy. Soc.,’ A, vol. 150, p. 442 (1935); 
Strachan, ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 456 (1935); Lennard-Jones and Devon¬ 
shire, the two preceding papers. 

t * Z. Physik,’ vol. 84, p. 430 (1933). 

§ m., p. 443. 

II ‘Nature,’ vol. 137, p. 1969 (1936). 
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the critical directions of approach at which the phenomenon may be ex¬ 
pected, and have referred to the process as selective adsorption.] 


2— General Theory 

We shall neglect the vibrations of the solid atoms, and therefore any 
possibility of energy interchange between the gas and the solid, and regard 
the solid simply as a potential field in which the gas molecule moves. 
Then Schrbdinger’s equation for the gas molecule is 


where we take 2 — 0 to be the surface of the crystal. 

For simplicity, we shall consider a cubic crystal, and then V (x,y,z) can 
be expanded in a double Fourier series in x and v in which we shall neglect 
all terms except the first three, and suppose that all except the first are 
sufficiently small to be treated as perturbations. Equation (1) now 
becomes 

{V® ~ (2m////) ?/3/ — U ( 2 ) — 2Uj ( 2 ) (cos ax + cos o;/)} + = 0, (2) 

or, putting ^ = <l> (xyz) exp (—/W//i5), 

(V® + (2m/A®) W — U ( 2 ) — 2Ui ( 2 ) (cos ax + cos ay)] ^ — 0. (3) 

To obtain the zero order solution we neglect Ui ( 2 ), and the equation then 
has the solution 

exp (i (kix + kty)}f(z), 
where/( 2 ) satisfies the equation 



^W-*,®-A:,®-U(2)}/(2) = 0. 


(4) 


This will in general have a set of solutions with discrete energy values ; 
Ep, El,corresponding to the adsorbed states, and a set of solutions 
with a continuous range of energy values, corresponding to the free 
states. A solution of the first type we shall denote by /„ ( 2 ) and suppose 
it to be normalized in such a way that 


fn* (2) fni^) dz \, 

J —00 

while a solution of the second type we shall denote by /(A:,, z), (where 
A; 3 *^®/ 2 m is the energy), and suppose it to be normalized $0 that 

/(Afs. ^) -^ 2 cos (Ac»e + ij), 
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for large z. The full solution 

4<o = exp {— /-§ (ki^ + Atj* + ^8®) t/2m] exp {/(kix + kiy)}f(k„ z), 

then represents an incident and a reflected wave, each of unit amplitude. 
We note that in an adsorbed state 

W = (A®/2m)(A:i® + A:,®) + E„. 

so that, even in this case when E„ is negative,t the molecule may have 
positive energy if k^ and /c* are sufficiently large, that is if the velocity 
parallel to the surface is great enough. 

If we now proceed to the next approximation and treat 

2\J I (z) (cos ax + cos ay) 

as a perturbation, we find that the first order correction to the energy 
vanishes, while the first order correction to the wave function is given by 

{V® + {2mIk*) W - U (z)} <l>i «= 2U, (z) (cos ax + cos ay) (5) 

First let us consider the case when the zero order solution corresponds 
to a free state so that 

^0 exp {/ {kix + kty)}f{ka, z), 

and hence equation (5) becomes 

{V® + {2mm W - U (z)} <^1 - U, {z)f{ka, z) [exp {/ {k^ + a)x + ik^y) 

+ exp (f (Ati — a) X + ikay} + ... + ...]. (6) 
A solution of this equation is given by 


(f>i ~ exp {/ {kt + x + ikty) g {k'a, z) + ..., 


where 

that is 

{h'a)* + {hi + af + Atj® ~ k^ + k^ + k^, etc. 

(fc'a)* = fca® — 2aki — a\ etc.. 

(7) 

and 

{cPIdz!* + {k'a)* - U (z)} g (k'a, (z)f{ka, z). 

(8) 

If we now 

put 


we have 

g{k'a,z) = vf{k’a,z). 


^) + 2 .^.f{k'a, z) = {Z) f{ka, z), 



t Cf. equation (20) below. 



40 


A. F. Devonshire 


and hence 

~ {k\, 2)} - f{k\, z) Ux (z)/(fca. z), 

so that 

ik\, z) = I' f(k\, z) Ux (z)/(Ar„ z) dz, 

since f(k'a, z) -v 0 as z oo. 

Hence for z large 

^ ~ i sec* (/r's z 4- vj) [“* f{k\, z) Ux (z)f(ka, z) dz, 
dz J —00 

and therefore 

V .. (tan (k\z + ^) + A) f {k\^ z) Ui (2)/(A:3, z) dz^ 

3 J -^OD 

that is 

g (k'a, z) ^ {sin (k'gZ + tq) + A cos (k\z + yj)} 

X I* f{k'i,z)Vi{z)f{ka,z)dz. 

J -00 

If we choose the constant of integration in a suitable manner, g {k\, z) 
will have the asymptotic form a (k' 3 , k^) exp (ik'^), where 

« ik'a, ka) = J, (” /(k'a, z) Ux (z)/(k3, z) dz. (9) 

g(A:'g, z)cxp{f(A:i + fl)A; + <‘^27} then represents a wave going out 
from the surface with the same energy as the incident wave, and hence the 
complete solution <^o + 4 ‘\ represents an incident and a reflected wave 
together with the four first order diffracted waves, whose amplitudes are 
given by equation (9) when the incident wave has unit amplitude, Ar'g, 
etc., being given by equations (7). 

If one of the values of (fe's)*, etc., given by equations (7) is negative 
there is no corresponding diffracted wave, but an interesting case arises 
when {k's^A^jlm = — E„ approximately, where —E„ is the energy of 
one of the adsorbed states. In this case adsorption into this state will 
occur, but in order to calculate this we must return to equation (2), which 
involves the time-derivative. 

If we take as the zero order solution 

ij<o = exp {— ifi {ki* + fca* + /:,*) //2»i} exp {i (fciX + ki7)}/(k*, z). 
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then we deduce the equation 

{v® — ( 2 mf/ii) d/dt — U (z)} •-= exp {—lA (ki* + k^^ -f film} 

X W/(^3. z) [exp {i (A:i -f a) x + ikty) + ...]. (10) 
Let us now write 

4^1 - S a, (0 exp [-/ {E, + (k, + a)* ^/ 2 m + A:,® A®/ 2 m} t/k]f (z) 

r 

X exp (i(ki + a) x + 1^:2;'}, 

and multiply both sides of equation (10) by 

f„* (z) exp {-i (*1 + fl) X - ikgy}, 

and integrate over all space. Then we obtain the equation 

~( 2 m//ii) a„ (t) - exp [+/ {E„-(A:a®-2oA:x-o*) kV 2 m} t/k] (n 1U,| fca), 

( 10 ) 

where 

<•00 

in |Ui| ks) = •/„* ( 2 ) Ui (z)fik», z) dz. (11) 

-ot'* 

Hence, if a„ (0) ~ 0, 

/. ^ (exp [+ i (E« - jk^ — 2 aki - o®) h*l 2 m} tjk] — 1) (n |Ui| fc«) 

" A3® - 20A3 - c/» - E„ 2 w///® 

and therefore 

Ifl - 2 (1 - cos [( - E,+(A3® - 2 akr - o®) ^»/2m} r///]) |(/i IU3I Aa)!® 

' ” ^ (As* - 2 aki - fl® - E„ 2 m//^®)* 

( 12 ) 

Now the number of molecules in the state n after time t depends on 
l<^n (0I*> and hence the total adsorption per unit area into the state n of 
molecules having given values of Aj and A, is 


f 2 (1 ~ cos [(-E„ -f (A:a®-2flA,-a®) /l«/ 2 m} f/ZQ) 
J (Ag* - 2aAi - a* - E„2m/^»)® 


l(nlUxlAa)l*G(Aa)dAa. 


where G (As) dk^ is the number of such molecules per unit volume in the 
range (Aa, A, + dk,). Most of the contribution to this integral will come 
from the region for which the denominator is approximately zero, and 
hence the adsorption is equal to 

iVki)g(k,)ihtl2m) |(« |Ux| Aa)!* r ^ ~T^ dy 

J -CO y 

= t(A/ 4 mA,)G(A,)l(n|UxlA,)l*, 
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where 

/ts* = fl* + 4- E„2m/A«*. (13) 

We can also calculate the rate of evaporation from an adsorbed state 
with positive energy by taking the adsorbed state as zero order solution. 
The method is exactly the same as in the calculation of diffraction. The 
first order correction represents a wave going out from the solid whose 
amplitude is given by 

«„ {k\) = nk\, z) V, iz)f^ iz) dz, (14) 

ZK 3 J 

where ~ — a* + 2aki + E„2m//A if there is one adsorbed atom per 
unit area in the state (n, ki, k^. The rate of evaporation per adsorbed 
molecule is \^„\^ 

3—Comparison with Experiment 

We have just seen that rays striking the surface with wave-numbers (and 
therefore momenta), obeying certain relations, such as equation (13), 
can be adsorbed without change of energy, and we should therefore expect 
that the reflected beam would be exceptionally weak for such rays. If 
we denote by p^, p^, p, the components of momentum measured in units 
equal to ak, then for rays which we should expect to be weakly reflected 
they are connected by relations of the form 

A® - 2p, - 1 = E„2w/(a*^*). (15) 

Now Frisch and Stern,f in the course of experiments on the reflexion 
and diffraction of He from an LiF crystal, found that sometimes the incident 
atoms were only weakly reflected. Frischt discovered that in these cases 
when the components of momenta were plotted against one another, 
taking afi as the unit of momentum, they lay on two smooth curves. 
Now an examination of these curves shows that to a good approximation 
they can be represented by 

p,* - 2p, = - 1 -25, 

p.* - 2p„ = 0. 

This is not only in striking agreement with theory, but also tells us that 
there are two adsorbed states, whose energies can be calculated. They 
are found to be 

—57 cal/mol, 

t ‘ Z. Physik.’vol. 84, p. 430 (1933). 

tp. 443, fig. 1. 
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and 


— 129 cal/mol. 


with a probable error of about 5 cal/mol. 

Experiments were also performed with He and NaF. In this case the 
results are not sufficiently extensive to give us complete curves connecting 
the “ forbidden ” momenta, and so confirm the theory, but if we assume 
the theory to be correct we can deduce that there are two adsorbed states 
with energies 

—80 cal/mol, 
and 


— 193 cal/mol. 


though the values are more uncertain than in the case of He and LiF. 



Fiq. 1—“ Forbidden ” values of and p, plotted against one another, the circles 
being values obtained from reflexion experiments, and the black points being 
values obtained from diffraction experiments. The figure opposite a point is the 
value which p, had in that particular experiment. 

Frisch and Stern also found that the diffracted beam was weaker if the 
molecules after diffraction had certain values of p, and p„ which when 
plotted against one another lay on the same curves as those for which the 
reflected beam is weak. We can see at once that this is due to the fact 
that the incident beam can be adsorbed without change of energy if p, 
changes by two units of momentum, that is the adsorption is due to a 
higher term in the Fourier expansion of the potential field, which we have 
omitted. For let p, and p, be the momenta before diffraction, and p\ 
and p', the momenta of the first ordw diffracted beam. Then 

P'v = F.+ 1 


(16) 
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Now the incident beam can be adsorbed without change of energy if 

= (/». + 2)» + E„2w/(u»^*), (17) 

that is if 

{p\f + {P'.Y - {P\ + 1)* + E,2m/(a*A«). 
or 

{p',y - 2/. - 1 - + E„2«/(a*//*), (18) 

which is the same as equation (15). 

If we assume that the first term in the Fourier expansion of the potential 
energy has the form of a Morse function, that is 

U (Z) - ^ D (19) 

then the experimental information we have obtained enables us to calcu¬ 
late D and «; for the energy levels are given by 

E„ =-(«/-«- i)* ^fPl2m, ' (20) 

^/=(2 wD)iM (21) 

and «is a whole number. Hence, since we know the values of two neigh¬ 
bouring levels, we can calculate k. We can also calculate D if we assume 
that there are no energy levels lower than those we know. The only 
justification for this is that the values of D we obtain are about those we 
should expect from other considwations; k, however, can be calculated 
independently of this assumption. 

We then obtain the set of values given in Table I. 


Table I 

K d Tt 

HcandLiF . MO x 10» 3-5 175cal/niol 

HeandNaF . 1-44 x 10* 3-3 267cal/inol 


The values for He and NaF are more uncertain than the others owing 
to the meagre nature of the experimental data. 

In conclusion, I should like to thank Professor Lennard-Jones for 
suggesting this problem, and for his continued interest and advice. 

4—Summary 

A theory of the diffraction and reflexion of molecular rays at oystal 
surfaces is worked out. It is shown that dte minima in the diffraction and 
reflexion curves of He and LiF observed by Frisch and Steam are capable 
of a simple explanation, and that they can be used to deduce information 
about the potential energy of the gas in the field of the solid. 
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Self-Consistent Field, with Exchange, for Cl 

By D. R. Hartree, F.R.S., and W. Hartree 
{Received 3 April, 1936) 


1—Introduction 

Quantitative solutions by Fock’s equationsf for the self-consistent 
field, including exchange effects, have now been obtained for the normal 
state of Na+, and for the normal and some excited states of neutral Li 
and Na, by Fock and Petrashen,t and for the normal and the (2.?) (2/)) ®P 
and ^P excited states of neutral Be, by the present authors.§ The work 
here described was undertaken as the first step in carrying out the solution 
of Fock’s equations for heavier atoms; calculations for Cu*, in progress 
at the time of writing, will carry this a step further. 

The effect of the inclusion of exchange terms on the self-consistent 
field may be expected to be particularly large for a negative ion, on 
account of the sensitiveness of the wave function of the outer (n/) group 
of such an ion (and, to a less extent, of those of the other groups of the 
outer shell also). This, of course, is likely to make the process of solution 
of Fock’s equations more than usually difficult and lengthy for a negative 
ion, and made the project of obtaining such a solution appear somewhat 
ambitious; but, on the other hand, the interest of the solution, and its 
value as a basis for other calculations, are greatest when the difference 
from the solution of the self-consistent field problem without exchange is 
greatest, and for this reason it seemed desirable to carry out the solution 
of Fock’s equations for at least one negative ion. 

Calculations of the self-consistent field without exchange, which are 
almost essential to provide preliminary approximations to the various 
quantities and functions occurring in Fock’s equations, have been carried 
out for two negative ions, F ■ and Cl~. It was decided to attempt the 
solution of Fock’s equations for Cl", rather than F~ for which the work 
would have been considerably shorter, for two reasons. Firstly, the 

t ‘ Z. Kiysik,’ vol. 61, p. 126 (1930). 

t ’ Phyi. Z. Sowjet.,’ vol. 6, p. 368 (1934); vol. 8, p. 547 (1935). 

S ‘ Prop, Roy. Soc.,’ A, vol. 150, p. 9 (1935), and vol. 154, p. 588 (1936). These 
papers will be refcared to as 1 and II. 
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diamagnetic susceptibilityf of Cl~ is one of the quantities for which 
there is a very considerable difference between the values observed and 
calculated from the results of the self-consistent field without exchange,^ 
the discrepancy being about 60% of the observed value; it was known that 
the effect of the exchange terms would be to contract the outer part of the 
calculated charge distribution, but the extent of this contraction was 
unknown, though it seemed likely that it would be enough to reduce very 
considerably the disagreement between the observed and calculated 
susceptibilities; and it seemed interesting to evaluate this reduction 
quantitatively. Secondly, Cl” is the negative ion for which the atomic 
scattering factor for X-rays, f, has been most accurately determined 
experimentally; the observed values of this quantity agree closely with 
those calculated from the results of the self-consistent field without 
exchange, but the agreement is not exact, and by a Fourier analysis of 
the difference, Brindley and Wood§ some years ago determined approxi¬ 
mately the alteration of the calculated charge distribution required to 
bring the calculated values of /into agreement with the observed values 
then available. The main feature of this alteration, namely, the fact that 
it gives a higher and sharper, and somewhat nearcr-in, maximum for the 
radial charge density of the M group, is in qualitative agreement with 
the alteration to be expected from the inclusion of exchange terms, and 
it seemed interesting to examine if this agreement were in any degree 
quantitative. 

2—-Fock’s Equations for Configurations Consisting of Complete 

(«/) Groups 

To avoid having to derive Fock's equations anew as they are required 
for each particular atom, now and in future, it will be convenient to give 
here, once for all, Fock’s equations for the general case of an atomic 
configuration consisting entirely of closed groups. Probably most 
solutions of Fock’s equations will be carried out for such configurations, 
and in any case the terms in the equations arising from sudi a configura¬ 
tion will usually form the main part of the equations, and in dealing with 
other configurations it will then only be necessary to give the additional 
terms arising from incomplete groups, which will usually have to be 
worked out for each particular case. 

Fock’s equations can be derived by applying, the variation principle to 

t See Stoner, “ Magnetism and Matto* ” (London, 1934),.ch. 9, § 4. 

t D. R. Hartree, ‘ Proc. Roy. Soc.,’ A, vol. 141, p. 282 (1933). 

S ‘ Phil. Mag.,’ vol. 7, p. 616 (1929). 
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a wav6 function of the form of a single determinant (for a configuration 
of complete groups) 


T = 


4'(a|l) 'KP|1) 'Ky|1) 

^(a|2) <{-(^2) '^(y|2) 

^(a|3) <1/(P|3) ^(y\3) 


( 1 ) 


in which the one-electron wave functions (a|y) are of the central-field 
type:— 

I («|y) = i P («„ Qrj) S (/. w.l 0, ff>f) X (2) 

Using the notation of the previous papers (I, II), viz.:— 

z*(*Pk)== f PN(*ki)pN(Pki)(^i/>‘)* rf'^i 

» o 

Y*. («P|r) Z* (op|r) -j- T Pn («|ri) P^ (Pki) (r/r,)‘+i dti 

Jf 



1(a) 


irPN(«k) 


</* , 2N /(/+ 1) 
Lflfr* r ~ f* . 


Pn (ak) dr 


F, (apk) - f* P*N («k) Y, (apk) dr ^ |* P^* (Pjr) Y» (aak) r-» dr 

J 0 J 1) 

'*00 

(apk) ==■• Pn («k) Pn (Pk) Y* («Pk) dr 


(4) 


Slater’s formulat for the energy integral E — | T*!! 
becomes, for a configuration of complete groups only. 


E = S„t [2 (2/ -M) I (n/) + (2/ -fl) (4/ + 1) F„ («/, nt) - S* A,*F* (n/, nl)\ 
+ 4 (2/ + 1) {21 + 1) Fo {nl, rt'V) 

(«/,«'/'). (5) 


the first sum being over all groups, and the second and third over alt 
pairs of groups (the ' in 2' indicating, as usual, that («'/') — {nl) is to be 
omitted from the sum), and the coefficients Ajt, and B)i> being given in 

t ‘ Phys. Rev.,' vol. 34, p. 1293 (1929). For a slight extension of Slater’s argument, 
required when the radial wave functions P (n/|r) do not necessarily satisfy the radial 
wave equation for any central field, see Hartree and Black, ‘ Proc. Roy. Soc.,’ A, 
vol. 139. p. 311 (1933), formula (8). 
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Table I, which is extended far enough to cover any configuration of 
complete groups in any atom. The values of these coefficients have 
been obtained from formulae (8), (13) of Chapter 6, § 9, of “ The Theory 
of Atomic Spectra ” by Condon and Shortley.f and checked either by 
direct calculation of the appropriate sums of Slater’s coefficients o* {Ijn,, 
and l^p), or by use of formula (9) instead of (8) of 

Condon and Shortley, op. cit. 

Table I—-Contributions to Total Energy from Coulomb 
Interactions Within and Between Complete Groups 

(a) Interactions Within a Complete Group 

Coefficient of Fo («/, nl) = (2/ -f 1) (4/ + 1) 

Coefficient of F* («/, nl) = — A,it {k p* 0) 


Group 

1 

.... 

Att 


(ns)* 

0 

A - 2 


^ - 6 

(np)* 

1 

6/5 

— 

— 

(nd)** 

2 

10/7 

10/7 

— 

(nfy* 

3 

28/15 

14/11 

700/429 


(6) Interactions Between Complete Groups («' ^ nil 1' — I, Otherwise n 
unrestricted) 

Coefficient of F,, (nl, n'l') = 4 (2/ + 1.) (2/' + 1) 

Coefficient of G* (nl, n’V) — — Bu * 


Groups 


(ns)* (n's)* 
(m)* (n’py 

(nsf(nW* 

(ns)*(n'ff* 

(np)* (n'p)* 
(np)* (n'dy* 
(np)*(n'fy* 
(m/)« («'</)'« 

(m/)w («'/)“ 



t Cambridge, 1935. 
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As shown in the previous paper II, Fock’s equations can be obtained 
by formal differentiation of the expression 


E' = E + n t [ Pn inl\r) Pn (n7|r) dr, 

Jo 


( 6 ) 


with respect to each normalized radial wave function Pj, (n/|r), and the 
derivatives of the various types of integrals are 




^ , 2N _ /(/+ 1) 
dr^ r r^ 


Pn inl\r) 


(7) 


3F* (nl, n’nidP^ {nl\r) = 2Y, («'/'. ‘ P« (n/|r) if («'/') (n/)| 

= 4Y, (nl, nl\r) /•-* P« (n/|r) if («'/') - (nl )) ^ ' 

0G, (nl, n'DIdP^ (nl\r) - 2Y, (nl, «7'|r) /-^ P^. («7'|r) if (n7') (nl) (9) 

^5^ i; p. (»/|.) p« („7|,) ^=p („7|,) („• ^ „)i_ 

-2P(«/|r) («' = «)! 

Applying this to (6) and dividing by — 2 (21 + 1), we get Fock’s equation 
which can be put in the form 


2„rHV„rP.v(n7'|r)- 0 (11) 

in which the diagonal elements of the matrix H' are 




? [N - S*., 2 (21' + 1) Yo (n'r, n’l'\r) 


+ Yo (nl, nl\r) + 


1 


21+ 1 


2:*A„Y,(n/,n/|r)] 


, /(/+!) 


( 12 ) 


[note that here the includes (n'T) — (nl)], and the non-diagonal 
elements are, for /' = / 

e,u,„, (n' n), (13) 

and for I' I 

H' ., = 'V Ph'* Yjt- (nl, n I) 

the coefficients A^^ and Bji * being given by Table I; the parameters t in 
(12), (13) are related to the Lagrangian multipliers X in (6) by 

— (2/-f- 1) S«i,nl ” \u,nl ] 

- 2 (2/ + 1) = Kt.n,(n' rin) ^ ^ 


vot. CLVI.— A. 


E 
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As in the normal state of neutral Be, so for any atom consisting of 
closed groups a linear transformation of the radial wave functions of the 
same / and different n among themselves corresponds to a similar trans¬ 
formation of the complete wave functions (2) and so does not alter the 
value of the determinant (1), or the value of E or the form of Fock’s 
equations deduced from it by application of the variation principle, and 
it is possible to find such a transfornnation so that the non-diagonal para¬ 
meters Eni,„'i are zero; but in the general form of the equations, which we 
have used for the numerical work, they are to be retained as parameters 
whose values must be determined to satisfy the conditions of orthogonality. 
Once determined, they can be reduced to zero by a suitable linear trans¬ 
formation such as was used for the normal state of neutral Be. 

3— Process of Solution of Fock’s Equations for Cl- 

For the normal state of Cl~ (or of any argon-like atom) there are five 
equations (12), of two types, namely three with / = 0 for the j wave 
functions, and two with / = 1 for the p wave functions. Those for the s 
wave functions are similar to those for the s wave functions of Na+ 
already given by Fockf; those for the p wave functions include exchange 
terms between the complete (2p) and (3p) groups, which do not occur 
in the corresponding equations for Na+. As examples, the equations 
for the normalized (3 j) and (3p) radial wave functions arc 

'y. + ; {T (r) + 2 - 2 (1 - Yo (3j. 3s|/-))) - P, 

n-1 r J 

+ ? S (np, 3slr) {np\r) = 0, (16) 
r n-t£ 

^ {T (r) 2 - 2 (1 - Yo (3p, 3p|r)) 

-f I Y, (3p, 3p|r)} - - |] P^ (3p\r) 

+ [1 {2Yo(2p, 3p|/-) + I Y,(2 a 3plr)} - e,,.sp]PN(3p|r) 

+ I (ns, 3p\r) Pk (wjr) == 0, (17) 

t Loc* cit. In comparison with the equations in the form used by Fock and 
Petrashen {he. citX it should be noted that we retain the non*diagona] mulUplicars 
tid.n'i which Fock and Petrashen take as zero. 
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where T (r) is the “ total 2Zp ” of the field of the nucleus and the 
Schrddinger charge distribution of the whole atom, namely 

T (r) - 2 [N - 2 (21 + 1) Y„ (n/. «/|r)] 

- 2C + 4 (2/ + 1) [1 - Yo («/, n/k)], (18) 

where C is the net charge on the atom in the state of ionization con¬ 
sidered. In the numerical work, it seems convenient to work with the 
functions 1 — Yo(n/, n/jr), which are zero for large r, rather than with 
the functions Yo («/, n/jr), and (16) - (18) have consequently been expressed 
in terms of 1 — Yq (nl, nl\r). The three equations for the (1 j), (2^), and 
(2p) radial wave functions are similar in form to (16) and (17), and can 
be written down by making the appropriate changes of the principal 
quantum numbers. 

The process used for solving these equations was similar to that used 
for the normal and excited states of Be, on an extended scale and with 
some modifications in detail. A set of functions Z^. (nl, n'l'jr) was 
estimated, and functions Y,,(nl, n'l'jr) calculated for them; then for 
these Yfc’s, solutions of the equations were found satisfying the con¬ 
ditions of orthogonality and normalization, orthogonality being secured 
by choice of the non-diagonal parameters and normalization by 
choice of initial conditions for the various integrations, instead of by 
working with the equations for unnormalized radial wave functions as 
was done in the work on Be. In each trial solution, the initial conditions 
were specified by factors /„i giving the limits, for ^ 0, of the ratios of 
the value of each radial wave function to the corresponding normalized 
radial wave function of the self-consistent field without exchange, that is 

A,= [P(«/|0)]/[s.c.f.PK(n/|0)l. (16) 

Solutions were carried out with different values of the parameters /„, 
and («' ^ n), and the values of these quantities required to satisfy 
the conditions of orthogonality and normalization were determined by 
linear interpolation. For the first trial sets of functions Z*, the range of 
the trial values of/and was rather large, so that linear interpolation 

was perhaps not very accurate; but as the ftinctions Z^ were only rough 
at that stage, this was of no consequence. At later stages the range was 
small enough for linear interpolation to be adequate. 

As in the work on the excited states of Be (cf Paper II), the equa¬ 
tions were dealt with successively rather than simultaneously, so that, for 
given trial functions Z* and trial values of the parametersand 
3^ n), the determination of each diagonal parameter to satisfy 
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the conditions P («/|^) -+ 0 as r 0 and r -*■ oo, could be carried out 
separately. The numerical integration and determination of c«j,nj was 
carried out by outward and inward integration for the equation for P (3/>), 
the outward integration being taken to such a point that the exchange 
terms in the equation became negligible. For the other equations, in 
which the exchange terms remain appreciable over the whole range, the 
process of outward integration was found to be practicable over the whole 
range; there was no need to use the method (cf, I, § 5) of evaluating a 
particular integral and complementary function by inward integration, 
though it would probably be as well to use this method, or alternatively 
Fock and Petrashen's application (toe. dt.) of the Green’s function for 
this equation, if the forms of the “ tails ” of the wave functions for large 
r were required accurately. 

It was found desirable to reduce each non-diagonal multiplier to 
zero as soon as it was determined, by a suitable linear transformation of 
the corresponding wave functions. The use of such a transformation of 
the results of one stage of approximation as the basis for estimates of the 
functions Z* for the next stage has the general effect of keeping small the 
non-diagonal multipliers ^ni.n'i required to satisfy the orthogonality 
conditions at this next stage, so that a good approximation is usually 
obtained by omitting them, and their inclusion is only a small correction; 
this simplifies the numerical work. 

The Inunctions Zq (nl, nl\r) for the first stage of the approximation 
were taken from the results of the self-consistent field without exchange, 
modified by estimates of the effect of the exchange terms based on com¬ 
parison of Fock and Petrashen’s solution of Fock’s equations for Na'*' 
with McDougall’s rcsultsf for the solution of the equations of the self- 
consistent field without exchange. For the function Zj {ip, ip\r) an esti¬ 
mate was obtained from the estimate of Z^ {ip, ip\r) by use of the 
general formula 

=-■ [ r/</Zo(«filri), (17) 

and the other functions Z* {nl, n'i'\r) required were taken as calculated 
from the wave functions of the self-consistent field without exchange. 
For the solution of Fock’s equations, each function Z, {nl, n'l\r) 
{n ^ n') tends to 0 as r -»• oo on account of the orthogonality of P {nl\r) 
and P {n'l\r), whereas it does not tend to zefo if the radial wave functions 

t We are indebted to Mr. J. McDougall for providing us with the results of his 
csalculations (not yet published) which supersede the old resultt obuuned by one of us. 
(D. R. Hartree, ‘ Proc. Camb. Phil. Soc.,’ vol. 24, p. 111 (1929).) 
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of the self-consistent field without exchange are used, as these are not 
exactly orthogonal. If these wave functions are used to provide initial 
estimates of the functions Zq {nl, «7)r), it seems desirable to adjust 
these estimates so that they do give (nl, n7|oo) = 0, but this was not 
at first done in the present case. 

As the estimates of the functions Z^ were much the most uncertain 
for those involving P (3p), attention was first paid to this wave function 
alone, and estimates of the functions Z^. (nl, 3p) were modified until 
the values of these functions, as calculated from the solution of the 
equation, normalized and made orthogonal to P (2p) by choice of 
and agreed approximately with the estimates. At this stage, the 

values of the functions P (nl), other than P (3p), used in the exchange 

rco 

terms in the equation, in evaluating P (2p) P (3p) dr, and in calcu- 

Jo 

la ting the functions Z*. (nl, 3p\r), had to be taken from the results of 
the calculations of the self-consistent field without exchange. 

When a fairly good approximation has been obtained in this way for 
the functions Z* involving P (3p), the solutions of the equations for the 
other radial functions were obtained, and the process was repeated with 
revised estimates until a good approximation to a self-consistent set of 
functions P(«/|r) and Z^fw/, n'l'\r) had been found. 

Fortunately, the general effect of the exchange terms is that of an 
additional attractive field, and consequently the (3/>) wave function 
calculated from the solution of Fock’s equations is considerably less 
sensitive to the estimated Z^’s than that calculated without exchange 
terms. One aspect of this is shown by a comparison of the values of 
®ap,»p, which are 0'297 for the solution of Fock’s equations, and 0*116 
for the solution of the equations without exchange; the unusual sensitive¬ 
ness of the wave functions in the latter case is closely related to the small 
value of tap, Up. This lessened sensitiveness of the (3p) wave function, 
and some fortunate estimates of the Z»’s, made the process of solution 
of the equations considerably shorter and easier than had been anticipated; 
it was actually a good deal less troublesome than that for the (2.r) (2p) ^P 
state of Be. A satisfactory approximation to the solution was reached 
in five sets of estimates of the Z*’s, one step of the approximations involving 
the (3/>) wave function dnly. In the final approximation, the maximum 
difference between the estimated and final values of any of the functions 
2 (2/ -f 1) [1 _ Zo (nl, nl\r)] is 0 01, which is as good as the approxi¬ 
mation aimed at in the much easier calculations without exchange. Most 
of the final values of the other functions differ from the estimates by 
0*005 or less, and for several the agreement is to 0 *001 throughout, and 
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it is doubtful if the accuracy could be appreciably improved without keep¬ 
ing another decimal place in many places throughout the work. 

This seems very satisfactory in view of the rather formidable appearance 
of the problem when first considered, and the fact that such results were 
obtained with about a third of the expected expenditure of time and 
labour is encouraging for work on the solution of Fock’s equations for 
other atoms. 


4—ResuIts and Discussion 

The normalized radial wave functions PN(/i/|r), or simple multiples 
of them taken for convenience in tabulation, and, for small r, values of 
Pn {rt/|r)/r‘+* are given in Table 11, which also includes values of the 
diagonal parameters the non-diagonal parameters s «/,«7 n') 

have been eliminated by linear transformations of the wave functions as 
already explained. 

Table II—C1-. Solutions of Fock’s Equations. Wave 

Functions 


Table of PN.(«/|r)/r'+' 


r 

(h) 

ils) 

(2/») 

(3s) 

(3/» 

0 000 

1.36-5 

38*24 

154-1 

11-31 

38-02 

0 005 

125-4 

35 10 

146-7 

10-34 

36-47 

0010 

115-2 

32*17 

141-6 

9-47 

34-97 

0015 

105-9 

29*43 

135-8 

8-67 

33-53 

0 020 

97-.3 

26*87 

130-3 

7-91 

32-15 


(Is) 

(25) 

i2p) 

(3s) 

Op) 

r 

Pn 

Pn 

P», 

2P.S 

2Pk 

0 

0 000 

0 000 

0 000 

0-000 

0-000 

0 005 

0-627 

0*175 

0 003, 

0 103, 

0-002 

O-Oi 

M52 

0*321 

0-014 

0-189, 

0-007 

0015 

1-588 

0*442 

0-030, 

0-260 

0-015 

0 02 

1-946 

0*538 

0-052 

0-316 

0 026 

003 

2-465 

0*669 

0-108 

0-393 

0-053 

0 04 

2-778 

0*732 

0-177 

• 0-429 

0-087 

005 

2-937 

0*741 

0-255 

0-432 

0-126 

0 06 

2-982 

0*707 

0-339 

0-410 

0-167 

007 

2-945 

0*641 

0-426 

0-368 

0-209 

008 

2-851 

0*551 

0-515 

0-312 

0-252 

009 

2-718 

0*444 

0-603 

0-245 

0-295 

0*10 

2-560 

0*324 

0-690 

0-172 

0*337 
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Table JI—(continued) 


r 

(b) 

Fs 

(2s) 

Pn 

012 

2 210 

0*064 

0 14 

J857 

-0-202 

0)6 

* I’53J 

-0*456 

018 

1-244 

-0-689 

0-20 

1000 

-0-895 

0-22 

0-798 

-1-072 

024 

0-632 

-1-219 

0-26 

0-498 

-1-337 

028 

0-390 

-1-429 

030 

0-305 

-1-496 

O'35 

0-163 

-1-573 

0-40 

0-086 

-1-553 

0-45 

0-045 

-1*469 

0-50 

0-024 

-1-349 

0-55 

0-013 

-1-210 

0 60 

0-006 

-1-067 

0'7 

O-OOl 

-0-799 

0-8 

— 

-0-576 

0-9 

— 

-0-405 

10 

— 

-0*279 

M 

— 

-0-190 

1-2 

— 

-0*128 

1-4 

.— 

-0-057 

16 

— 

-0-025 

1-8 


-0-011 

20 


-0-005 

2-2 

— 

-0-002 

2-4 

— 

-0-001 

2-6 

— 

— 

2-8 

— 

— 

30 

— 

— 

3-2 

— 

— 

3-4 

— 

— 

3-6 

— 

— 

3-8 


— 

40 

— 

— 

4'5 


_ 

50 


— 

5-5 



60 



6-5 


— 

7-0 


_ _ 


(2p) 

(3j) 

Op) 

Ps 

2Ps 

2P^ 

0-855 

0*013 

0-413 

1-004 

—0-148 

0*480 

M33 

-0-301 

0-535 

1-243 

-0-436 

0*578 

1-333 

-0*552 

0:607 

1-403 

-0*646 

0*627 

1-455 

-0*717 

0*635 

1-490 

-0*767 

0-631 

1-510 

- 0-796 

0*618 

1*518 

-0-807 

0*597 

1'492 

-0-762 

0-512 

1*417 

-0*640 

0*393 

1-313 

-0*460 

0*253 

1-195 

-0-249 

0-100 

1-071 

-0-023 

-0-059 

0-948 

+0-208 

--0-217 

0-723 

0-644 

-0*517 

0-537 

1014 

-0*779 

0-391 

1*301 

- 0-996 

0-280 

1-507 

-1*166 

0-198 

1'640 

-1*292 

0-139 

17I0 

-1*379 

0-068 

1'713 

-1*461 

0*033 

1-603 

-1*455 

0*016 

1-437 

-1*395 

0-008 

1-254 

-1*307 

0-004 

1-074 

-1*205 

0-002 

0-908 

-1-099 

0-001 

0-761 

-0-995 

— 

0-635 

-0*897 

— 

0 526 

-0-806 

— 

0-435 

-0*722 

— 

0-359 

-0*646 

— 

0-296 

-0*577 

— 

0-243 

-0-515 

— 

0-199 

-0-460 

— 

0-121 

-0-345 

— 

0-074 

-0*259 

— 

0-045 

-0*195 

— 

0-027 

-0*146 

-1. 

0-016 

-0*110 

— 

0-010 

-0-083 



56 

(U) 

D. R. Hartree and W. Hartree 

Table II — (continued) 

(2s) (2p) (3s) 

(3p) 

r 

Ps 

Pn 

Pk 

2Pv 

2P« 

S 

_ 


— 

0-003 

^0-047 

9 

10 

-- 

-- 


0-001 

--0-027 
• -0*015 

12 

- . 

__ 

_ 

_ 

-0 005 

14 


— . 

— 

— 

-0*002 

16 

— 

— 

— 

— 

— 

Cn/, nl 

209*1 

20-47 

15*39 

1*454 

0-2971 


The functions 2 (2/ + 1) [1 “ Zo («/, «/[/•)] are given in Table III for 
comparison with the corresponding functions for the self-consistent field 
without exchange, as such a comparison shows very clearly what is the 
effect of the exchange terms. On Schrddinger’s interpretation of the 
wave function, 2(2/ + 1) [1 — Zo (nl,nl\r)] is the total charge of the 
(«/) group lying outside radius r, and a decrease of this function, at a 
fixed r, for any group indicates a contraction of that group. 

Table III—C1-. Solution of Fock’s Equations. Contributions to Z. 

Table of 2 (21 -t- 1) [1 - Z„ (nl, nl\r)] 


r 

(ij) 

(2s) 

(2p) 

(3j) 

(3/>) 

0-000 

200 

200 

600 

200 

600 

0-005 

200 

200 

600 

200 

600 

0-010 

1-99 

2-00 

600 

200 

600 

0-015 

1-97 

200 

600 

2 00 

600 

0-02 

1-94 

1-99, 

600 

200 

600 

0-03 

1-84 

1-99 

6 00 

200 

600 

0-04 

1-70 

1-98 

600 

200 

600 

0-05 

1-54 

1'97 

5-99, 

200 

600 

0-06 

1-36 

196 

5-99 

1-99, 

600 

0*07 

M8, 

195 

5-98 

1-99, 

6 00 

0*08 

101. 

1-94 

5-97 

1-99, 

600 

0*09 

0-86 

1-93, 

5-95 

1-99, 

5-99, 

0-10 

0-72 

193 

5-92, 

1-99, 

5-99, 

0-12 

0-49 

1-93 

5-85 

1-99, 

5-99 

0-14 

0-33 

1-93 

5-75 

1-99, 

5-98, 

0-16 

0*21 

1'92. 

5-61 

1-99, 

5*98 

0*18 

0-13, 

19l 

5-44 

1-99 

5-97 

0*20 

0 08, 

1-89 

5-24 

1-99 

5-95, 

0*22 

005 

185 

501, 

1-98, 

5-94, 
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Table III—(continued) 


r 

iU) 

(10 

(2p) 

Os) 

(3/7) 

0-24 

0*03 

1-79« 

4*77 

1*98 

5*935 

0 26 

0*02 

1*73 

4*51 

1*97« 

5*92 

0*28 

0 01 

1*65 

4*24 

1*97 

5-91 

0*30 

001 

1*57 

3-96* 

1*965 

5-90 

0*35 

_ 

1*33 

3*28 

1*95 

5'875 

0*40 

— 

1-08 

2*64 

1-935 

5*86 

0-45 

,— 

0*85 

2*08 

1*93 

5*855 

0-50 

— 

0*65 

1*61 

1*925 

5*85 

0*55 

■ — 

0*49 

1*22 

1*925 

5*85 

0-60 

— 

0*36 

0*91 

1*92 

5*85 

0*7 

_ 

OJ 85 

0*50 

1*91 

5*825 

0-8 

— 

0 09 

0*26 

1*88 

5*76 

0*9 

— 

0*04 

0*13 

1*81 

5*64 

10 

— 

0*02 

0 O 65 

1*71 

5*46 

M 

— 

001 

0*03 

1-585 

5*235 

1*2 

— 

OOO 5 

oou 

1*445 

4*97 

1-4 

— 


o*oo« 

1*15 

4*35 

1*6 

— 

— 

— 

0*87 

3*71 

1*8 

— 

— 

— 

0*64 

3*10 

20 

— 

— 

— 

0*46 

2*55 

2*2 

— 

— 

— 

0*32 

2*07 

2*4 

— 

— 

— 

0*22 

1*68 

2*6 

— 

— 

— 

0*155 

1*35 

2*8 

— 

— 

— 

OIO5 

1*08 

3*0 

— 

— 

— 

0*07 

0*86 

3*2 

— 

— 

— 

0*05 

0*69 

3*4 

— 

— 

— 

0*03 

0*55 

3*6 

— 

— 

— 

0*02 

0*43 

3*8 

— 

— 

— 

OOI5 

0-345 

4*0 

— 

— 

— 

0*01 

0*27 

4*5 

_ 

,— 


OOO5 

0*155 

5*0 

— 

— 

— 

— 

009 

5*5 

— 

— 

— 

— 

0*05 

6*0 


— 

— 

— 

0*03 

6*5 

— 

— 

— 

— 

OOI5 

7*0 

— 

— 

— 

— 

0*01 

7*3 


—* 

— 

— 

OOO5 


This comparison shows two striking features, firstly a very considerable 
contraction of the (3/>)* group, for which the maximum change of 
2 (2/ + 1) [1 _ Zjj (nl, nl\r)] is 0-61, or 10% of the total electron content 
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of the group, and, in contrast to this, a very small contraction of the 
(3 j)* group, for which the corresponding maximum change is 0-03,, 
which is actually smaller than the corresponding change (0-06) for the 
(2j')2 group. Since there are three times as many electrons in the (3/>)* 
group as in the (3s)’^ group, we can say roughly that the effect of the 
exchange terms on the charge distribution of an electron of the (3p) 
group is about six times the corresponding effect of an electron of the (3s) 
group. 

A considerable effect on the (3p) group was expected in view of the 
sensitiveness of the wave function of this group. The effect of the exchange 
terms alone on the {3s) group was expected to be smaller than on the 
(3p) group, but hardly so very much smaller; it would seem that the 
smallness of the alteration of the (3s) group is due to a partial compensa¬ 
tion of the attractive effect of the exchange terms alone, and the effect of 
the increased screening of the nucleus on account of the contraction of the 
(3p)* group. A similar partial compensation has been noted already in 
connexion with the (2s) wave function of the {2s) (2/>) ®P excited state of 
Be, and appears likely to be general. This is fortunate, as it means that 
the main effect of the inclusion of exchange terms will be confined to the 
outermost («/) group, and that for the other groups of the outer shell 
the self-consistent field without exchange may provide a better approxi¬ 
mation to the solution of Fock’s equations than was previously expected. 

The total radial charge densities U(r) = 2 (21 + 1) Pn® (nl\r) 

calculated for the self-consistent field without and with exchange, and the 
differences SU(r) between these radial densities, are given in Table IV; 

f eX) 

r* 8U(r) dr — 0. The 

0 

positive maximum of the difference in the neighbourhood of r = 1 (in 
atomic units, i.e., about 0-5 A) agrees fairly closely in position with the 
result of Brindley and Wood’s analysis of the values of the X-ray scatter¬ 
ing factor/, though it is less than half as largcf; but the decrease of 
radial density at the peak corresponding to the L shell, which is an equally 
definite result of Brindley and Wood’s analysis, is replaced in Table V 
by an increase somewhat larger than that nearr = 1. Thus it is clear 
that the alteration in the calculated charge distribution brought about 
by the inclusion of exchange terms does not account by any means com¬ 
pletely for the difference between the observed X-ray scattering factors / 
used by Brindley and Wood and those calculated from the results of the 
self-consistent field without exchange. The calculation of X-ray scatter- 

t Brindley and Wood’s maximum value is about 1 -6 atomic units. 
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ing factors from the present results, and further comparison with more 
recent experimental data, is being undertaken by Brindley. 


Table IV— Cl~ Charge Distribution 


Total radial density in atomic units, U(/-) = 2 (2/ + 1) (nl\r), 

calculated by self-consistent field (a) without exchange, (b) with 
exchange. 


Radial charge density 


U(r) 

(a) 


U(r) 

(b) 


8U(r) 


Radial charge density 


000 

000 

0-00 

0 00 

0 005 

0-85 

0-85 

0-00 

001 

2-88 

2-87 

-001 

0015 

5-47 

5-47 

000 

002 

8-22 

8-22 

0 00 

003 

13-19 

13-20 

001 

004 

16-79 

16-79 

000 

005 

18-835 

18-85 

0015 

006 

19-57 

19-60 


007 

19-36 

19-39 


008 

18-55 

18-60 

005 

0 09 

17-43 

17-51 

0*08 

010 

16-24 

16-36 

012 

012 

14 - 20 , 

. 14 - 41 , 

0-21 

014 

13-06 

13-38 

0-32 

016 

12-85 

13-28 

0-43 

0-18 

13-36 

13-91 

0-55 

0-20 

14-33 

14-95 

0*62 

0-22 

15-49 

16-18 

0*69 

0-24 

16-58 

17-33 

0*75 

0-26 

17-54 

18-29 

0*70 

0-28 

18-31 

18-97 

0-66 

0-30 

18-75 

19-34 

0*59 

0-35 

18-65 

19-03 

0-38 

0-40 

17-19 

17-32 

013 

0-45 

14-96 

14-87 

-009 

0-50 

12-49 

12-25 

- 0*24 

0-55 

10-11 

9-81 

- 0*30 

0-60 

8-04 

7-76 

- 0*28 



U(r) 

U(r) 

SU(r) 

r 

(a) 

(h) 

(6)-(«) 

0 1 

5 - 10 , 

5*02 

~0 08 , 

0*8 

3 - 63 , 

3*82 

+ 0-18 

0*9 

3 - 17 . 

3*57 

0 - 39 , 

1*0 

3-25 

3*80 

0 55 

M 

3-53 

4*16 

0 63 

1*2 

3-84 

4*45 

0-61 

1*4 

4 - 15 , 

4*70 

0 - 54 , 

1*6 

4 - 06 , 

4*465 

• 0-40 

1*8 

3 - 69 , 

3*95 

0 - 25 , 

2*0 

3-21 

3 * 34 * 

0 - 13 , 

2*2 

2-73 

2*76 

0 03 

2*4 

2-28 

2*22 

- 0-06 

2*6 

1-89 

1*775 

- 0 - 11 , 

2*8 

1 - 56 , 

1-41 

-0 15 , 

3*0 

1-29 

MI 5 

- 0 - 17 , 

3*2 

1-07 

0*885 

- 0 - 18 , 

3*4 

0-89 

0*69 

- 0-20 

3*6 

0-74 

0*545 

- 0 - 19 , 

3*8 

0-62 

0*43 

- 0-19 

4*0 

0 - 51 , 

0*337 

- 0 - 17 , 

4*5 

0 - 33 , 

0185 

1 

0 

5*0 

0 - 22 , 

OIO4 

- 0 - 11 , 

5*5 

0 - 14 , 

oos* 

- 0 - 09 , 

6*0 

0 - 09 , 

0 03 a 

- 0 - 06 , 

7 

0 - 04 , 

OOlg 

- 0 - 02 , 

8 

0 02 i 

OOlo 

-O-OIi 

9 

0 - 01 , 

0 00 a 

- 0 - 00 , 

10 

0 - 00 , 

OOOi 

- 0 - 00 , 

11 

0 - 00 , 

— 

-0 00 , 

12 

0 - 00 , 

— 

- 0 - 00 , 
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5—Some Applications of the Results 
The diamagnetic susceptibility x is given byt 

5 ^ X 10® = 0 ■ 790 [“ r* 2 (2/ + 1) Pn» («/k)] dr 
- 0-790 2(2/+ DriA 

(n/jr) dr. The values of r® for the different radial 

0 

wave functions of the self-consistent field wiA exchange are given in 
Table V, together with the sum 2 (2/ + 1) rj and the corresponding 

Table V—Cl". Diamagnetic Susceptibility 

Group 
(b)» 

(25)* 

(2p)« 

(3s)‘ 

Opf 

2 : 2 ( 2 /+ 1)> 38-5, -Xxl0* = 30-4 

'^r*8U(r)</r 13-8 

0 

S.c.f. without exchange S 2 (2/ + 1)T« 52-3, - X x 10* = 41 -3 

Observed — X x 10* = 25 

value of the susceptibility. The difference between the value of this sum 
calculated from the results of the self-consistent field with and without 

( 00 

r* SU(r) dr, where 8U(r) is the difference between the 

0 

radial charge densities tabulated in Table IV; this integral has been 
evaluated, and is given in Table V, and the value of x given as calculated 
from the results of the self-consistent field without exchangel is deduced 

t Stoner, op. cit., ch. 9, § 2, formula (13). 

t This calculated value of x is somewhat higher than that given by Stoner (op. cit., 
ch. 9, Table 4.1), which is based on the results of an early calculation of the self- 
consistent field of C1-, which are now superseded by those tabulated in ‘ Proc. -Roy. 
Soc.,’ A, vol. 141, p. 282 (1933). 


S.c.f. with exchange 


r"" 

A 

r* 

2 (2/ + 1) r* 

OOli 

0*0, 

0*23i 

0-4. 

0*204 

1-2, 

30U 

6-0, 

5-13r 

30-8, 
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from it. The observed valuef is also given for comparison with the 
two calculated values. It will be seen that the use of the solutions of 
Fock’s equations has reduced the discrepancy between the calculated 
and observed values of x to not much more than a third of the amount of 
the corresponding discrepancy when the calculated value is found from 
the results of the self-consistent field without exchange. The outstanding 
discrepancy is perhaps not greater than could be accounted for by the 
influence of the surrounding atoms on the charge distribution of the Cl" 
ion, and in this connexion it should be noted that about 95% of the value 

f oo 

r* 8U(r) dr comes from values of r greater than 3-4 (in atomic 

0 

units) which is the “ ionic radius of Cl", and about a third of the value 
of the integral comes from values of r greater than twice this; and the 
distortion of the wave functions by the presence of neighbouring atoms 
must be expected to be considerable in this region. 

Combining these results for Cl" with those of Fock and Petrashen for 
Na+, it is possible to calculate the susceptibility of NaCI, which can be 
compared directly with experiment without requiring the step of separ¬ 
ating the observed susceptibility of the salt into contributions from its 
ions. The calculated values of — x x iO* for the ions, using the solution 
of Fock’s equations in both cases, are Na *" 4-9, Cl" 30-4, whence for 
NaCl, assuming the charge distributions to be the same as for the free 
ions, —XX 10* = 35-3; the observed value§ is 30-2. As already 
mentioned, the difference is probably mainly due to the distortion of the 
Cl ion by the presence of the neighbouring atoms in the crystal. 

The improvement which the solution of Fock’s equations makes to the 
calculated value of the electrical polarizability is also considerable; the 
value calculated from the results of the self-consistent field without ex¬ 
change is about five times that observed, while the value calculated from 
the solution of Fock’s equations is only about twice the observed value.(i 
These improvements in the calculated values of atomic properties show 
that the alterations in the atomic wave functions made by the inclusion 
of exchange terms in the equations of the self-consistent field are real 
improvements, and are an encouragement to future work on the solution 
of Fock’s equations. 

t See Stoner, op. ctt., ch. 9, § 4, and Brindley and Hoare, ‘ Proc. Roy. Soc.,’ A, 
vol. 152, p. 342 (1935). 

} See W. L, Bragg, “ The Crystalline State ” (1934), ch. vii, p. 115. 

$ Hoare, ‘ Proc. Roy. Soc.,* A, vol. 147, p. 88 (1934); Brindley and Hoare, he. dt. 
II We are indebted to Mr. R. A. Buckingham, who made the calculations of the 
polarizability, for permission to mention his resulu here. 
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Summary 

The solution of Fock’s equations for the self-consistent field, with 
exchange, for the Cl“ ion has been carried to a successful conclusion, and 
has been found to be not so formidable a problem as was anticipated. 
The results are given and compared with those of the self-consistent field 
without exchange; the main effect of the inclusion of exchange terms is a 
considerable contraction of the (3p) radial wave function, the (35) wave 
function is comparatively little altered. The effect of the inclusion of 
exchange terms in the equations on the values of some atomic properties 
calculated from their solution, namely the X-ray scattering factor, the 
diamagnetic susceptibility, and the electrical polarizability, are discussed. 
The improvements in the calculated susceptibility and polarizability are 
considerable. 

General tables and formulae, to enable Fock’s equations to be written 
down at once for any atom consisting of complete (nl) groups only, are 
given. 


The Inverse Square Law of Gravitation 

By E. A. Milne, F.R.S. 

{Received 20 April, 1936) 

Scope of the Investigation 

1—In a previous paper* the “ cosmical ” acceleration of a free particle 
in the presence of the substratum or smoothed-out universe was obtained, 
and shown to be of the nature of gravitation. In the present paper, the 
abstract problem of “ local ” gravitation is considered. The simplest 
problem of “ local ” gravitation is the Kepler-Newton problem, which in 
classical mechanics is the problem of ascertaining the acceleration under¬ 
gone by a free test-particle in the presence of an isolated point-mass in an 
otherwise empty .universe. Our object is to derive the value of this 
acceleration by purely kinematic arguments, that is to say, arguments 
which rely for their empirical premises only on flic existence of a temporal 
experience for each individual observer; as was implicit in the thinking 

• ‘ Proc. Roy. Soc.,’ A, vol. 154, p. 22 (1936). 
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of Zeno, such a temporal experience has to be taken as given before motion 
can be described at all."' 

However, the concept of the isolated gravitating, mass-particle in an 
otherwise empty universe is essentially an illegitimate one. In the first 
place it ignores Mach’s principle. We must introduce an array of observers 
before a relativistic account of gravitation can have a meaning, and 
these observers must have positions and velocities in order that they may 
describe the position and velocity of the isolated mass-particle. They 
must therefore be associated with the presence of particles other than the 
massive particle under consideration, and these will play their part in 
determining the acceleration of a free test particle. In the second place, 
it has been shown in the previous paper, in general accordance with many 
modern views, that the phenomenon of gravitation, as summed up in the 
existence of a “ constant ” of gravitation, depends itself on the mean 
matter and motion in the substratum. If we abolish the substratum, as 
in the classical formulation of the Kepler-Newton problem, we abolish 
the elements of existence which lead to the isolation of a constant of 
gravitation. We must therefore retain the substratum. 

But the substratum can be taken of arbitrarily small particle-density; 
The accelerations “ due to ” the substratum itself, summed up in the 
statement G (5) s — 1 are independent of the density of matter in the 
substratum; the “ cosmical ” acceleration depends only on the epoch, 
besides the position and velocity of the free particle. Our procedure is 
therefore to attempt to form an isolated mass-point in the substratum, by 
aggregating some of the material of the substratum into a condensation; 
we then complete the process by letting the density of the residual sub¬ 
stratum tend to zero. The total amount of matter in the substratum, 
itself infinite in amount, must, however, be somewhere. We realize the 
equivalent of “ an otherwise empty universe ” by sweeping the rest of the 
substratum to the horizon, at distance ct, where this matter continues to 
fulfil its rdle of giving rise to the phenomenon of the apparent existence 
of a constant of gravitation. In the process of forming one mass-point 
in the system by this process of condensation we inevitably form others; 
the method adopted refuses to allow special regions of space to be endowed, 
on the average, with special properties. These further condensations, 
too, we sweep in the limit to the horizon. We are then left with an 
apparently isolated mass-point in an apparently otherwise empty universe, 
but the remaining infinite amount of matter in the universe is still in 

• For details see the author's “ Relativity, Gravitation, and World-Structure,” 
(1935), chap. 2 (referred to henceforward as ‘ W.S.’). 
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existence, enjoying the same amount (a sphere r — ct) of space per con¬ 
densation, at the horizon; the sphere r ~ ct which is the domain of the 
field of the apparently isolated mass particle is but one of an infinity of 
other spheres surrounding the other mass-particles which maintain the 
obedience of the whole system to Mach’s principle. 

The acceleration of a free test-particle anywhere within the sphere 
r — ct always appears as the sum of two terms, the one identical with its 
acceleration in the presence of the substatum alone, and the other therefore 
associated with the departure of the system from a smoothed-out state, 
that is associated with the presence of condensations. In particular we 
can discuss the value of this second component of acceleration when the 
free particle is in the immediate vicinity of a condensation, and we can 
describe this as the “ effect ” of the condensation; though, of course, no 
theory of causality is used or implied —'Nt simply associate the additional 
component of acceleration with the presence of the condensation which 
survives in the limit. 

But the statistical method we employ for describing the condensations 
has to pay a penalty; when we are left with a single condensation in the 
universe we cannot say exactly where it is. We can only say where on 
the average it is with respect to the free particle. This average position 
is the mass-centre of the general system of condensations constructed— 
including those which still remain as elements of the system though swept 
away in the limit to the unobservable positions at r = ct. The average 
position is recognized by the free test-particle as the centre of the universe 
in that fundamental frame in which the free particle is momentarily at 
rest, and this, for a particle actually in the immediate vicinity of a con¬ 
densation, may be identified as the centre of the condensation itself. 

The second component of acceleration is then found to be directed 
towards this mean centre and to be inversely proportional to the square 
of the distance from it (for distances small compared with ct and for 
velocities small compared with c). Further the coefficient in the pro¬ 
portionality is identical with that which has emerged in the study of the 
accelerations “ due to ” the substratum alone— a. coefficient which has 
already been identified with the Newtonian “ constant ” of gravitation. 

2—^We thus derive the inverse square law of gravitation for an “ isolated ” 
mass particle in a purely rational manner, as an approximation whidi 
should hold good in ordinary experience. The derivation is carried out 
without appeal to any specific empirical theory of gravitation, or empirical 
formulation of the mode of action of gravitation such as field-theory or 
“ action at a distance ”; and without appeal to the supposed existence of 
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a positive, universal, natural constant y- The current belief in the exis¬ 
tence of y is essentially an “ irrational ” belief in the technical sense of the 
word “ irrational ”; for the phenomena associated with the supposed 
existence of y have never been correlated with the macroscopic or micro¬ 
scopic structure of matter or with any other domain of experience. We 
have had to take it as given, without further explanation. In the Newton¬ 
ian formulation, the “ law ” of gravitation is an inductive generaliza¬ 
tion from experience. In Einstein’s theory, although the inductive content 
is smaller, the introduction of y, or rather the identification of a certain 
constant with the Newtonian y, is made purely empirically, and its sign 
and magnitude are adopted empirically. Here, on the other hand, 
gravitation appears as an aspect of the inevitable motions which particles 
must undergo in one another’s presence if they are to be consistently 
described by a world-wide set of observers. It has been remarked else¬ 
where* that a relativity only exists when a variety of points of view is 
contemplated. 


The Idea of “ Equivalence ” 

3— The present investigation is essentially a simple development of 
ideas and formulae introduced by the writer previously. But as these 
ideas and formulae are novel, a little recapitulation and amplification may 
be allowed. 

4— A substratum or smoolhed-out universe may be described roughly 
as a “ homogeneous ”t set of “ equivalent ”+ particles; but the word 
“ equivalent ” is to be understood in two different senses which must be 
carefully distinguished. 

* ‘W.S.,* p. 16. 

t The word homogeneous ” has here a special meaning: the set of particles 
possesses a density-distribution which is not homogeneous in the experience of any 
member of it. 

t In Robertson's recent study of equivalence (‘ Astrophys. J.,’ vol. 82, p. 284 (1935)), 
though the work was explicitly based on the present writer's investigations, no dis¬ 
tinction is drawn between kinematical equivalence (A = B) and statistical equivalence 
(A § B). At least some of Robertson's results are consequences of kinematical 
equivalence only, and his omission to employ the full consequences of A s B accounts 
for his failure to arrive at an acceleration formula for the motion of a free test-particle. 

[Note added in proof, 20 June, 1936.—Robertson has since realized the possibility 
of using statistical equivalence to derive the form of the equation of motion of a free 
particle, following the author's methods (see ‘Astrophys. J.,’ vol. 83, p. 187 (1936)). 
See also ‘Observatory,' vol. 59, p, 202(1936).] 


VGU CLVI.—A. 


F 
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5— (a) Kinematical Equivalence —Two particle observers A, B are said 
to be kinematically equivalent (A = B) when the totality of observations 
that A can make on B can be described by A in the same way as the 
totality of observations that B can make on A can be described by B. 
(A and B are supposed to be provided with clocks and to be capable of 
sending light-signals to one another.) The notion of kinematical 
equivalence is a generalization of the notion of uniform relative velocity, 
which is the simplest example of equivalence. Another example is a pair 
of particles at opposite ends of a revolving diameter of a circle.* The 
most important example is the relative motion of two nebular nuclei in 
what is called a “ homogeneous ” universe, and the nature of this relative 
motion appears to determine the dynamics holding good in such a 
universe. In the abstract any form of relative motion defines an equi¬ 
valence, but whether any particular pair of particles are or are not equi¬ 
valent is a question of fact. Given a pair of equivalent particles in given 
relative motion, it is possible to determine the running of the clock possessed 
by either in terms of the running of the clock possessed by the other,t and 
this can be shown to be a sufficient basis for a relativity. The special 
theory of relativity is in fact an immediate consequence of the property 
of equivalence applied to the particular case of uniform relative velocity. 

(h) Statistical Equivalence —^Two kinematically equivalent particles, A, 
B (A s B) are said to be statistically equivalent (A = B) when A describes 
the whole system of which A and B are members in the same statistical 
terms as B describes the whole system. Their world-pictures are then 
superposable. 

6— A substratum may now be defined more precisely as a set of particles 
such that if A, B are any two members of the set, then both A s B and 

• The study of this example has been carried out by the author in unpublished 
investigations; it leads to great insight into the nature of absolute rotation. 

t ‘ W.S.,' chap. 2, where the consequences of equivalence in general are worked out 
in some detail. Recent studies of equivalence include papers by Whitrow, * Quart. 
J. Math. (Oxford),’ vol. 6, p. 249 (1935) (and other papers in press); and by Page 
(‘ Phys. Rev.,’ vol. 49, p. 254 (1936)). Page’s work studies the particular case of 
constant acceleration, and extends my own results, in this particular case, to three 
dimensions. The work, however, leads eventually to a fundamental internal con¬ 
tradiction (as will be shown elsewhere); this is because Page tacitly assumes that an 
accelerated particle P can be equivalent to a “ resting ” particle O and that at the same 
time a uniformly moving particle can be equivalent to the same “ resting ” particle O. 
Actually the nature of the “ rest ” defined by a given linear set of equivalent particles 
appears to depend on the nature of the relative motion, and what is in fact “ rest ” in 
the universe depends on cosmological considerations. 
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A = B. Such a system is suitable as a model of the smoothed-out universe, 
since it contains no preferential members. 

7— A universe is then defined as a set of particles such that if A, B are 
any two members of the set who are kinematically equivalent (A = B) 
then also A = B. The concept of a universe is more general than that of 
a substratum, for a universe may and in general does contain pairs of 
non-equivalent particles. A substratum is a particular case of a universe, 
and a universe includes a substratum. The members of the substratum 
included in a universe may be called the fundamental particles of the 
universe. Besides a substratum, a universe contains a distribution of 
other particles which are described statistically in the same way by any 
pair of fundamental particles but are not themselves equivalent in either 
sense of the term. 

8— ^The dynamics constructed kinematically in a preceding paper was 
the dynamics of a single particle, free or constrained, in the presence of a 
substratum of particles in uniform relative motion. It reduced nearly every 
fundamental particle to the Newton-Einstein dynamics, and the methods 
used may be considered as providing a rational kinematic basis for the 
first two “ laws of motion Presumably a dynamics could similarly 
be constructed for a substratum of particles in any kind of relative motion, 
but whether i t would reduce nearly every f undamental particle to the Newton- 
Einstein dynamics cannot be said a priori. It seems unlikely. For each 
particle of a substratum defines a state of local rest; the aggregate of these 
states of local rest define what may be called in the case of uniform relative 
motion “ Galilean rest and in this case the transformations from one 
fundamental particle to another are simply the Lorentz generalizations of 
those Galilean transformations under which the Newtonian equations 
of motion are invariant. Were the fundamental particles taken to be 
relatively accelerated in any manner, the transformations would be of 
more complicated type, and it is unlikely that the resulting dynamics 
would reduce to the Newton-Einstein dynamics near a fundamental 
particle; for the corresponding equations would have to be invariant not 
under Galilean transformations but under the transformations corre¬ 
sponding to some kind of accelerated motion, in disagreement with 
experience. It is clear that the physical properties of “ local rest ” in 
the universe depend intimately on whether the fundamental particles are 
relatively accelerated or not. Inasmuch as we have actually established 
a simple generalization of the Newton-Einstein dynamics for the case of 
fundamental particles in uniform relative velocity, we shall proceed 
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without further justification to consider the problem of " local ” gravita¬ 
tion in a universe including a substratum of the same type. 


Accelerations 


9—Let O be an arbitrary member of the substratum, and let any 
particle P have position vector P, velocity V, and acceleration dV jdt at 
epoch t relative to O in O’s experience. The fundamental particles of the 
substratum have a distribution of particle-density n dx dy dz, where 


n = «(P, /) ~- 


Br 

c-*(r2 — 


( 1 ) 


and B is an arbitrary constant of zero physical dimensions. The velocity 
V of any fundamental particle relative to O is given by 

V - P/t, (2) 


and is uniform. The epoch t is measured from the natural zero of time. 

10—universe containing a substratum of the type (1), (2) has a 
spatio-velocity distribution of particles N dx dy dz du dv dw given by 


where 


X == I* 


N s N (P, V, t) 
Y 


< 1 /( 5 ) 


c«X*Ys’ 

1 - V*/c*, Z = f - P . V/c*, I 


5 = Z*/XY, 


( 3 ) 

( 4 ) 


and the function is arbitrary.* 


11 —Effect of Collisions —The function (0 will be altered by every set 
of statistically distributed collisions between pairs of particles. It has 
been shownf that if collisions are disregarded, so that one and the same 
function (j; (^) describes the system throughout its career from t = 0 on, 
then must have a singularity at ^ — 1. This led to singularities in 
density and in particle-number at the nuclei of the sub-systems into which 
the system (3) may naturally be divided. But it was pointed out{ that the 
general effect of collisions would be to remove such singularities. In the 
present analysis we are not interested in tracing back to t — 0 the history 
of an ideal collisionlcss system, but in the sjate of affairs consequent on 

* For derivations of (1) and (3) see ‘ W.S.,’ chaps. 5 and 9. 

t ‘ W.S.,’ p. 186. 

: ‘W.S.,’p. 215. 
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the formation and subsequent continued existence of an isolated mass- 
point of finite mass. It is therefore essential to take into account the 
effect of past collisions, and accordingly we consider a system for which 
(;) has no singularity at ^ — 1. Hence 4* (1) is a finite number. 

12— Acceleration-formulae —In the presence of the substratum (1) alone, 
a free test-particle moving with velocity V through position P at epoch t 
in the experience of O has an acceleration t/V/t/z given by* 

(5) 


In the presence of the universe (3) defined by some function ij* (^). the 
acceleration of a free particle is necessarily of the form 


or 


^ =g(P,v,o = (P- Vo|g(^), 


1 


Y5 dl \ Y‘ 



Z 

Yj 


Ga) 

X ’ 


( 6 ) 

( 6 ') 


where G (5) is a dimensionless function of 5 only. Several proofs of this 
result have been given previously,t but as it is necessary to indicate what 
arguments lie behind it the following new and more concise proof may be 
usefully given. 

If O, O' are any two fundamental particles, then since 0 = 0' the 
acceleration 4-vector 


(± £ (1) 1 ± (s.)] 

Iy‘ dt \Yi/ ’ Y* dt \Y*A' 


(7) 


must be described in the same way by O and O'. O can enumerate its 
values as a catalogue of entries for different possible values of P, V, t and 
0'’s catalogue must be the same. Hence (without any appeal to causa¬ 
tion) it must be descriptively a function of the 4-vectors 

(P,cf) and(^, ^). (8) 

It is of the physical dimensions of an acceleration, (length)/(time)*. Hence 


* ‘ Proc. Roy. Soc.,’ A, vol. 154, p. 25, § 5 (1936). 

t ‘ Z. A8trophys.,’voI. 6, p. 54 (1933) (a proof depending on world-lines in Minkowski 
space-time); ‘ W.S.,’ pp. 92, 350 (a proof depending on the use of functional equations). 
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it must be of the form* 


1 


It Wi 


.£+ P 


Y* Z 


J_ ^ ^ ’ \ _ £ 1 - 4-0 — — 

Yidt\y^l~' *X Y* Z’ 


( 9 ) 

( 10 ) 


where a, p are 4-scalars invariant under transformations from any O to 
any O', of zero physical dimensions. (We have here used the facts that 
the only invariant function of the 4-vectors (8) of the dimensions (//wc)“® is 
times a function of I and that the only invariant function of the 
dimensions {timey^ is Y*/Z times a function of the functions of ^ are 
absorbed into a and p.) Relations (9) and (10) yield 


1 ^ 4-1 iJ 
Y dt ^ ' c" ■ dt I 


1 (1 ^ 
Y^' c*' dt 



P_l- R V 

”x + ^Z’ 


t I p 

*x + z- 


( 11 ) 

( 12 ) 


Multiplying (11) scalarly by V/c® we have 



1 - Y \ /V dV . 
Y® / V® ‘ dt / 


+ P 


1 - Y 
Z 


(13) 


which on comparison with (12) gives 


or 


Hence (9) gives 


7 Y 


Z* 

S = — oc 

P *XY 


1 d 
Yidt 


V 

Yi 




(14) 

(15) 


According to the ideas we are exploring, nature contains no irrational 
constants in its description. The only dimensionless combination of the 
invariants X and Z/Y* is 5. and hence a must be a function of 5 only. 
This gives (6'). Combination of (11) and (12) gives (6). 

It will be seen that this purely kinematical derivation of the acceleration 

• No term proportional to P A V can be present, for this would distinguish one of 
the two directions perpendicular to both P and V. 
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of a free particle depends on the combination of three distinct considera¬ 
tions :— 

(i) that O s O' ; 

(ii) that the 4-vector (7) is of the physical dimensions of an accelera¬ 
tion; 

(iii) that the 4-vector (7) is actually the derivative of the generalized 
velocity. 

We have thus used all the facts about the acceleration of a free particle 
short of introducing the description of the universe considered in terms of 
4^ (^). The derivation of an acceleration formula in this way is the 
essentially novel step* which makes possible in the sequel a kinematic 
derivation of the inverse square law. 

1 'i—Bohzmann's Equation —We now use the fact that our universe is 
statistically described by (3). In between successive collisions of mem¬ 
bers of the system (3), the distribution function N (P, V, t) and the 
acceleration function g (P, V, 0 must be related by the generalized Boltz¬ 
mann equationt 


dt 


+ V 


?N 

cP 


g- 


PN 

av 


+ N 


a 

cV 


g 


0 . 


(16) 


Insertion of N from (3) and of g from (6) in (16) yields after reductionj an 
integrable ordinary differential equation of the first order involving ^ only, 
namely 




5-1 


+ 


G'(^) , fill 

1 


0 , 


( 17 ) 


of which the integral is 

G(5) 


C 

( 5 - 1)5 4 ^( 5 )’ 


(18) 


where C is an arbitrary constant of zero physical dimensions. It has 
been shown§ that when collisions are disregarded, so that the same 
function 4^ (5) may be used to trace the history of the system back to 
/ = 0, then necessarily C > 0. The occurrence of a new arbitrary con¬ 
stant in (18) not contained in the kinematic description of the system as 

* Cf., for example, Einstein and Bosen, ‘ Phys. Rev.,* vol. 48, p. 76 (1935), where it 
is admitted that in *' general ’* relativity the selection of geodesics in space-time as 
the paths of free particles is made in the first instance as an independent postulate, 
t ‘W.S.,’ p. 173. 
t •W.S.,’p. 180. 

I ‘ W.S.,’pp. 145, 150, 183. 
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already formulated by simple counting and light-signalling experiments 
shows that to describe the acceleration of a free particle in the presence 
of the universe (3) some new descriptive element is required. We shall 
show later that the dimensionless constant C is to be regarded as a measure 
of the mass of a particle of the universe in terms of the mass of a funda¬ 
mental particle or, what comes to the same thing, the mass of a con¬ 
densation in the universe in terms of the mass of the fictitious homo¬ 
geneous substratum introduced previously. It will be recollected that in 
the previous paper, where we considered a single free particle in the 
presence of the substratum, the “ rest-mass ” m of the free particle was 
also a constant of integration ;* but in that paper no means was given of 
comparing two masses; the mass of the fictitious homogeneous sub¬ 
stratum was evaluated in terms of the arbitrary rest-mass mo assigned to a 
fundamental particle, this reappearing in the evaluation of y- Here we 
shall use accelerations to compare masses. For the moment we shall 
simply assume that the sign of C is unafiected by collisions, and accord¬ 
ingly that C is positive. Since collisions are foreign to the abstract 
gravitational problems we are considering, relation (18), a consequence of 
the conservation of particle-number from moment to moment combined 
with the forms of N and g, must hold rigorously. 


14 —Dissection of the Acceleration —Relation (18) now shows that the 
acceleration (6) of a free particle in the presence of the universe (3) may 
be written in the form 

e = ei + (19) 


where 


S2 


g, = -(P-Vo|, 

. (P _ V/) X _ £ _ 

^X(5-1)‘.{^(?) 


( 20 ) 

( 21 ) 


This has an immediate physical interpretation. For gj is identical with (5), 
i.e., with the acceleration undergone by the free particle P in the presence 
of the substratum (1) alone. It follows that gt may be regarded as the 
effect on d'Vjdt of the departure of the universe (3) from the smoothed-out 
state represented by (1). The acceleration g] is the component “ due to ” 
the substratum, and is independent of the value of the constant B defining 
the particle-density in the substratum. If we subject the particles con¬ 
stituting the substratum (1) to such displacements that we construct (3), 
then an additional component gj of acceleration comes into being, and 

* ' Proc. Roy. Soc.,’ A, vol. 154, p. 31 (1936). 
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this may accordingly be attributed to the degree of aggregation (or 
departure from smoothness) of the system (3). Thus whilst gi sums up 
the general effect of the general distribution of matter, gg may be described 
as summing up the iocal effects. It remains to show that g 2 is of the 
nature of what we ordinarily call “ local gravitation 

The Inverse Square Law 

15—The function vj/(5) is at our disposal. We could choose it to 
represent the actual degree of aggregation of the actual universe presented 
to us in nature. Or we could choose it to represent any ideal universe 
that we wished to discuss. By suitable choice of (^) we could represent 
any required set of density inequalities, subject always to the condition 
that they are repeated throughout the sphere |P| = c/, statistically, so as 
to present statistically the same aspect to all fundamental observers. 
We have seen that the effect of collisions is to remove any singularity 
from ij; (c) at 5 = 1, but we may still suppose it if we like to have a marked 
but smooth maximum at ^ • 1. This would correspond to a series of 
density-maxima distributed statistically at points where P — Vr, thus 
corresponding to the actual distribution of matter in the extra-galactic 
nebulae. For example, we could choose 

4 , >.•/»*, ( 22 ) 

where by choosing a sufficiently small we could secure any arbitrary 
degree of density-concentration. 

It must now be noticed that when a statistical distribution of the type 
(3) is contemplated, the concept of an additional free test-particle is 
essentially an illegitimate one. For (3) includes particles of every cir¬ 
cumstance of position and motion, and hence all possible free particles 
are already present and enumerated. It follows that when in (22) we 
choose a very small, we almost denude the space between the condensa¬ 
tions of particles, and in the limit the only free particles we are entitled to 
consider are those in the immediate vicinity of the nucleus of a con¬ 
densation, for which 5 — 1 Accordingly we are driven* to con¬ 
sider free particles for which 5 is approximately unity. 

* It is remarkable how throughout our analysis each situation insists on actuality. 
Fundamental particles are required as a pled-d-ferre for each observer; a hypothetical 
observer without a particle to be resident on is an illegitimate conception—the dove 
must have an ark for the soles of her feet. Similarly, when the analysis denudes the 
inter-galactic spaces of particles, it makes it impossible to consider a hypothetical 
free-particle in these spaces. Thus the mathematics insists on an extreme positivist 
outlook. 
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Consider then the value of gj for a particle (P, V, /) near a condwisation; 
then ^ ~ 1. We put 4' (5) 4' (O- And since 


we have 


Z2 - XY = -i (P - Vt)® - 1 (P A V)», 


(c- 



(23) 


for here* X ~ Y ~ 1, and the term c-‘ (P A V)* is relatively negligible. 
Relation (21) now reduces to 


P~V/ Cf®/ 
P- Vrp iKl)' 


(24) 


16—The vector (P — Vt) is the position-vector of the free particle 
reckoned from that fundamental particle P* relative to which the free 
particle in question is momentarily at rest, all calculated in the experience 
of O.f For Vt is the position-vector with regard to O of the fundamental 
particle moving with the velocity V of the free particle. This fundamental 
particle P„ is the centre of symmetry, to P, of the complete system of 
condensations scattered statistically at places where 5 = 1; P, is the centre 
of the system which would be picked out by an observer moving with P, 
who would of course be stationary in the frame defined by P*. We cannot 
say where any one of these condensations is, we only know that they are 
scattered at places where P = Vt, or ^ — 1. But we see from (24) that 
the acceleration of the free particle in question is directed towards this 
centre of symmetry; and if P is actually near a condensation, as we have 
seen it must be, this centre of symmetry will coincide very closely with the 
nucleus of this condensation itself. Any departure from coincidence can 
be described as the effect of the “ perturbations ” due to the outlying 
condensations. We thus see that apart from perturbations, the accelera¬ 
tion-component of P due to the local condensation, over and above the 
general effect of the substratum or smoothed-out system, is given by 


r Cc»/ 

[rp4'(I)’ 


(25) 


where r or P — Vt is the 
reckoned by O. Hence 


distance of P.from the local condensation, as 


ISal = 


1 Cc»t 

irl*4»(l)- 


(26) 


♦ We are choosing our origin O at a fundamental particle near but not necessarily 
or in general coinciding with the condensation, 
t ‘W.S.;pp.99,100. 
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Relation (26) states that the acceleration component of P due to its 
proximity to a condensation, over and above that due to the general 
“ field ” of the universe, has an absolute value which is inversely pro¬ 
portional to the square of the distance of P from the nucleus of the con¬ 
densation. 


17—The coefficient of the proportionality of jggl to |r|“^* is pro¬ 
portional to the epoch t. We have previously* seen that if the accelerations 
due to the substratum itself are described in Newtonian fashion, then it 
is necessary to assign to the “ constant ” of gravitation y the value 


where 

Mj = jjiwjoB. 

Here Mi is the mass of the fictitious homogeneous substratum obtained 
by multiplying the local density moB/c®/® by the volume i|ic(c/)®; and nif, 
is the conventional rest-mass assigned to a particle of the substratum 
when these are reckoned at the rate of counting defined by the constant 
B. Accordingly (26) may be written 


(27) 

(28) 


I?*! = 


1 CMi 

^'•H(I)' 


(28) 


We have already mentioned that the emergence of a constant C (in the 
description of the accelerations) not included in the description of the 
system by counting and light signalling implies the existence of some 
additional element of description of the particles forming the universe 
(3). It is clear from (28) that in some way Cl<\> (1) is a measure of the 
gravitational mass of the condensation in terms of Mj as unit. We have 
previously investigated the inertial mass of a particle and found it to 
require the mention of some integration constant m. We now tentatively 
assume CMi/4'(l) to be proportional to the rest-mass nti of the con¬ 
densation we are discussing, and write 


CM, 


(iWJ,. 


We require to show that (x is a universal constant. 


18—By (28) we have now 



(29) 


( 30 ) 


* ‘ Proc. Roy. SoC.,’ A, vol. 154, p. 43 (1936). 
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Relation (30) coincides with the Newtonian description of gravitation 
apart from the factor [i. A law of nature is a convenient description of 
phenomena, and such a description is only worthy of respect if it is 
applicable to a diversity of phenomena. If (30) is to hold good as a 
description of the acceleration “ due to ” a condensation, and if it is to 
play the part of a general law of nature, it should also describe the accelera¬ 
tions “ due to ” the substratum itself. Let us therefore compare |gx| 
and |gi|. By (20) and (21) we have near a condensation 




lgl^ 



(I - i)j 


/■'’ 4 '( 1 )' 


(31) 


But if the description of gravitation by (30) is universal, we can apply the 
usual Newtonian theorems. The component |gil is accordingly equal 
to 


(AY 



(32) 


where Po(= WoB/c®/®) is by (1) the mass-density of the substratum near 
the origin. Hence the Newtonian (30) and (32) give 



ga _ (Aywi/r® _ _ 

gii i^moBr^ 


(33) 


Mir® ■ 

Equating (31) and (33), 




mi/Ml = C/ <!>(!), 


(34) 

or by (29), 

[A = 1. 


(35) 

Relation (30) thus reduces to the Newtonian law with the same value for 


the “ constant ” of gravitation as held good for the motion of a free 
particle in the presence of the substratum alone. The (positive) constant 
of gravitation y is “ universal ”—it does not depend on position P in the 
universe relative to observer O; but it depends on the epoch t. 

It will be seen that we have in effect assigned a mass to our condensation 
depending on the accelerations to which it gives rise. By comparing the 
acceleration “ due to ” the condensation with that “ due to ” the sub¬ 
stratum, we have been able to compare the mass of the condensation 
with the apparent mass Mi of the fictitious hoihogeneous substratum. 

19—In the foregoing we have not found it necessary to proceed to the 
limit of a single isolated point-mass in an otherwise “empty ” universe; 



The Inverse Square Law of Gravitation 


77 


we have been able to deal with the neighbourhood of a single condensation 
which is one of a statistical system. This corresponds to the actual 
universe as disclosed in astronomy. Some remarks on the passage to the 
limit in the ideal abstract case may, however, be of interest. 

Take a given substratum, defined by a definite value of B, and form 
from it by displacement of its particles a universe of type (3). Then the 
mean density of the universe so formed must equal the original density of 
the original substratum. The mean density of the universe so formed is 
calculated by fixing P in (3) and integrating over all velocities. We com¬ 
pare mean densities at the origin, i.e., without loss of generality we put 
P — 0. We have then 


or, putting 


B 271 ( \ - V*/r-2 )v*rfV, 

Jv.:, (1 - 

1 - = 1 la. 


B-=27: l)irf(T. 

. I 


If the universe thus farmed consists of condensations of the type (22), 
then 

B = 7ir(|)fl«+(1). (36) 

Letting a - > 0 with 4* (1) remaining finite, we have B •> 0, and the particle- 
density in the substratum vanishes. Of course, if we take B very small, 
then we must take very large to obtain a finite M,. But now the 
“ particles ” constituting the vanishingly tenuous substratum are only 
mathematical abstractions. In fact, if the condensations are arranged at 
a mean distance et (the factor t allowing for the expansion) and have a 
mass /Ml, then Mj is given by 

Mi-jK(a)*^3-^7r(|f/«i. (37) 

Hence by (34) 



Formula (37) is the relation used in practice in calculating Mi. We get 
an isolated mass-point in an apparently empty universe by now letting 
t~* c — 0, the aggregate of remaining condensations being projected to 
the horizon or frontier of the observable universe. The two abstract 
parameters 4^(1) and C which afford a description of the universe in 
terms of undefined “ particles ”, correspond to the two observational 
parameters /«i and t, from which Mi and 4* (O/C may be computed. 
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20—We have not, of course, established \.h& general law that for “ small ” 
distances and “ low ” velocities every mass-particle in the universe 
attracts every other particle according to an inverse square law. This 
is because we have dealt only with resultant accelerations, which alone 
can in practice be observed and which alone, therefore, can be the subject 
of discussion. The Newtonian formulation of the law of gravitation may 
be considered as a micro-analysis of the macro-features we have dis¬ 
cussed kinematically. What we have shown is that (21), derived purely 
kinematically, is equivalent to an inverse-square description of the 
acceleration of a free particle in the neighbourhood of a condensation, 
with a coefficient of proportionality identical with that which emerged in 
the description of accelerations “ due to ” the substratum alone. The 
essential point is that in two important ca.ses—the smoothed-out expand¬ 
ing universe and the universe containing condensations—purely kinematic 
arguments have isolated a description of the necessarily-occurring accelera¬ 
tions which can also be expressed by means of the Newtonian formulation 
of gravitation as an approximation. But instead of an unchanging 
constant of gravitation we have y «: t* 

The inverse-square law has appeared as a handy non-relativistic approxi¬ 
mate description of near-by gravitational phenoraena.f The exact 
relativistic description is contained in (19), (20), and (21) so far as the 
gravitational situations here studied are concerned. Kinematical analysis 
indicates that there is no such thing as a “ law ” of gravitation in the 
sense of an irrational agency compelling obedience; “gravitation” is 
but the description of the common features of a totality of gravitational 
situations, each of which is in principle capable of separate kinematic 
analysis. 


Miscellaneous Consequences 

21—When | P — V/1 is replaced by r, and polar coordinates are used, 
(19) takes the approximate form 


r — rO® “ 


\iir- 


E? 

r®’ 


an equation which has been suggested by Brown} as a basis for an 

• The astronomical and cosmological consequences of this result seem to be of the 
utmost interest, but the subject is too large to be treated in the present paper. See 
Appendix. 

t The apparent existence of “ cosmicai repulsion ”, a phenomenon assumed in 
certain cosmologies, has been given a simple explanation in * W.S.,’ p. 293. 

{ ‘ Astrophys. 3.,’ vol. 61, p. 104 (1925). 
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explanation of the forms of spiral nebulae. Brown’s analysis would 
require modifications to allow for the secular dependence of tii and [ 1.2 on 
t and for a possible failure of the constancy of angular momentum in the 
revised dynamics, but it is clear that such an investigation would repay 
trouble. In Vogt’s* similar analysis with a similar object, [x^ is taken of 
the opposite sign. 


22—In Newtonian theory the negative potential energy of a. particle of 
ma.ss m at distance r from a fixed particle of mass nn^ is ymmijr. The 
corresponding expression in the present formulation of gravitation is 
an invariant given by 




mmi 

M, a~\y 


(39) 


By (23), this reduces near O to 

mWj c^t 
Ml r ’ 

i.e., by (27) to ymniijr. It is readily verified on substituting for I in 
terms of P, V, t that (39) satisfies identically the relation 


and further, that near O 
Hence, near O, 




- 0 , 


c* a/* 


0. 


V* ^ 0, 


as in Newtonian theory. Lastly we have 

a^_ mmi /P V\ 

ap ■■■■ Ml a - i)» lx zr 


which reduces near O to 


Cr»r P-V/ 
ep~ <j/(i)|P-v/p’ 


(40) 


which is gjj. Since Wj is at local rest whilst ml* is the inertial mass of m, 
(39) is symmetrical in the inertial masses of the two particles concCTned— 
the condensation and the free particle—and the coefficient mwi/Mi 
displays in explicit form the dependence of gravitational energy on the 

‘ Astr. Nachr.,’ vol. 241, No. 5773, p. 217 (1931) and later papers. 
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three masses concerned, the additional one being the mass of the 
substratum. 


23—The dynamics constructed in a previous paper may be at once 
applied to determine the “ external force ” corresponding to local gravi¬ 
tation. By definition, the external force F acting on a particle of mass m 
moving in any way is given by 


where 


F 


Yi ~ 


XI 


1 i 

Yidt 


mii ( 


,Yi\ 


Y‘ 


(41) 

(42) 


By a fundamental identity we had 


Yidt 





The actual motion is here given by (6') above. Combining these formulae, 
we find after rearrangement 

F - i P - T ° ^ 11 (mp). (44) 

But (6') can be written 

Via® 

where 

fi=--(P-V|)I, - (46) 

f,- (p-V|)i±^. (47) 


By (18), U is the component of the 4-vector acceleration* f due to local 
gravitation. Hence (44) may be written 




MJ, 


V 1 dM 
Y4Y» dt' 


(48) 


where M = is the inertial mass. It has often been discussedt whether 
when a particle of changing mass is subject to gravitational force, the 

* The actual acceleration g and its components gi and gi are S-vectors but not the 
space-parts of 4-vectors. 

t E.g., Brown, ‘ Proc. Nat. Acad. Sci. Wash.,’ voJ. II, p. 274 (1925); Jeans, * Mon. 
Not, R„ Astr. Soc.,’ vol. 85, p. 912 (1925). 
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force is equal to (mass) times (acceleration) or to the rate of change of 
momentum. Formula (48), which depends on the simple generalization 
of classical dynamics which allows for the expansion of the universe, 
gives an unambiguous answer. The external force “ caused by ” local 
departures of the universe from a smoothed-out state is equal to the inertial 
mass times the additional component of generalized acceleration (over 
and above that due to the substratum) together with a term due to the 
effect of changing mass on momentum p. It should be noted that 
formula (43) of the preceding paper,* which in the present notation is 

+ (49) 

combines with (48) to yield the identity 

= (50) 


Summary 

24—The problem of “ local ” gravitation is investigated by kinematic 
methods. By forming a condensation in the substratum or smoothed- 
out universe it is shown that the acceleration of a free particle may be 
dissected into two components, one due to the substratum alone and the 
other associated with the departure of the system from homogeneity. It 
is shown that the latter component, for a particle in the vicinity of a 
condensation, is inversely proportional to the square of its distance from 
the nucleus of the condensation, with a constant of proportionality 
identical with that which emerged in a previous study of accelerations due 
to the substratum alone. No appeal is made, in the deduction, to any 
specific theory of gravitation, or to the supposed existence of any universal 
constant of gravitation. The inference is that the phenomenon of gravi¬ 
tation does not depend on the micro- or macro-structural properties of 
matter, but is an inevitable element in the motions which particles undergo 
In one another’s presence if they are to be consistently observed by ob¬ 
servers in a universe satisfying Mach’s principle. Miscellaneous conse¬ 
quences are briefly considered. 

APPENDIX 

The Secular Acceleration of the Sun 
If the “ constant ” of gravitation y is proportional to the epoch t, and 
80 increasing by one part in 2 x 10* per year, the sidereal year should be 

• ‘ Proc. Roy. Soc.,’ A, vol. 154, p. 37 (1936). 
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shortening, and the earth in its orbit should be getting ahead of the position 
calculated for a constant y- Such an effect is observed, and is usually 
described as the secular acceleration of the sun. Besides the effect of the 
changing y, there should be other small effects of the same order of 
magnitude due to the modifications necessary in classical dynamics, but 
it will be sufficient here to isolate the effect of changing y alone. The 
amount of the secular acceleration due to this cause is readily calculated. 

It has been shown by Jeans* that if, in the classical two-body problem, 
the mass ni^ of the attracting body is changing secularly, the semi-axis 
major a of the instantaneous ellipse is given by 


This becomes in our case 


WjO = const. 


ya = const. (51) 

By the Kepler-Newton law, the periodic time t of the orbit is given by 


By (51) and (52) 


= 47r*a®/y/Mi. 

d-: 2 

y’ 


(52) 

(53) 


Taking the year as unit of time, the decrease of period in one period of 
a year is by (53) 


2 

2 X 10» 


years. 


Hence in t years, the accumulated shortening of the year is 

10 years. 

Hence the advance in position of the earth in its orbit in t years corre¬ 
sponds to times 10”® t years or 

it® X 10”® years. 

But one year corresponds to a complete revolution of 360 x 60 x 60 = 
1 -296 X 10* seconds of arc. Hence the advance of the earth round the 
sun is 

6-51® X 10~* seconds of arc. 


If, as is customary, we reckon the time t years as T centuries, we put 
t == lOOT, and the advance of the earth is 

6"-5T*. 

This would be described in the language of dynamical astronomy as a 
* ‘ Mon. Not. R, Astr. Soc.,’ vol. 85, p. 6 (1924), 
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secular acceleration of the sum of 6"-5 per century. Lengthening of the 
cosmical time-scale from 2 x 10® years to 8 x 10* * * § years* would reduce 
the acceleration to I"-6 per century. 

The observed secular acceleration of the sun is of these orders of 
magnitude, but some doubt exists as to its precise value. The phenomenon 
appears to have been discovered by Cowell,f from a study of five ancient 
eclipses. He first determined the moon’s secular accelerations from its 
node and from the sun, and then calculated the acceleration of the node 
dynamically. This gave him the secular acceleration of the sun as 4"-l. 
He confirmed this by an examination of Ptolemaic lunar eclipses given 
in the Almagest. An examination of transits of Mercury gave 3"-0. 
Although Cowell had been prompted to this analysis by correspondence 
with Newcomb, Newcomb^ criticized Cowell’s use of ancient eclipses, but 
was substantially answered by Cowell.§ Newcomb at once realized the 
significance of Cowell’s results. He wrote: “ Either an historian, poet, 
or chronicler recorded an eclipse in which the limit of totality was an 
unknown number of miles distant from the point of record; or, the laws 
of motion of the moon were different in former ages from what they are 
now ”. He stated that he chose the first horn of the dilemma. Later 
he wrote: “ As the correctness of gravitational theory at the present time 
is proved by Brown’s researches, this Cowell’s) conclusion would 
imply that a law of nature was different in ancient times from what it is 
now ”. That the “ law of nature ” we call gravitation changes with the 
epoch, as well as the laws of dynamics, is precisely the conclusion of my 
previous paper, and there seems to be no reason to assume, as Newcomb 
did, the inadmissibility of Cowell’s conclusion, which was based on the 
actual observations. 

The subject was re-examined by Fotheringham.l| His conclusions are 
summed up by Jeffreys,^ who states that a secular acceleration of the 

* As perhaps suggested from analysis of radio-active rocks. 8 x 10* years is an 
upper limit. See Jeffreys, “ The Earth ” (1st Ed., 1924), p. 78. 

t ‘Mon. Not, R. Astr. Soc.,’ vol. 65, p. 861 (1905); ibid., vol. 66, p. 3 (1905). 
The eclipses ranged from the years —1062 to 197. 

J Ibid., vol. 66, pp. 34, 470 (1905-6). 

§ Ibid., vol. 66, pp. 35, 473, 523 (1905-6). Brown has described the existence of the 
sun’s secular acceleration as “ fairly well established ” (‘ Observatory,’ vol. 50, p. 90 
(1927)). 

II Ibid., vol. 80, p. 578 (1920); vol. 81, p. 104 (1920). 

11 “The Earth ” (1st Ed., 1924), p. 215; similar remarks in 2nd Ed. Jeffreys’s 
phrase “ secular acceleration ’’ denotes the actual acceleration / so that i/T* is the 
“dyance of the earth. The figures quoted by Jeffreys must accordingly be halved to 
be comparable with other results quoted. 


O 2 
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sun of 2" • I would satisfy the solar eclipses, but that no smaller value of 
the secular acceleration is permissible; and that according to Fothering- 
ham, judging solely on the observational evidence, the most probable 
value of the secular acceleration of the sun is 3"-0. 

Part of this secular acceleration is to be attributed to tidal friction, but 
Jeffreys has concluded that there is a residual secular acceleration of the 
sun of the order of 1" 0 possibly not so accounted for.* * * § He suggested 
that this may be due to a secular increase of the mass of the sun, of the 
order of 1 part in 2-6 x W® per year. He showed that this could not 
be accounted for by the absorption of interstellar matter by the sun. It 
will be seen that a secular increase in the mass of the sun is equivalent to a 
secular increase in y and that the order of magnitude of Jeffreys’s estimate 
of the increase is not far removed from the order of magnitude of the 
increase in y here suggested, more especially if we adopt the upper limit 
to the time-scale given by the geo-physical evidence. Cowellt himself at 
first suggested that the effect might be due to “ ether-resistance ”, and his 
estimates of the order of magnitude arc again of the order of the ratio of 
the year to the (short) cosmic time-scale expressed in years. The impor¬ 
tant point is that the residual effects in solar and lunar theory which 
cannot be accounted for by the classical gravitational theory are of the 
order of magnitude of the reciprocal of the time-scale. This may be 
taken generally as evidence in favour of the short time-scale (cf. recent 
work by BokJ), and more particularly that there are required changes in 
gravitational dynamics of the order found in this and the preceding 
paper.§ 

Finally it may be mentioned that since the solar system was formed a 
small multiple of 10® years ago, when according to the present investiga¬ 
tions y was small compared with its present value, all dynamical theories 
of the origin of the solar system may require drastic revision. Similarly 
the origin of double stars by fission may have been much facilitated in 
former ages, since the parameter cu*/yp whose value determines whether 
rotational break-up will occur, may have been much larger when y was 
much smaller; rotational fission may thus have been compatible with far 

* ‘ Mon. Not. R. Astr. Soc.,’ vol. 64, p. 533 (1924). It has to be remembered that 
in the past an effort has always been made to account for as much as possible of the 
secular acceleration by means of tidal friction. The residual accordingly tends to be 
under-estimated. 

t Ibid., vol, 66, p, 3 (1905). 

t' Observatory,* vol. 59, p. 76 (1936). 

§ In preparing the foregoing account 1 have benefited from conversations with 
Professor F. A. Lindemann and Professor H. H. Plaskett. 
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lower angular velocities.* However, from a preliminary calculation I 
have made, it appears that angular momentum may not be conserved, but 
may increase secularly, in certain circumstances. This, though putting a 
difficulty in the proposed explanation of the increased probability of the 
formation of binaries in past ages, would account for the origin and 
prevalence of angular momentum in the universe, a mystery to which 
Eddington has repeatedly called attention. 


On Certain Fundamental Frequencies and Energy 

Constants 

By H. S. Allen, F.R.S., University of St. Andrews 
{Received 23 April, 1936) 

Frequency of vibration and frequency of rotation are very con¬ 
spicuous in modern physical investigations, and recent developments of 
the quantum theory have served to emphasize their importance. This 
has been stressed by Evef who remarks that since transfers of energy take 
place in quanta hf, where/is frequency and h is Planck’s constant, there 
exists a close relationship between energy and frequency so that con¬ 
servation of energy has its counterpart in a conservation of frequency. 
Wave mechanics emphasizes the correspondence even more strongly. 
The energy levels of the older quantum theory occur also in the modern 
theory, but now appear as frequencies “ since frequency is the wave aspect 
of energy ” (C. G. Darwin). 

, The interpretation of line spectra is based on relations between fre¬ 
quencies or wave-numbers—^relations at first purely empirical like Balmer’s 
formula, but later acquiring theoretical significance. It is to be expected 
that in the structure of crystalline solids and also in the formation of 
molecules and in the resulting band spectra, relations between frequencies 
should occur. 

* It has been suggested by Jeans (* Mon. Not. R. Astr. Soc.,’ vol. 84, p. 75 (1923)) 
that slight departures from the classical law of gravitation might account for “ the 
unsolved enigmas of the solar system, such as the moon’s modon in longitude, Bode's 
law and the circularity of planetary orbits ”; and also account for the separation of the 
two components of a binary star after fission, 
t ‘ Nature,’ vol. 123, p. 454 (1930). 
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Specific Heat of Solids 

Assuming that the atomic heat, C„, of an element in the solid state is 
dependent on a single parameter, we may write C„ = F (@/T), where @ 
is a characteristic temperature. This temperature may be expressed as a 
characteristic atomic frequency v by.writing 0 = pv — Av/Ar, where h is 
Planck’s constant and k is Boltzmann’s constant. 

In a paper published in 1917 the author* pointed out that for 26 metals 
the product of the atomic number Z and this characteristic frequency 
could be expressed with considerable accuracy in the form Zv = 
where « is a whole number and is a constant frequency having the 
approximate value 21-3 x 1(P* sec“^. The integer was called the 
“ frequency number 

Subsequently the relation was extended to compounds, Z being now 
the “ molecular number ” or “ charge number ” of the molecule, corre¬ 
sponding to the number of planetary electrons. For some substances 
fractional values of were tentatively employed, but although the value 
appeared to have some significance it was stated that such fractional 
values were only provisional. 

By employing one or other of the numerous formulae for the character¬ 
istic frequency the suggested relation was examined for a large number of 
inorganic and organic substances. Investigation of the mathematical 
probability showed that the chances were decidedly against the results 
being entirely fortuitous. It is, however, admitted that many exceptions 
w»e found, and it may well be that the relation, where it holds, is only of 
an approximate character. 

The Frequency of Deslandres 

Deslandresf in a series of papers discussed the constitution of the atom 
and the properties of band spectra and put forward empirical formulae 
for the representation of such spectra. In the third paperj he describes 
the absorption spectrum of oxygen and introduces an infra-red frequency 
having the wave number 1062-54 cm“*. This corresponds to an oscilla¬ 
tion frequency 3-1852 x 10^® sec“®. By employing multiples of this 
frequency he is able to link together the bands in the infra-red and those 
in the visible part of the spectrum. In a later paper§ he concludes that 

• Allen, ‘ Proc. Roy. Skw.,’ A, vol. 94, p. 100 (1917). Other papers on the subject 
were published in the ‘ Phil. Mag.,* in voi. 34, pp. 476,488 (1917), and vol. 35, pp. 338, 
404, 445 (1918). 

t * C.R. Acad. Sci. Riris,’ vol. 168, pp. 861, 1179 (1919). 

i Vol. 169, p. 593. 

§ Vol. 169, p. 745. 
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this same frequency, denoted </], plays an important part in determining 
the band maxima in the band spectra of nitrogen, cyanogen, carbon, and 
its compounds. He states that the constant K in his general formula can 
be represented by the expression K = qdi, where 9 is a whole number 
peculiar to each si>ectrum. Further details are to be found in the last 
paper of the series* showing that the law is approximately true for a 
number of bands of different compounds, although it should be pointed 
out that the agreement is not always very close. 

In 1924 Deslandrest returned to the investigation and suggested that the 
frequency for band .spectra might be comparable to the universal con¬ 
stant R found by Rydberg for line .spectra. In connexion with absorption 
bands he now employed the formula 

V == qd^jrs, 

where s is the number of atoms or of large rings of electrons in the mole¬ 
cule, and q and r are integers. Later he introduced a similar formula 

V q' dilr's’, 

in connexion with the small secondary maxima of the principal bands. 
Here s' is the number of external electrons of one of the atoms or the free 
positive charge of the nucleus (the atomic number Z) and q’, r', are 
integers. 

In the same paper Deslandres extended this property to line spectra, 
applying his formula in connexion with “ raies ultimes ” and the most 
prominent lines observed in spectra. Several curious properties of lines 
which are multiples of d^ are described. 

While it must be admitted that with two adjustable integers available it 
is not difficult to secure approximate agreement with observed frequencies 
by proper choice of these integers, it does not seem likely that all the 
coincidences recorded by Deslandres are accidental. There is sufficient 
ground for believing that the frequency di is important from the physical 
standpoint, and the results of the present paper support this claim. 
Deslandres states that his studies were carried out independently of all 
theory and the relations suggested depend only on the results of observa- 
tion. It is hoped that some theoretical justification for the presence of 
this fundamental frequency in infra-red molecular spectra will be forth¬ 
coming. In this paper we are concerned mainly with certain sub- 
multiples of the empirical frequency which have been found of importance 
in the rotation of the simpler molecules, or in the specific heat of solids. 

• Vol. 169, p. 1395. 

t Vol. 179, p. 4 (1924), and numerous later papers. 
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Extension of the Formula of Deslandres to Line Spectra 

In 1924 Deslandres extended to line spectra the property which he.had 
previously announced for band spectra. The most brilliant lines of a 
simple substance are very frequently multiples of 1062*5. At first sight 
it is difficult to understand how the relation of Deslandres can be applicable 
to line spectra. For according to the quantum theory the frequency of a 
line is the difference between two terms, and if the frequency of a line is 
a multiple of di it might be thought necessary for each term to be a 
multiple of d^, which seems very improbable. But such a conclusion as 
to the inapplicability of the formula to line spectra is not binding, for it 
is possible that the observed effect is of an indirect character depending on 
some kind of “ resonance ” between the frequency of the line in question 
and that of some other atomic or molecular system. 

To illustrate the way in which such an effect may occur, reference may 
be made to experiments carried out in the St. Andrews laboratory on the 
spectrum of the discharge through oxygen and hydrogen mixtures. It was 
found that the Balmer lines of hydrogen were increased in intensity when * 
oxygen was present.* An explanation of the observations was found by 
considering collisions of the second kind between oxygen ions and 
hydrogen atoms. The probability of such a collision taking place varies 
inversely as the difference of the energies involved. In the same kind of 
way it may be possible to account for intense lines in other line spectra by 
taking into account collisions between the atoms of the substance con¬ 
cerned and molecules of other substances. 

Relations Between the Frequencies 

The author early suspected a connexion between the frequency and 
the Deslandres frequency. In fact, one-third of the latter frequency has 
the same value as iv^. Assuming di — 1062*5 cm~^ and the suggested 
relation to be exact, — 354*2 cm"* or 10*618 x 10** sec"* and 
== 708 *4 cm-* or 21 *236 X 10** see"*. 

It seems improbable that two investigators working quite independently 
and dealing with such different phenomena as specific heats and band 
spectra should arrive at two frequencies so closely rdated as and <4 
unless there were real significance in this agreement. That the agreement 
is not entirely accidental is supported by the fact pointed out by the writer 
that for a large number of inorganic compounds “ the frequency number 
is one of the series 4^, 6, 7^, 9, suggesting that the factor 3 plays an im- 


• Roy, ‘ Phil. Mag.,’ vol. 15, p. 421 (1933). 
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portant part in the determination of its value According to the sug¬ 
gested identification is the same as di- On the other hand, Deskndres 
frequently employs as a submultiple of his fundamental frequency. 

When we further find that the frequencies and ^d^ stand in a' simple 
relation to frequencies actually observed in connexion with the hydrogen 
molecule, the evidence for their physical importance becomes still more 
convincing. 

Connexion Between the Fundamental Frequencies and 
Rydberg’s Constant 

These relations, which appeared strange and even improbable when 
they were first encountered many years ago, seem less perplexing now 
that frequency has come to be regarded as an additive quantity, and to be 
so closely identified with energy. Thus Schrddinger concluded his 
lectures on wave mechanics at the Royal Institution in 1928 by asking: 

“ Is it quite certain that the conception of energy, indispensable as it is 
in macroscopic phenomena, has any other meaning in micro-mechanical 
phenomena than the number of vibrations in h seconds ? ” 

Bearing this point in mind we now turn to the question of a possible 
connexion between the fundamental frequencies here considered and the 
Rydberg constant. Early in the investigations it was noticed that 
was almost exactly three times the Rydberg constant multiplied by m/M, 
where m is the mass of the electron, M that of the proton. This suggests 
that may be twelve times, and the Deslandres frequency di eighteen 
times, the modified Rydberg constant, which we shall call /. 

Assuming this relation to be exact, we can calculate the value of the 
fundamental frequency / defined by / == RooW/M, and deduce the corre¬ 
sponding values of and di. 

The Rydberg constant for infinite mass is known accurately, and is 
109737'42 cm“^. For M/m we use Eddington’s value 1847-5995. 

To calculate the vibration frequencies in reciprocal seconds we require 
the velocity of light, which we take as c ~ 2-99785 x KF® cm/sec. 

The resulting values are: 

/ 6 / v^==12/ i/i==18/ 

59-395 cm~i 356-37 cm-i 712 -73 cm-^ 1069 -10 cm*’ 

1 7806 X 10“ sec“i 10-684 X 10“ sec"* 21 -367 x 10“ sec"^ 32-050 x 10^* sec-* 

The close connexion between the fundamental frequency and the proton 
deserves emphasis. Deslandres has already pointed out that the frequency 
354-2 cm"* agrees well with the rotational frequency of the hydrogen 
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molecule as given by the Raman effect. Further, the frequency of the 
transition from the zero to the first vibrational state of the molecule is not 
far from four times the fundamental frequency of Dcslandres. 

In a careful investigation of the Raman spectrum of hydrogen Rasetti 
observed the following intervals in the rotation band: 

354 1 587-5 814-4 1034-6 cm"^ 

JO 1 2 3 

According to the theoretical result deduced from quantum theory the 
Raman shift is given by B (4J + 6) considering pure rotational transitions 
and neglecting the fine structure. The final value of the band constant 
given by Rasetti is B — 59 -40 ± 0-03 cm"^. Birge and Jeppesen give 
B = 59-354 cm-i. 

The occurrence of the integer 6 in the formula for the Raman shift 
deserves notice. 

Rasetti found the interval 4162-1 at the beginning of the vibration band 
and the derived constant G (1) — G (0) is given as 4161 -70 by Birge and 
Jeppesen, roughly four times the value of d^. 


The Specific Heat of the Lighter Elements 

In dealing with specific heats it is convenient to consider a character¬ 
istic temperature instead of a characteristic frequency, taking 

© =r pv = /iv/k. 

Using Birge’s values for the constants 

h — 6-547 X 10~®^ erg sec 
k = 1 -3708, X 10-w erg deg-^ 

we find for the temperature corresponding to the fundamental frequency 
/ = 1 -7806 X 10“^** sec“^ the value 0=85 -035° K. Six times this tempera¬ 
ture corresponds to or ^di and is equal to 510-2° K. 

In my first paper I was concerned mainly with metallic elements, for 
which the frequency number is not a small integer, and I stressed the 
importance of determining the specific heat of lithium at low temperatures. 
Such measurements are now available,* the specific heat of the metal 
having been determined between 15° K antf room temperature. The 
experimental curve cannot be interpreted in terms of a simple Debye 


* Simon and Swain, ‘ Z. phys. C3iem.,’ B, vol. 28, p. 189 (1935). 
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function. It can, however, be expressed as the sum of a Debye function 
and a Schottky function, the former having a characteristic temperature of 
505° and the latter a maximum at about 85° K. The agreement between 
these temperatures and those quoted above is very remarkable.* To 
make the results comparable with those in the earlier papers these figures 
must be multiplied by 3, the atomic number of lithium. 

Another striking case is that of solid hydrogen discussed by Farkas.f 
At very low temperatures “ the specific heat of the parahydfogen crystal 
decreased with the temperature according to the Debye T® law and at 
2° K was immeasurably small ’’.J 

In ordinary hydrogen the ortho component is present in excess at high 
temperatures and disappears as the temperature is lowered; in heavy 
hydrogen (deuterium) it is the ortho modification that is the stable form at 
low temperatures. It may be noted that deuterium falls into line with the 
general rule that nuclei with even atomic weight follow the Bose-Einstein 
statistics and have an integral spin. The lowest rotational level with 
J — 0 (and all other levels with even J) are ortho states.§ 

Farkas (p. 164) states “ According to Clusius and Bartholom6 in the 
temperature region 10-14° K the specific heat of solid D* is practically 
the same as that of H^, the characteristic temperature for being for 
Dg 0 = 89 (for Hj 6 -- 91, see p. 37). This is a very remarkable result 
since hitherto it has been assumed that the frequencies in the lattice of two 
isotopes are proportional to the reciprocal square roots of the masses ”. 

Both the numerical values quoted, as well as the agreement between 
them, seem to the present writer to support the views he has advanced in 
which the atomic number is of importance in determining the specific 
heat in the solid state. 

Helium is somewhat exceptional in its thermal behaviour at low tempera¬ 
tures. Two liquid modifications are known, and the solid state, first 
observed by Keesom in 1926, is obtained under the application of an 
external pressure. Recently! | the specific heats of solid helium have been 
measured for densities from 0-20 to 0-22 and from I -2 to 3-0° K. At 
low temperatures the values of 0 plotted against T fall approximately on 
straight lines. In the region investigated 0 changes between 37 (T ~ 1 *2, 

* It is interesting to notice that the band spectrum constant o>, for the ground state 
of the lithium molecule, Li», is 351 ■ 60 cm-' or not far from Jdj. 

t “ Orthohydrogen, Parahydrogen, and Heavy Hydrogen,” Camb. Univ. Press 
(1935). 

} Ibid., p. 37. 

J/«</.. P. 159. 

II Keesom, W. H. and A. P., ‘ Physka,’ vol. 3, p. 105 (1936). 
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P = 0-218) and 25 (T = 2-18, p = 0-201), suggesting that on extra¬ 
polation to the absolute zero a value of @ would be reached roughly equal 
to one-half the value for hydrogen. Such a value would fall into line 
with my suggestion connecting characteristic temperature with atomic 
number, for the atomic number of helium is 2 instead of 1 for both 
hydrogen and deuterium. 

The physical significance of the integer called earlier the “ frequency 
number ”, or the integers in the formula of Deslandres, remains somewhat 
obscure. It seems, however, clear that the number of degrees of ireedom 
must be of importance in determining the frequencies involved, and it is 
probable that these integers are related to the degrees of freedom of the 
system. In this connexion it may be mentioned that the results of wave 
mechanics and modern statistical methods give promise of throwing 
light on the problem. R. H. Fowler* points out that certain contributions 
to specific heat depend on the exchange interaction integral between 
neighbouring atoms in the lattice and the number of nearest neighbours 
to each atom. The coordination number must be taken into account in 
future theoretical developments. 

One further remark must be made here. In the calculations we have 
used the value of the Rydberg constant for a nucleus of infinite mass. 
Just as this constant requires modification in the older quantum theory 
when dealing with a nucleus of finite mass, so in the present discussion it 
may be necessary to use a modified value of the Rydberg constant when 
applying the fundamental frequency here described to a particular 
problem. 


Energy Constants for High Frequencies 

Planck’s constant, h, may be regarded as a factor of proportionality 
for converting frequency, v, into energy fiv. The square of the velocity 
of light is a factor which, multiplied by mass, determines a corresponding 
amount of energy. In the region of high frequencies there are at least 
two energy constants that are likely to be of importance, namely me* and 
Me*. Possibly the mass of the neutron might be introduced instead of 
the mass of the proton, so as to give a third constant. 

It is of interest to notice a simple relation between the constant me* 
which represents the energy of an electron as judged from a coordinate 
system moving with it, and Rydberg’s constant. , The Rydberg frequency 

for a massive nucleus is Voo == —and the corresponding ‘‘ energy 


* ‘ Prew. Roy. Soc.,’ A, vol. 151, p. 1 (1935), 
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quantum” is ~ Introducing the fine structure constant 

defined by a = we find hvao — a result which may be written 

he 

in the form* mc^ = 

Thus the energy of the electron may be represented as an energy quantum 
having frequency 2v„/*® or, if we prefer, as two energy quanta of fre¬ 
quency v„/a* § . 

It is customary to express energies in this high frequency domain in 

electron-volts. A given amount of energy in ergs is put equal to eW, 

where e is the electron charge in electrostatic units and V is difference of 
potential in volts. The conversion factor depends on the value chosen 
for e. The values selected for the fundamental constants have been 
taken from an article by H. R. Robinson.f 

e =z 4-8036 x 10~^° e.s.u. (Bearden) 
ejm = 1 >7579 x 10' e.m.u. gm”^ (Shane and Spedding). 

These yield the following results: 

One electron-volt = 1-6012 x 10"** erg 
m == 911518 X 10"*»gm 
wc* = 8 -1919 X 10"' erg 

-5-1161 X 10® electron-volts. 

This amount of energy (or simple multiples of it) is found in connexion 
with several nuclear processes. 

Chadwick and GoldhaberJ give 2-1 x 10* electron-volts as the binding 
energy for the diplon or deuteron, which is supposed to consist of a 
proton united to a neutron. This is approximately four times the energy 
corresponding to me*. 

Another instance of unexpected integral relations presenting them¬ 
selves in atomic physics has occurred in the work of H. A. Wilson,§ who 
has found evidence for multiples of a fundamental frequency or energy 

• Allen, " The Quantum and its Interpretation,” p. 179 (1928). 

t * R^. Prog. Phys,,’ vol. 2, p. 247 (1935). 

{ ‘ Proc. Roy. Soc.,* A, vol. 151, p. 479 (1935). 

§ These results, which suggested the calculations in the previous paragraph, are 
described in a series of papers, first in * Phys. Rev.,’ vol. 44, p. 858 (1933), and then in 

* Proc. Roy. Soc.,’ A, vol. 144, p. 280 (1934); vol. 145, p. 447 (1934); vol. 147, p. 240 
(1934); vol. 150, p. 1 (1935). 
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constant in connexion with radioactive changes. “ The energies of dis¬ 
integration of the radioactive atoms may be arranged in pairs having sums 
equal to multiples of 3-8504 x 10® electron-volts. This constant must, 
therefore, represent some general atomic property, the nature of which is 
as yet uncertain.” The results suggest that the possible energies of any 
radioactive nucleus are equal to n x.3-85 x 10® electron-volts, where 
1, 2, 3, ... 

“The nuclear energy constant 3-85 x 10® electron-volts is equal to 
6-122 X 10“^ ergs. The corresponding wave-length given by 

6-122 X 10 ■' = Ac/X 

is equal to 3-21 x lO"^*^ cm. The corresponding wave-number is 
3-12x10®.” 

The energies of a-, (3-, and y-rays are discussed and the chance that 
the agreements with the theory are due to accidental coincidences is found 
to be very small. 

In later papers H. A. Wilson* examines the energies of nuclear reactions 
and suggests a slightly larger value 3-87 x 10® electron-volts for the 
postulated energy unit. He claims to show that for a number of light 
elements these reaction energies are nearly equal to multiples of^ — 
0-000415 in atomic weight units. The energies of formation of several 
atoms, from neutrons and protons, are calculated from nuclear reaction 
energies. 

An interesting illustration of such relations is to be found in a recent 
investigaiiont of the energy distribution curve of the P-ray spectrum of 
radium E. The spectrum was found to have a maximum at 3 -87 x 10® 
electron-volts, and an end point at (15-34 ±0-28) 10® electron-volts. 
The maximum corresponds to Wilson’s constant and the end point to 
3 times me*. 

In the first part of this paper integers made their appearance in dealing 
with problems of crystal structure and molecular constitution. Here 
we find integral relations in problems related to the nucleus of the atom. 
If we follow the analogy of the formula of Deslandres it may be suggested 

that importance is to be attached to energies such as ^ mc^, where p and s 

s 

are integers depending in some way on the structure of the nucleus, although 
in this case it is not probable that the atomic number will, in general, be 
concerned. 

* ‘ Proc. Roy. Soc.,’ A, vol. 152, p. 497 (1935); vol. 153, p. 493 (1935). 
t Scott, ‘ Phys. Rev.,’ vol. 48, p. 391 (1935). 
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From this standpoint it is interesting to notice that Wilson’s first 
estimate for his constant, 3-85 x 10“ electron-volts, is very nearly equal 
to 3-8371 X 10® electron-volts, which according to the present calcu¬ 
lation is the value of Jmc*. 

There is a slight discrepancy between the two values quoted by H. A. 
Wilson for his constant, and it is possible that this may be due to the 
omission of a factor such as 136/137. It has been pointed out by Bond 
that according to Eddington’s theory this factor vitiates many of the so- 
called observational constants. 

Assuming M/m = 1847-5995 the value of Me* is found to be 1 -5135 X 
10“® erg or 9-4525 x 10® electron-volts. This constant may prove to be 
of importance in dealing with nuclear problems and cosmic ray pheno¬ 
mena. The value of JMc* is very nearly 709 million electron-volts. 

There is another frequency which may possibly be of significance in 
nuclear processes, namely one bearing the same relation to the Rydberg 

27t*Me* 

frequency as Me* bears to me*, that is a frequency —^—. The numerical 

value is found to be 6-0782 x 10^®sec~* corresponding to 3-9806 X 10~® 
erg or 2-4860 x 10* electron-volts. 

In connexion with the results in the latter part of this paper reference 
may be made to the hypothesis of Flint and Richardson—the smallest 
observable length in a four-dimensional universe is hi me where m is the 
rest mass of any particle considered. This hypothesis is connected with 
the conclusion of Flint that the proper time of the particle has a minimum' 
value A/me*. For our present purpose the particle may be considered as 
an electron, a proton, or a neutron. 

I wish to express my thanks to Dr. W. N. Bond for information about 
the most recent values of the fundamental constants and their relation to 
Eddington's theories. 


Summary 

In several papers published in 1917 and 1918 the author drew attention 
to a fundamental frequency = 21 -3 x 10** setr* (or one-half of this 
value) met with in connexion with the specific heat of solids and also the 
infra*red rays associated with them. In 1919 Deslandres in his investi¬ 
gations on band spectra introduced a fundamental frequency expressed 
as the wave-number di = 1062-5 cm ■* (that is 31 -852 x 10** scc~*). Itis 
pointed out that within the limits of experimental error = ^di. Des¬ 

landres has remarked that the frequency — 354-2 cm~* agrees with the 
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rotational frequency of the hydrogen molecule as given by the Raman effect. 
A new fundamental frequency /is introduced, defined by/= RooW/M, 
where R* is the Rydberg constant, m is the mass of the electron, M that of 
the proton. It is found that = 12/, = 18/ Illustrations of these 

frequencies are found in the specific heat of the lighter elements. 

H. A. Wilson has employed 'an energy, constant equal to about 
3-85 X 10® electron-volts, and it is pointed out that this corresponds 
almost exactly to fmc®. Multiples of this quantity are found in radio¬ 
active transformations and also in the nuclear structure of the lighter 
elements. Similar relations may probably be anticipated for the larger 
energy constant Me® or JMc®. 

The significance of the integers met with in these relations is still an 
open question, but they are probably connected with the number of 
degrees of freedom of the system under investigation. 


The Production of Polarized X-Rays 

By W. H. George, Royal Society Sorby Research Fellow, University of 

Sheffield 

(Communicatedby Sir Frank Smith, Sec.R.S.—Received 1 November, 1935) 

In theoretical studies of the interaction of X-rays and matter it is often 
necessary or convenient to deal first with a plane polarized beam of 
X-rays. In the laboratory such theoretical conditions cannot often be 
realized solely because of the extreme weakness of any beam of polarized 
X-rays normally available. It would appear, however, that some facts 
can be established only by actual use of polarized X-rays. For example, 
in order to establish that X-rays are scattered as if atoms were spherically 
symmetrical wholes, it would appear necessary to control both the 
direction of the electric vector, by using polarized X-rays, and the 
orientation of the atoms, by using a single crystal. The use of cither a 
single crystal and ordinary X-rays -with random orientation of the electric 
vector or the use of polarized X-rays with a crystal powder mid random 
orientation of the crystals would appear to simulate the omiditions of 
spherically symmetrical scattering. 

The technical difiiculties of working with polarized X-rays are in all 
experiments very great. Inference as distinct from actual experiment is 
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however an invalid method of establishing physical facts. In theoretical 
treatments of scattering of X-rays by crystals it is possible to derive 
results agreeing with those of experiments with unpolarized X-rays, by 
using postulates involving polarized X-rays. For example, an unpolarized 
beam can be treated as two polarized beams of equal amplitude, polarized 
one in the plane of incidence and one normal to it. The results are then 
recombined at the end. This purely mathematical device gives no facts 
about polarized X-rays and is in some circumstances in conflict with the 
experimental results of Mark and Szilard. 

The purpose of this paper is to describe the method used to get a one¬ 
thousandfold increase in the intensity of the polarized beam obtainable 
from a given initial X-ray intensity, so that the beam is sufficiently intense 
to be used as a tool for the actual experimental study of vectorial 
phenomena in the interaction of X-rays and matter. 

Conditions to be Fulfilled 

The form of matter showing the greatest vectorial variation of physical 
properties is the single crystal. Since large areas upon a single crystal 
surface are available for only one or two planes of a few substances, it is 
evident that in the study of the interaction of polarized X-rays with 
crystals a narrow beam must be used. If reflexions at Bragg angles (6) 
are studied, only a small part of a divergent polarized beam, depending on 
the mosaic structure of the crystal, can be used. For small values of 0, 
the width of crystal required is much greater than the width of the beam 
and amounts to a sixfold increase when 0 is 10°. These conditions are 
in opposition to those of the method, now standard, by which Barkla* 
discovered the polarization of X-rays. When an ordinary beam of 
X-rays has been scattered by a block of carbon, wax, paper, sulphur, or 
aluminium in a direction at right angles to its original path, the resulting 
polarized beam is so weak that a broad diverging part of it must be used 
to give measurable readings. 

The Intensity Problem 

Typical dimensions found necessary in recent work are a scattering 
angle of 90 * 2° (Ross) and slits 6 mm wide (Bishop). The increased 
difficulty of the intensity problem due to reduction in these dimensions can 
be resolved into three inter-related parts, (1) the production, (2) the means 
of detection, (3) the method of use, of the polarized X-rays. 

• ‘ Proc. Roy. Soc.,’ A, vol. 77, p. 247 (1906). 
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1. Production —Using Beatty’s relation* for the efficiency of production 
of X-rays by cathode rays and taking Compton’s mean value of the con¬ 
stant as 1-1 X 10 ’*, it would appear that for an X-ray tube having a 
copper target and working at 40,000 volts, only 0-127% of the energy in¬ 
put is obtained as X-rays. Further calculation shows that only 10^* of the 
energy input can be received with s divergence of 1“ at a scatterer (fig. 1). 
Preliminary experiments showed that a one-hundredfold increase in power 
of an ordinary X-ray tube would be necessary to make the proposed work 
with crystals practicable with current methods. 

Scatterer 



In the direct beam from an X-ray tube no greater partial polarization 
than 10 or 20% has been observed.f The strongly polarized general 
radiation near the short-wave limitj is of much lower intensity than the K- 
characteristic which may be partially polarized for Mo,§ but is unpolarized 
for Fe,|lt Cu,** Ag,tt Mo,:t§§ and W.\\\m Results got by the 

* Compton and Allison, " X-rays in Theory and Experiment,” London, 1935, 
pp. 89-90. 

t Haga, ‘ Ann. Physik,’vol. 23, p. 439 (1907); Herweg, ibid., vol. 29, p. 398 (1909); 
Bassler, ibid., vol. 28, p. 808 (1909); Wcgard, ‘ Proc. Roy. Soc.,’ A, vol. 83, p. 379 
(1910). 

t Kirkpatrick, ‘ Phys. Rev.,’ vol. 22, p. 226 (192.3); Ros.s, ibid., vol. 28, p. 425 
(1926); ‘ J, opt. Soc. Amer.,’ vol. 16, p. 375 (1928); KuIcnkampiT, ‘ Phys. Z.,’ vol. 30, 
p. 513 (1929). 

§ Bishop, ‘ Phys. Rev.,’ vol. 27. p. 797 (1926). 

II Mark and Szilard, ‘ Z. Physik,’ vol. 35, p. 743 (1926). 

Haas, ‘ Ann. Physik,’ vol. 85, p. 470 (1928). 

Mark and Wolf, ‘ Z. Physik,’ vol. 52, p. I (1928). 

tt Compton, ‘ Proc. nat. Acad. Sci. Wash.,’ vbl. 14, p. 549 (1928). 

tt Bearden, Ibid., vol. 14, p. 539 (1928). 

§§ Wollan, ibid., vol. 14, p. 864 (1928). 

Ilil Ross, ’ J. opt. Soc. Amer.,’ vol. 16, p. 375 (1928). 
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balanced filter method,* which depends upon extrapolation, do not 
always agree with those got by using completely polarized X-rays.f 
* Attention was therefore directed to the other two factors. 

2. Method of Detection —To work with a narrow pencil of mono¬ 
chromatic polarized X-rays by the ionization method an intense and 
constant source, or an elaborate amplifying and balancing device used 
with a weaker and inconstant source, would be essential. A weak in¬ 
constant source can be used in the photographic method by giving long 
exposures together with cyclic changes repeated many times during one 
exposure. 

3. Method of Use—A.n average value of dimensions (fig. 1) is, for the 
collimating system, two slits 5 by 10 mm, 10 cm apart. As this is much 
larger than the dimensions of the focus of an X-ray tube, the divergence 
of the beam will be similar to that of a point source shown at the dotted 
line and used with only one slit. If the polarized beam is of greater cross- 
sectional area than the projection upon the scatterer of the focal region of 
the X-ray tube, radiation scattered through angles other than 90° is in¬ 
cluded and reduces the degree of polarization. 

Shortening the path of the beam reduces the loss by absorption, which 
in air reduces the intensity of Cu K-radiation to one-half in a distance of 
about 60 cm. This is normally the length of path from target to ioniza¬ 
tion chamber in recorded experiments on polarized X-rays. 

Since the intensity of scattering increases with atomic number, the 
choice of a scatterer with heavier atoms would favour an increase of 
intensity. As the fluorescent radiation is unpolarized, the ratio of 
general to fluorescent radiation from the scatterer must be large to avoid 
addition of unpolarized X-rays. 

Preparation of Scatterer 

In practice it was found that change in any one of the three factors 
affects the optimum conditions of working of the other two, but that if no 
change is made in the sensitivity of the means of detecting X-rays the 
greatest increase of intensity of the polarized beam can be obtained by 
suitable choice and preparation of a single crystal surface, which is then 
used in place of the carbon block as scatterer. 

The choice of a suitable crystal scatterer is not straightforward when the 
maximum intensity is essential. The wave-length of X-rays to be used is 
restricted to the few which can be strongly excited in X-ray tubes. If the 

* Ross, ‘ J. opt, Soc. Amcr.,’ vol. 16, p. 433 (1928). 
t Cf, p. 98, Bishop§, Beardenf t, Wollan§§, and Ross!li|. 
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K radiation of copper be chosen, the spacing of the crystal is fixed by the 
condition that the scattering angle must be 45°. Any set of planes and 
any order of reflexion will serve, provided the scattering angle is 45°. . 
The (hkl) spacing varies with the ciystal system as well as with the lattice 
dimensions. Moreover, a crystal with a suitable spacing may give only 
weak reflexions from that set of planes,, or may give no reflexion because 
of space-group considerations. Then again an otherwise suitable sub¬ 
stance, when found, may be difficult to crystallize in sufficiently large 
crystals, or the crystal may be difficult to cut, or it may be unstable or 
deliquescent. No crystal was found which was free from all these 
objections, but potassium fluoride and copper seemed the most suitable. 
The relevant data are shown in Table I. 

Table I 

Approx, intensity ratio 

Spacings (100) 0 to that of strongest 

reflexion 

5*33 45^ & (422) (211/100)0 15* 

3-61 45^'5'(311) (311/lll)0-85t 

• Davey, ‘ Phys* Rev.; vol. 21, p. 153 (1923). 
t Ibid,, vol. 25, p. 756 (1925). 

These data, in addition to the higher atomic number of copper, suggest 
that the strongest absolute intensity would be got from a copper crystal. 

Since the area of crystal surface needed is little more than that of a 45° 
projection of the focus of the X-ray tube upon the crystal, an attempt was 
made to use a single crystal in a polycrystalline copper plate. It was 
found that some of the small grains in sheet copper could be enlarged 
to an area of 1 sq cm by annealing. Copper sheets were packed into a 
tin box with kieselguhr to exclude air, and were heated in a gas muffle 
furnace at aboUt 1000° C for about 9^ hours. The etched sheets showed 
many large uniform patches which looked like single crystals. They all 
proved to be twinned, and subsequent grinding and etching showed that 
they did not extend far enough below the .surface to permit of the necessary 
grinding parallel to the 311 planes. It seemed that the critical straining 
required to promote grain growth was too near to that required to promote 
twinning for a practical separation under the conditions of working. 

In spite of the well known difficulty in machining copper, it was there¬ 
fore necessary to find a means of preparing a suitable surface on a large 
single crystal grown by the slow cooling method of Bridgman. It is 
common experience that a loss of intensity of X-ray reflexion may be 
observed after a metal has been distorted. This distortion can be avoided 


Substance 

KF 

Cu 
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by dissolving, instead of cutting away, the unwanted parts of the crystal. 
The only faces which have been obtained by this method are, however, 
111, 100, 201, 052, 353, 991, 301, and 312* and only the first two are 
simply obtained. 

It was found possible to cut usable surfaces on portions of single 
crystals which had been grown as approximately cylindrical rods of 
diameter 6 mm. To avoid distorting the crystal as a whole, the biologists’ 
method of wax-embedding was used, the whole crystal being fixed in a 
rectangular block of wax held in wood. A fine saw was then used, with 
turpentine or soap lubrication, to saw through the whole block of wood, 
wax, and metal. This gave sections about 2 mm thick which could be 
photographed on an X-ray spectrometer to determine the orientation of 
the 311 planes with respect to the cut surface. Whilst the melting of the 
wax gives warning if too vigorous working of the metal is taking place, 
it cannot be kept attached to the crystal sections, and therefore the precise 
orientation of a section relative to the remaining rectangular block is lost 
after the cutting. 

To get over this difficulty a short length of crystal was cut off the main 
piece and embedded in a rectangular block of Wood’s metal. To do this 
the cut face of the rod was placed upon plate glass smeared with lanoline 
in a hot-air oven and was surrounded by four rectangular metal blocks 
placed roughly symmetrically to the 311 planes, as judged from the X-ray 
rotation photograph of the first thin section. Molten Wood’s metal was 
then poured into this hot mould, which, after cooling, could be removed in 
sections leaving a rectangular set of metal reference surfaces attached to 
the crystal section. The Wood’s metal can be machined easily and the 
•only part of the crystal exposed can be ground and etched so as to give 
good X-ray reflexions. The block was then put upon a small rectangular 
table perpendicular to the axis of rotation of the X-ray spectrometer. 
A number of rotation photographs was then taken, between which the 
crystal surface was untouched, but the Wood’s metal was machined until 
when the block stood with one of its reference planes on the spectrometer 
table, the 311 crystal planes were vertical. This was shown by the appro¬ 
priate “ spots ” appearing on the zero layer line of the photograph. The 
crystal itself was then cut on the lathe, using a fine circular saw, with slow 
“ feeding ” and paraffin, turpentine, or soap solution as lubricant. The 
reference surfaces of the Wood’s metal serve for correct mounting. The 
chief difficulty in the cutting is that the cutting edge soon becomes 
rounded by the very close adhesion of a thin layer of copper, and then 


* Tammann and Sartorius, ‘ Z. anorg. Chem.,’ vol. 175, p. 97 (1928). 
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burnishes rather than cuts. The least distorted surface was got by 
machining it with a Wimet tool, taking off a very thin layer at a time from 
the sawn surface. 

This gives a surface almost parallel to the desired crystal plane. The 
chief source of error is in the yielding of the Wood’s metal in the clamps. 
Although the crystal as a whole is held without distortion, the cut surface 
is necessarily very severely distorted. 

It is notewoi thy that a rotation photograph taken of this cut surface 
shows considerable differences in the distortion of the different crystal 



planes. Some give good “ spots ” and some very diffuse patches on the 
photograph. 

Preparing the Crystal Surface 


The next stage is the removal of the distorted layer of crystal. The 
least violent method of doing this is by chemical or electro-chemical 
etching. If, however, a suitable etching reagent and conditions could be 
found, it is evident that cutting a crystal parallel to a 311 plane would be 
unnecessary. Grinding and polishing were applied for the double pur¬ 
pose of correcting the orientation of the crystal planes to the cut surface 
and of removing the severely distorted layer. As the specimen and the 
angles involved were small, the simple geometrically designed device 
shown in fig. 2 was used. The inclination of the atomic planes to the cut 
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surface was determined by optical and X-ray tests and the crystal C was 
then fixed with its surface normal to the axis of the cylinder A, which 
slides freely in the vertical direction normal to the plate glass surface B. 
The cylinder was then set optically at the calculated small angle of tilt 
and the grinding upon 000 emery paper fixed to B was continued until 
the whole of the surface was in contact with the paper. This gave the 
surface free from tool marks but heavily scratched with grooves parallel 
to the geometric slide. Next the cylinder was reset to slide perpendicular 
to the plate glass and the crystal surface was reset to be normal to the 
cylinder axis. The emery paper was replaced by 0000 grade, the unit 
turned through 90°, and the grinding continued till even the deepest 
grooves of the previous grinding had disappeared, to be replaced by a 
perpendicular set less deep. This process was repeated each time with a 
finer grade of emery and a rotation through 90° of the unit got by having 
only one of the two screws in the V-groove in common during two sets of 
grindings. The cylinder has no rotational freedom during the whole 
process. The prolonged grindings necessary when the fine grades are 
reached are not objectionable as the apparatus needs attention only 
during the 90° reversals every 45 mins or so. In the end a plane surface 
covered by a set of very fine parallel scratches is obtained. These can be 
removed by using metal polish instead of emery, and the surface is then 
cleaned with organic solvents and lightly etched for 1 or 2 secs and examined 
under the microscope to find an area free from flaws and from crystal 
boundaries, if the crystal rod contains more than one crystal. If the 
crystal is still embedded in the Wood’s metal, the pair behave as a cell 
when immersed in etching reagents, and in nitric acid a dark deposit is 
formed on the copper. In ammoniacal etching reagents copper is 
deposited on the Wood’s metal. A drop of the etching solution was 
therefore applied to the clean dry surface of the crystal from the end of a 
glass rod and the etching was stopped by holding under a tap of running 
water. An X-ray rotation or oscillation photograph taken from an area 
free from flaws or crystal boundaries then shows if the etching has been 
sufficiently prolonged. 


The Polarizing Unit 

In using this prepared crystal surface instead of wax or carbon as the 
scatterer, the precision of X-ray spectroscopy is necessary. ‘One method 
of doing this without the use of accurately dimensioned apparatus is 
shown in fig. 3. The polarizing unit stands upon a circular spectrometer 
base with central axis A. The axle B and the X-ray collimator X can. 
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by use of the levelling screws and optical methods of adjustment, be set 
correctly orientated to the spectrometer base. The copper aystal can 
then be set upon the axle B, which allows rotation photographs to be 
taken with the aid of the pulley P, or can be clamped with the crystal 
face at the Bragg angle with the line of the collimator. By this means a 
polarized beam parallel to the base and intersecting the axis A can be 
obtained. The apparatus needed for experiments with polarized X-rays 
can be mounted and aligned upon the spectrometer base by similar means 
and the polarizing unit can be set at any desired position round the central 



axis A, or can be moved along its geometric slide D. This serves to 
shorten the optical path and to concentrate the energy of the beam on to a 
smaller area of photographic film when this method of detection is in 
use. 

From the considerations already given, it is clear that the focal region 
of the X-ray tube should be as near to the crystal C as possible, in order 
to get the highest intrinsic energy in the polarized beam. An X-ray 
tube facilitating this is shown in fig. 4. The block of metal forming the 
anticathode end of the tube is machined away in two directions at right 
angles near the window W. The upper part of the block is left just large 
enough to carry the glass tube which holds and insulates the cathode. 
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The steel vacuum tubing T serves to support the X-ray tube as well as to 
connect it to the evacuating pumps. The solid pillar P is far enough from 
the X-ray tube to clear a large circular spectrometer base. The electron 
stream is vertical to take advantage of the slight polarization of the 
initial beam and of Mark and Szilard's* result that reflexion by a crystal 
is a maximum when the plane of the electric vector is parallel to the crystal 
plane, and zero when perpendicular to that plane. The general arrange¬ 
ment is such that the focal region can be set at 1 cm from the spectrometer 
axis A and in three of the four quadrants the spectrometer base is then 
quite clear up to a region 1 cm from the A axis. 



Intensity Comparisons 

A series of measurements was made ofthe intensity of polarized X-rays got 
by 90° scattering, at different substances, of the beam from a sealed Coolidge 
X-ray tube with copper anticathode. In the first the copper crystal 
polarizer was used under conditions similar to those shown in fig. 3. 
A photographic film was exposed in a cassette held normal to the polarized 
beam by a suitable carrier on the spectrometer base, and when the X-ray 
tube was running steadily, a timed exposure was made. The other 
scatterers were mounted in turn on the axis A and set at 45° to an X-ray 
beam passing through a collimator parallel to X but intersecting A. The 
films were exposed behind a lead screen with a slit cut to admit the radia- 
• ‘ Z. Physik,’ vol. 35, p. 743 (1926). 
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tion scattered over a few degrees about the 90“ position. The optical path 
was about 14 cm for each exposure. The films were all developed for 
5 minutes in Agfa Rodinol developer (1/20) at 18° C. The times of 
exposure were adjusted by trial, so that the polarized beam from each 
scatterer blackened the film until it would transmit about one-half of the 
light incident normally upon the surface of the film. The films were 
measured on a Moll microphotometer and the results given in Table II 
are expressed as logm (lo/I) where Iq is the galvanometer deflexion when 
the unblackened film is before the thermopile and I is the corresponding 
deflexion for the blackened film. On this scale the blackening of a film 
which transmits one-half of the normally incident light is 0-301. The 
copper powder used as one of the scatterers was a piece of copper sheet 
which had been polished and etched. The Debye-Scherrer (311) line was 


Table II 



Density of 

Time 

Scatterer 

blackening of 

of 


film 

exposure 



sec 

Section of single crystal of copper.... 

0-441 

5 

Copper powder (foil) . 

( 0-177 ) 

\ 0-301 1 

900 

Carbon block. 

0-237 

3000 


0-347 

3600 

Wax block . 

0-241 

3600 


0-414 

4800 


uniform. The value 0-177 was measured from the background adjacent 
to the reflected beam and the value 0 -301 was measured from the deflexion 
given by a part of the film which had been behind lead during the X-ray 
exposure. For the single crystal of copper the measurement was made 
from the background adjacent to the reflected beam, so that it is to be 
compared with the 0-177 value for copper powder. The higher value is, 
however, comparable with the measurements for wax and for the carbon 
scatterer made from arc carbon. The results give the order of magnitude 
of the intensities of the polarized beams since photographic blackening 
under the conditions of these experiments is a function of the product of 
the incident X-ray intensity and the time of exposure.* The wax block 
contains enough hydrogen to give a noticeably weaker beam than that 
from a carbon block. The use of powdered crystals gives a four- or five¬ 
fold increase of intensity and the cut section of a single crystal of copper, 

• Bouwers, ‘ Z. Physik,’ vol, 14, p. 374 (1923). 
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an increase of between 100- and 1000-fold. The same increase in efficiency 
is possible in the analysis of polarized X-rays by substituting a cut section 
of a copper crystal for the wax or carbon scattering block. 

Experiments are in progress in which the method here described is used 
(1) to give a polarized beam, the interaction of which with crystals is 
studied, and (2) to analyse the polarization of ordinary crystal reflexions. 
It is hoped to report the results later. 

I wish to thank Professor S. R. Milner, F.R.S., for laboratory fficilities; 
the Royal Society, and the Department of Scientific and Industrial Re¬ 
search for financial help; Mr. F. Orme for help in some attempts to 
crystallize copper; Professor C. H. Desch, F.R.S., and Dr. C. F. Elam for 
the gift of pieces of copper crystal. 


Summary 

A beam of plane polarized monochromatic X-rays is got by substi¬ 
tuting for the carbon or wax scatterer used in fiarkla’s classical researches, 
a single crystal having a set of crystal planes of suitable spacing. 

With CuK-radiation and a single crystal of copper cut parallel to the 
311 planes, the resulting increase of intensity is one-thousandfold. 

The necessary technical details for preparing the crystal section are 
given, together with those of a precision polarizing unit giving control of 
the directed beam. 
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The Absorption Spectra of Polyatomic Molecules 
Containing Methyl and Ethyl Radicals—III 

By H. W. Thompson (Fellow of St. John's College, Oxford) and J. W. 

Linnett (formerly Scholar of St. John’s College) 

(Communicated by C. N. Hinshelwood, F.R.S.—Received 14 January, 1936) 

[Plates 1 and 2] 

The study of the absorption spectra of simple polyatomic molecules 
has many objects. As for diatomic molecules, it may lead to a deeper 
understanding of the interpretation of the spectra of polyatomic mole¬ 
cules in terms of spectral theory. As a consequence it may also lead to 
chemical data such as the energies of linkage, interatomic distances, and 
the electronic configurations of the molecules. In addition, it may help 
to explain the mechanism and nature of the primary proce.sses in photo¬ 
chemical decomposition. In passing from diatomic to polyatomic 
molecules, however, two additional matters become of importance: on 
the one hand, the nature and types of vibration (valency or deformation, 
symmetrical or antisymmetrical) induced by the electronic excitation 
are of interest, and, on the other, it is desirable to examine how far 
symmetry properties assumed on the basis of independently determined 
molecular structures are borne out in the structure of their spectra. 

The difficulties in these studies are not solely due to the often very 
complicated structure of polyatomic molecule spectra, but also frequently 
to the continuous nature of these spectra in the ultra-violet region. It 
is with this region of absorption that photochemical considerations are 
usually concerned, the frequencies associated with it corresponding to 
transitions between the lower electronic states of the molecules. The 
interpretation of the continua is at the present time far from clear. In 
some cases work at low pressures reveals the existence of bands which so 
merge together with increasing pressure as to give effectively continuous 
absorption, whilst in other cases where the continua are apparently 
genuine, the influence of pressure upon the long wave limit of absorption 
is considerable. Even the conclusions to be drawn from the diffuse 
nature of the bands with polyatomic molecules are usually ambiguous, 
since it is not certain whether true cases of “ predissociation ” are involved, 
or whether the large moments of inertia lead to unresolved close packing 
of rotational lines. 
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The choice of polyatomic molecules at random has led in most cases 
so far studied to results not easy to interpret, although some measure¬ 
ments of band systems in the extreme ultra-violet and Schumann regions 
promise to be less complicated.! It seemed therefore more suitable to 
examine a series of compounds closely related to each other in structure, 
but differing from each other in one factor. Such a series is the alkyl 
derivatives of the elements, e.g., zinc dimethyl, cadmium dimethyl, 
mercury dimethyl, sulphur dimethyl, etc. These compounds have also 
the advantage that on the basis of data for other organic molecules 
previously studied, it appears probable that any absorption in the ultra¬ 
violet region cannot occur as a result of electronic excitation in the alkyl 
group; and therefore the study may give information about the relative 
levels of the various M—C linkages. 

Preliminary measurements and some attempts at interpretation have 
already been published in two papers which will be referred to below as 
I and II.! Studies of a similar kind have since been reported by Terenin 
and Prileshajeva,§ and by Asundi, Rao, and Samuel. !| The results of 
Terenin and Prileshajeva with zinc dimethyl and lead tetraethyl agreed 
with our previous measurements, no bands but a continuous absorption 
in the ultra-violet being obtained. The bands obtained by them for 
mercury dimethyl at wave-lengths below 2100 A seemed to fall into line 
completely with bands reported by us (II) for mercury diethyl, which 
begin at 2300 A. The results of Asundi, Rao, and Samuel, however, for 
mercury dimethyl and mercury diethyl do not agree with either those of 
Terenin and Prileshajeva, or with our previous data. We have thought 
it possible that the differences might be due to the presence of impurity 
in the substances used, for it is now well known that minute traces of such 
impurity may often lead to serious error. In our previous paper (II) 
many independent reasons were given for our belief that the bands observed 
by us were not spurious. We have, however, subjected all the com¬ 
pounds used below to the most rigorous system of purification available, 
and where possible have used different samples of the same compound 
obtained from different sources. Moreover, in no case where bands were 

t Price, ‘ J. Chem. Phys.,’ vol. 3, p. 256 (1935); Price and Wood, ibid., p. 439; 
Noyes, Duncan, and Manning, ibid., vol. 2, p. 717 (1934); Henrici and Grieneisen, 
' Z. phys. Chem.,’ B. vol. 30, p. 1 (1935). 

t (I), • J. Chem. Soc.,’ p. 790 (1934); (11). ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 603 
(1935). 

§‘Acta Physicochim. U.S.S.R.,’ vol. 1, p. 759 (1935); ‘J. Chem. Phys.,* vol. 2, 
P- 441 (1934). 

II ‘ Proc. Ind. Acad, Sci.,’ vol. 1, p. 542 (1935). 
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observed could they be reasonably attributed to any likely impurity. 
Repetition of the previous work with such repurified products has now 
led to the conclusion that the results previously obtained by Tercnin, 
and by ourselves, were reliable, whilst those of Asundi, Rao, and Samuel 
were not. 

For this reason alone it is desirable to give an account of the results now 
available, but in addition it is now possible to coordinate many of the 
independent sets of data for the different substances. 

The only other investigations relevant to the present one relate to the 
methyl and ethyl halides, which give continua in the ultra-violet but 
bands below ca. 2100 A. The work of Herzberg and Scheibe,t of 
Henrici,J of Scheibe, Povenz, and Linstr6m,§ and of Scheibe and Grien- 
eisen,|| was referred to and discussed in the previous paper (II). Henrici 
and Grieneisen^l have recently extended the measurements on methyl 
iodide by studying the effect of temperature upon the absorption spectrum. 
The majority of the bands can be interpreted by assuming vibration 
frequencies in the ground state 525, ± 880, and 1237 cm*^, and in the 
excited state 508,1 780, 1090, and 1 1250. The ground state frequency 
1237 corresponds to 1090 in the excited state and is taken as being due 
to a parallel symmetrical deformation of the methyl radical. At higher 
temperatures peculiar splitting of several bands is noticed. Herzberg 
and Scheibe originally assumed that the electronic excitation occurs in 
the C—I link, but Herzberg and Teller** subsequently questioned this. 
One of us recently gave evidence (II) suggesting that after all the first 
hypothesis might be correct. Henrici and Grieneisen have now sum¬ 
marized other arguments in support of this. 

Experimental 

The apparatus for measuring the absorption spectra was essentially as 
previously described (II). The spectrograph used was a Hilger E315 
instrument. Some measurements were also made with a large quartz 
spectrograph, with Littrow mounting, giving a dispersion of ca. 3 A/mm 
at 2300 A. The absorption cells were usually cylindrical glass tubes 
5-100 cm in length with plane polished quartz ends cemented on. For 

t ‘ Z. phys. Chem.,’ B, vol. 7, p. 390 (1930). 

t ‘ Z. Phys.,’ vol. 77, p. 35 (I932>.. 

§ ‘ Z. phys. Chem.,’ B, vol. 20, p. 283 (1933). 

II * Z. phys. Chem.,’ B, vol. 25, p. 52 (1934). 

‘ Z. phys. Chem.,’ B, vol. 30, p. 1 (1935). 

** ’ Z. phys. Chem.,’ B, vol. 21, p. 410 (1933). 
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those experiments in which a higher temperature was necessary to give 
the requisite vapour pressure an all-quartz cell was used, wired, and heated 
electrically. In some experiments the vapour was allowed to flow con¬ 
tinuously through the tube. The continuous source was a hydrogen 
discharge tube. The plates used were Ilford Special Rapid, Ilford Pan¬ 
chromatic, and Eastman Kodak U.V. Sensitized. The last named were 
found particularly satisfactory in the region 2000-2400 A. 

The principal experimental difficulties involved the purification of the 
substances used. Zinc dimethyl, zinc diethyl, mercury dimethyl, mercury 
diethyl, and mercury dibutyl were Fraenkel and Landau products and 
were repeatedly fractionated in vacuo ; owing to their chemical nature, this 
was the only suitable method of purification. In some cases the purity 
was tested by measurement of the vapour pressure of the repurified 
product over a wide temperature range, the boiling point being thereby 
deduced. Repeated fractionation also failed to reveal any essential 
change in the main features of the spectra. 

Cadmium diethyl was prepared by the method of Krause.t Magnesium 
ethyl bromide was prepared by adding a mixture of redistilled ethyl 
bromide and ether to clean magnesium turnings immersed in dry ether; 
after completion of the reaction, dried finely powdered cadmium bromide 
was added gradually in an atmosphere of nitrogen. The bulk of the 
ether was then distilled off in nitrogen and the resulting mud distilled 
at a pressure of a few mm. The distillate was then fractionated at low 
pressure in nitrogen. The final product contained ether and was frac¬ 
tionated in vacuo. It appeared impossible to remove the last traces of 
ether, but the vapour pressure of the final product at room temperatures 
was only 3-4 mm. Since ether is known to absorb only feebly below 
ca. 2100 A, the bands described below for cadmium ethyl are in all prob¬ 
ability genuine; they fall, moreover, into line with those of the zinc and 
mercury compounds. When stored in vacuo in sealed tubes the cadmium 
ethyl slowly deposited a yellow precipitate. 

Cadmium dimethyl was prepared similarly by the method of Krause. 
The product was repeatedly fractionated in vacuo. The final sample had 
a vapour pressure of 13 mm at room temperature, and froze to a white 
crystalline solid just below 0" C. 

The tin tetramethyl was a Fraenkel and Landau product fractionated 
vacuo. The alkyl sulphides were supplied by British Drug Houses, 
Ltd., and were first refluxed for 8 hours with copper powder and then 
distilled off through a fractionating column. Final fractionation was 

t ‘ Her. deuts. chem. Ges.,’ vol. 50, p. 1813 (1917). 
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carried out in vacuo. The vapour pressure of each of these compounds 
was measured over a wide range of temperature, and the boiling points 
thereby deduced indicated their high degree of purity.t 


Results 

Table I shows the molecules which are most amenable to investigation 
in the present work, grouped according to their position in the Periodic 
Classification of the elements. 

Table I 
Group 

-- 


11 

Ill 

IV 

V 

VI 

VII 

Be(CH,). 

B(CH,), 

C(CH,)4 

N(CH,)3 

O(CHa), 

CKCHa) 

BetC.Hj), 

B(C,H0, 

Sn(CH,)« 

N(C,H.)3 

O(C,H0, 

Br(CH,) 

ZntCH,). 


Ge(CHs)4 

P(C.H,), 

S(CH,). 

KCH.) 

Zn(C,H4)j 


Pb(CH,)4 


S(C,H»), 

C1(C,H,) 

Cd(CH,), 


Pb(CaH«)« 


S(CH,)(C,H5) 

Br(C,H3) 

Cd(C,H.), 





KC.H.) 


Hg(CH,). 

Hg(CaHj), 

Hg(C4H,), 


Data are now available for all these compounds with the exception of 
the derivatives of beryllium and boron, the results for which will be 
reported later, with those for other alkyl compounds such as propyl 
derivatives. For the purpose of completeness in discussing the results, 
a summary of previous data will be given in cases where no new measure¬ 
ments are reported. 

(1) Zinc Dimethyl—-As previously described (I), there is continuous 
absorption at wave-lengths smaller than ca. 2600 A in agreement with the 
work of Terenin and Prileshajeva (loc. cit.), and of Duncan and Murray.^ 
In general the cut-off at the long wave limit is sharp, and markedly 
dependent upon pressure. A careful re-examination has failed to reveal 
the occurrence of any bands underlying the continuum over the range 
2000-2600 A. 

(2) Zinc Diethyl —At pressures 1-4 mm in columns up to 10 cm in 
length a system of diffuse bands is observed in the region 2450-2300 A. 
These have been described previously in I and II, and arc depicted in 

t Thompson and Linnett, ‘ Trans. Faraday Soc.,’ vol. 31, p. 1743 (1935). 
t ‘ J. Chcm. Phys.,’ vol. 2, p. 636 (1934). 
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( Faein\f p. 1 ll!) 






Thompson and Linnett 


Proc. Roy. Soc., A, voL 156, Plate 2 



Fcci. D—Zinc diethyl. 
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fig. \a. The main feature is the occurrence of marked pairs of bands 
which are not noticeably degraded in either direction. Two new points 
call for comment: {a) the peculiar groups of bands denoted in I as 
bxbJ}J)n and 01^203^4, and thought in II to consist of single bands b and 
f, showing alternating intensity, appear really each to consist of three 
close, narrow, diffuse, bands as first suggested in 1, i.e., bibj)^, etc.; 
(h) on some plates a very feeble narrow band can be noticed at 2409 A. 
The latter corresponds in position with the series 65C5 and d^, and will be 
denoted as a^. Its significance is discussed below. Table II gives the 
revised data. It seems desirable to avoid confusion by retaining the 
previous lettering of the bands. 

A continuum overlaps the bands at higher pressures to a long wave 
limit at ca. 2800 A. There may be bands at wave-lengths shorter than 
2200 A but in the presence of the continuum it has not so far been possible 
to develop them. 

Table II 


Band 

X 

V 

Band 

X 

V 


2451 

40800 

Cl 

2301 

43460 

a 

2423 

41271 

Cz 

2298 

43516 


2409 

41511 

c 3 

2295 

43573 

ai 

2397 

41719 

<^5 

2288 

43706 

a* 

2376 

42087 

Ti 

2278 

43898 


2360 

42373 

Ta 

2260 

44248 

h 

2357 

42427 

ch 

2246 

44524 


2354 

42481 

dz 

2243 

44583 

b. 

2346 

42626 

d. 

2240 

44643 

Pi 

2336 

42808 

db 

2234 

44763 

P* 

2316 

43178 


2225 

2207 

44944 

45310 


The band system can be interpreted satisfactorily by means of the 
scheme of energy levels of fig. 2, which is seen to differ in certain important 
features from that previously given (II). The differences concern the 
interpretation of the feebler bands. The bands Z>,, r-,, and di are now 
attributed to transitions from the 448 level of the ground state to levels 
of the upper state; b^, c^, and d^ to transitions from a level of 208 cm~i 
in the ground state to levels of the excited state; and b^-bi, cj-c3, d^-d^ 
to transitions from the ground state to split levels in the excited state 
involving a doublet vibration frequency of ca. 730 cm~^. The band 
appears feebler than would be expected from its analogues b^, Cj, and 
dj. The occurrence of certain likely transitions may be undetected due 
to superposition of bands of approximately equal frequency. Thus if 
transitions occurred from the 448 level of the ground state to the corre- 
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spending levels of the excited state, i.e., ca. 370, the bands would lie at 
approximately the same wave-length as the bands aj, pj, Yi. and Sj. 
Similarly transitions from the ground state level 208 to the corresponding 
(slightly diminished) level of the upper state might be too close to aj, 
p], etc. Examination under the high dispersion of the quartz Littrow 
spectrograph failed, however, to detect any indications of this. 

(3) Cadmium Dimethyl—lhe main feature is a continuous absorption 
stretching at higher pressures to ca. 2600 A and in general with a fairly 
sharp long wave cut-off depending markedly upon pressure.f 
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Fig. 2—Zinc diethyl. 


(4) Mercury Diethyl —The system of bands previously described (II) 
has now been found to extend further towards the ultra-violet. The 
arrangement and intensity distribution of the bands are somewhat 

t At lower pressures «" 1 mm) a system of bands has been observed with cadmium 
dimethyl identical with those described below for cadmium diethyl. It seems im¬ 
probable, both a priori and on the basis of the other results described in this paper, 
that the two compounds would have identical band systems. Although both com¬ 
pounds were prepared with extreme care and appeared to be pure, comparison with 
the other data suggests that the bands noticed with cadmium methyl were due to a 
trace of the diethyl compound. This may have originated from the presence of a 
little ethyl bromide in the methyl bromide used for the preparation. The matter 
tequires further examination. 
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different from those of the zinc diethyl bands, and are shown qualitatively 
in fig. Ic. The bands appear most favourably in columns of vapour 
5-12 cm in length at pressures 1-2 mm. All the bands degrade to 
the red, but this is most noticeable for the bands Ci, Cg, Cj, C 4 , C 5 . 
Some of the bands show traces of fine structure. 

The wave-lengths of the bands are given in Table III to ± 2 A. The 
high frequency edge of any band is taken at its origin. 


Table III 


Band 

X 

V 

Band 

X 

V 

a 

2390 

41841 


2197 

45517 

Ax 

2362 

42337 

B 4 

2180 

45872 

B. 

2343 

42680 

C 4 

2164 

46211 

Cx 

2324 

43029 

Aa 

2150 

46512 

A. 

2304 

43403 


2135 

46838 

B, 

2285 

43764 

Ca 

2120 

47170 

c. 

2268 

44092 




Aj 

2248 

44484 




B. 

2230 

44843 




c, 

2213 

45187 





At higher pressures a continuous absorption overlaps and submerges 
the bands to a long wave limit of ca. 2500 A. 

The band system can be satisfactorily interpreted by means of the 
scheme of energy levels shown in fig. 3. This is drawn partly on the basis 
of the intensity distribution and partly by analogy with the principal 
features of the zinc diethyl bands. 

The influence of temperature upon the bands has not yet been studied. 

Table IV 


Band 

X 

V 

Band 

X 

V 

a 

2318 

43141 

G 

2197 

45516 




H 

2180 

45872 

A 

2295 

43573 

1 

2167 

46147 

B 

2277 

43917 

J 

2151 

46490 

C 

2262 

44209 

K 

2136 

46816 

D 

2246 

44524 

L 

2122 

47125 

E 

2229 

44863 

M 

2108 

47438 

F 

2214 

45157 

N 

2094 

47756 


(5) Cadmium Diethyl—A system of bands (fig. \b) is observed from 
2300 A to shorter wave-lengths, overlapped by a continuum to ca. 3(XX) A, 
though this long wave limit is somewhat indefinite. The bands are 
diffuse, perhaps degraded to the red, but there is no noticeable systematic 
variation in intensity. The wave-lengths of the bands (± 2 A) are given 
in Table IV. 
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The bands can be interpreted satisfactorily by the scheme of energy 
levels of fig. 4. This is suggested by analogy with the zinc and mercury 
compounds. 

(6) Mercury Dimethyl —The spectruhi of this compound provided an 
unexpected complication. At extremely low pressures (5 cm column, 
pressure < 1 mm), a system of bands is noticed at wave-lengths shorter 
than ca. 2100 A, agreeing completely with the data of Terenin and 
Prileshajeva, but with the addition of a feebler band designated X in 
fig. \d at 2148 A. The bands degrade to the red. Owing to the limited 



range of our spectrograph, we have only been able to observe seven bands 
of the system, but it is certain that the series goes further into the region 
below 2000 A, as described by Terenin. The wave-lengths of the bands 
are given in Table V. 

This system of bands can be satisfactorily interpreted in terms of the 
scheme of energy levels shown in fig. 5. The arrangement is again drawn 
by analogy with the examples discussed above. 

At higher pressures a continuous absorption overlaps the bands to a 
fairly sharp long wave limit at 2550 A. 

The additional complication which now arises is that underlying the 
continuum is a quite definite but very feeble system of bands between 
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2175-2462 A. These bands were at first attributed to some unknown 
impurity but were not diminished in intensity by repeated fractionation 
in vacuo. They cannot be due to the presence of traces of mercury 
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Fig. 4—Cadmium diethyl. 
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Fig. 5—Mercury dimethyl. 


ethyl, since the four longest wave bands lie noticeably on the long wave 
side of the longest wave band ever observed with pure mercury diethyl. 
We are at present compelled to believe that the band system is attributable 
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to a second electronic transition in the mercury dimethyl molecule, and 
owing to the much lower extinction coefficient as compared with the 
system below 2100 A, this transition may be for some reason an improbable 


Band 

Table V. 

X 

V 

X (Tercnin) 

X 

2148 

46555 

— 

1 

2125 

47059 

2125 

2 

2108 

47438 

2109 

3 

2092 

47801 

2093 

4 

2078 

48123 

2078 

5 

2061 

48520 

2062 

6 

2049 

48804 

2047 


one. The wave-lengths of the bands are given in Table VI, and they are 
represented diagrammatically in fig. \d. The bands a~h are diffuse and 
may degrade to the ultra-violet. From i-n each band appears to split 
into three close strips. From o~r are four diffuse bands which appear to 
be degraded to the ultra-violet. 


Table VI 


Band 

X 

V 

Band 

X 

V 

a 

2462 

40617 

/ 

2307 

43345 

b 

2442 

40958 

J 

2288 

43706 

c 

2422 

41288 

k 


— 

d 

2403 

41615 

i 


— 

e 

2384 

41946 

m 

— 

— 

.f 

2366 

42265 

n 

— 



2346 

42626 

o 

2224 

44964 

h 

2326 

42992 

P 

2208 

45289 




(i 

2191 

45641 




r 

2175 

45977 

A more detailed analysis of this system 

under higher dispersion will 


have to be carried out before a detailed explanation is provided for it. 

(7) Mercury Dihutyl — Absorption is continuous from ca. 2400 A to 
shorter wave-lengths. The extinction coefficient must be much smaller 
than that of mercury diethyl; in order to observe the continuum between 
2000-2400 A it is necessary to use a column ca. 50 cm in length with 
pressure ca. 30 mm. 
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(8) Carbon Tetramethyl (Neopentane)—From the results of Scheibe 
and Grieneisen {he. cit.) and of Carr and Stiicklen.t it is certain that this 
substance will not absorb in the ultra-violet region. 

(9) Tin Tetramethyl —This substance absorbs continuously from a long 
wave limit at ca. 2200 A. 

(10) Germanium Tetramethyl—Absorption is continuous from a long 
wave limit at ca. 2330 A. 

(11) Lead Tetramethyl —According to Duncan and Murray {he. cit.), 
there is continuous absorption from a limit at ca. 2330 A. 

(12) Lead Tetraethyl —Using low pressures and extrapolating for 
higher ones, absorption is continuous from a long wave limit at ca. 2350 A. 
Terenin and Prileshajeva give the limit as 2650 A. 

(13) Nitrogen Trimethyl —There is continuous absorption from ca. 
2600 A. 

(14) Nitrogen Triethyl —There is continuous absorption from ca. 
2700 A. 

(15) Phosphorus Triethyl —Continuous absorption occurs from ca. 
2500 A. 

(16, 17) Oxygen Dimethyl and Oxygen Diethyl —^There is a feeble 
continuous absorption from ca. 2300 A. 


Table VII 


Band 

X 

V 

Band 

X 

V 

a 

2291 

43649 

H 

(?) 2159 

45977 

A 

2278 

4389« 

A' 

2142 

46685 

B 

2263 

44189 

W 

2127 

46985 

C 

2241 

44623 

a 

2110 

47395 

D 

2223 

44984 




E 

2206 

45331 




F 

2190 

45662 




G 

2175 

45977 





(18) Sulphur Dimethyl-~Wi\h absorbing columns ca. 10 cm in length 
and pressures of vapour ca. 3 mm, a system of bands appears beginning 
at ca. 2300 A. Twelve bands have so far been observed, as depicted 
in fig. le. The wave-lengths are given in Table VII. 

The bands degrade to the red, are diffuse, but often have the appearance 
of two close diffuse lines, and occasionally show traces of fine structure 
near the heads. The most striking interval is A-A', in magnitude 2787 

t 'Z. phys. Chem.,’ B, vol. 25, p. 57 (1934). 
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cm**; and A-D, ca. 1086 is also prominent. Otherwise the arrangement 
of the bands into a scheme of energy levels is not obvious. That shown 
in fig. 6 is only intended as a guide to possible vibration levels. 

At higher pressures a continuum overlaps the bands from a long wave 
limit at ca. 2450 A. 

(19) Sulphur Methyl Diffuse bands which degrade to the red 

are obtained as shown in fig. 1/ and listed in Table VIII. The main 
bands A and A' are similar to the main bands of dimethyl sulphide 
already discussed. Between 2240 and 2140 A, however, there is an un¬ 
resolved continuum with maximum at ca. 2215 A. The position of this 



maximum corresponds roughly with that of the D band of dimethyl 
sulphide, and Ijes ca. 1200 cm“* from the first main band A. 


Table VIII 


Band X v 

A 2278 43898 

B 2262 44209 

C 2242 44603 

A' 2142 46685 


A scheme of energy levels expressing these results is given in fig. 7, At 
higher pressures a continuum extends to higher frequencies from ca. 
2400 A. 

(22) Sulphur D/etAy/—Previous measurements with this substance 
(11) showed a band at 2290 A with overlapping continuum. This 
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result (with slight correction of the wave-length) has now been confirmed 
and with lower pressures (1 mm in columns of about 10 cm) a very feeble 
second band has been found at 2278 A. On the short wave side of 
2278 A is a narrow continuum with maximum at ca. 2200 A. At higher 
pressures continuous absorption extends to ca. 2400 A. 

(23) Alkyl Halides —Reference need only be made to the extensive 
studies mentioned above. 


Discussion 

It is convenient to divide the discussion of the above data into two 
sections (1) dealing with the band systems, (2) dealing with the continua. 


1 —Bands 

The most striking general consideration is that the only molecules 
which give bands in the region ^000-7000 A are the alkyl derivatives of 
elements of Groups II and VI, i.e., in cases where two radicals are attached 
to the central atom. 

The most important matters for consideration are the following: (i) the 
position, magnitude, and nature of the electronic excitation; (ii) the types 
of vibration involved in the excitations; (iii) the existence, or not, of 
rotational fine structure; (iv) the reflexion of symmetry properties of the 
individual molecules in their spectra; (v) the validity of the general 
selection rules for vibration transitions deduced by Herzberg and Teller. 

For reasons which will become obvious later, it is easiest first to consider 
the bands of zinc diethyl, cadmium diethyl, and mercury diethyl. These 
would be expected a priori to show some similarity, as they do in fact. 

First, the electronic excitation energy does not vary uniformly from 
the zinc to mercury compounds, the latter being apparently anomalous, and 
requiring less energy of excitation than would be expected. Difierences 
in chemical properties, such as stability and oxidizability, between the 
mercury alkyls and those of zinc and cadmium are well known. The 
anomalous nature of the vibration frequencies of mercury alkyls was 
previously referred to (II), and has since been mentioned by Gopala Pai.f 

It was previously supposed that the electronic excitation occurs in 
the metal-C linkages and not in the alkyl radicals; this view is still held. 
Many molecules containing methyl or ethyl radicals are now known 
which do not absorb in this region, and in the present case there is no 
indication of the excitation of C-H valency vibrations. It is peculiar that 
zinc dimethyl and probably cadmium dimethyl give no bands in this 

t ‘ Proc. Roy. Soc.,* A, vol. 149, p. 33 (1935). 
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region. / 50 -electronic triatomic molecules would be ZnClj, CdCl 2 , and 
HgCIa- Bands attributable to ZnCl, and HgCl have been examined by 
Wieland,t and show some similarity in type and position with the present 
ones, but the similarity is not pronounced. 

The vibration frequencies suggested by the above schemes for inter¬ 
preting the various transitions for the several substances are given in 
Table IX. 

Table IX 

Frequencies, cm found “Assumed” 

Molecule .-s ground state Strongest Raman 

Ground Excited frequencies frequencies 

state state 


Zn(C 2115)2 

210 450 

370 ' 

760 

700 

11080 

210 4501 

900 1 
950 i 

1200 

(176! 

( 255 ) 

4761 

990 

175 

2879 

Cd(C,1)5)2 

432 

340 

635 

960 

430 

800 

1100 






Hi!(C 2 H 5 ), 

496 

350 

690 

1050 

500 

900 

1200 

(212) 

(2591 

486’ 

1 

1 1008) 
il055) 

178 

2896 


It is probable that the 450 frequency of the ground state of zinc diethyl 
has become 370 in the excited state; in the same way for cadmium diethyl 
432 - ► 340, and for mercury diethyl 496 350. This presumably implies 

a diminished binding in the excited state, and on this basis it is reasonable 
to “ assume ” the rough values which each of the several vibrations might 
be expected to have in the ground state. These are also shown in Table 
IX, the values given being chosen partly on the basis of the alteration of 
frequency observed and partly by analogy with other known cases of a 
similar nature. 

The Raman frequencies of zinc diethyl and mercury diethyl have been 
determined by Venkateswaran, and by Gopala Pai (loc. cit.), the most 
intense are given in Table IX. Infra-red data do not exist. The close 
agreement with the values deduced from the present measurements is at 
once obvious. 

It is next necessary to identify the various Raman frequencies with the 
particular normal vibrations of the molecules. From the measurements 
of Bartholom6t and of Sho-Chow Woo and Chu§ on diacetylene 
(H-C=C-C=C-H) and cyanogen (N=C-C=N) it can be seen that 
a close parallelism exists between the normal vibrations of these two 
wo-electronic molecules. It seems, therefore, that under such circumstances 

t ‘ Helv. phys. Acta.,’ vol. 2, p. 46 (1929); ‘ Z. Phys.,’ vol. 77, p. 157 (1932). 

t * Z. phys. Chem.,’ B, vol. 23, p. 152 (1933). 

§ • J. Chem. Phys.,’ vol. 3, p. 541 (1935). 
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it may be reasonable as a first approximation to regard C—H as a nitrogen 
atom. It may, therefore, be fair to regard the CH 3 radical as a F atom, 
when attached to zinc as in Zn(CH 3 ) 2 . This simplification would reduce 
the complex polyatomic molecule to a triatomic one, having either a 
linear or isosceles triangular structure. To a less degree, but also as a 
first approximation, it may be considered reasonable to regard the ethyl 
radical as similar to a chlorine atom, and ZnfCaHglj as similar to ZnClj. 

A triatomic molecule of the type ABj, whether linear or triangular, 
possesses three normal vibrations, illustrated in fig. 8 . 




Fig. 8. 


The data for a few typical linear and triangular molecules are sum¬ 
marized in Table X, the frequencies being collected together from Raman 
and infra-red measurements. 

Table X 


Linear 


Triangular .... 



Vl 

V2 

va 

f oco 

1340 

2350 

667 

i scs 

700 

1523 

397 

1 HOH 

3600 

3756 

1595 

1 HSH 

2615 

2630 

1200 

; ONO 

1370 

1620 

640 

oao 

950 

1109 

529 

■ oso 

1152 

1361 

524 


The relative values of the three frequencies appear to be roughly 
2:4:1 with linear molecules, and 2:2:1 with triangular ones. 

The most intense Raman frequencies of zinc dimethyl are 144, 505, 
620, 1159, and 2897, From their magnitude, the fact that they appear 
strongly in other molecules containing methyl or ethyl groups, and a 
variety of other considerations, it has generally been assumed that the 
1159 and 2897 vibrations correspond respectively to a symmetrical 
deformation of the CH 3 group, and a C—H valency vibration. 144,404, 
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and 620 therefore remain for the vibrations involving the Zn—C linkages. 
By analogy with the results given in Table X, it is natural to assume that 
the molecule has a somewhat triangular structure, with = 505, 
Vj = 620, and vg = 144. According to Gopala Pai (loc. cit.), calculation 
of the apex angle by the method of Dennisonf gives a ~ 136°. Similarly 
the strong Raman frequencies of mercury dimethyl are 156, 515, 700, 
1182, and 2910; the last two are connected with the methyl groups and the 
molecule is triangular with — 515, v* = 700, v, ~ 156. With zinc 
diethyl and mercury diethyl an unexpected difference occurs. The most 
important fundamental frequencies are given in Table IX. It is seen that 
whilst the two alkyl group vibrations remain almost as before, vj and vj 
are split twofold, and Vj: V 2 ; V 3 is more closely agreeing with molecules 
of a linear form. This is a matter for further study, but it may be remarked 
that other evidence has-suggested that mercury compounds of the type 
HgAa have a very flexible linear structure which might become effectively 
triangular in properties.t The dipole moment of mercury ethyl is small 
but definite.§ 

Raman and infra-red data do not exist for the corresponding com¬ 
pounds of cadmium, but it is certain that whatever the relative magnitudes 
of the frequencies and inferences as to linear or triangular structures, vj, 
vj, and V 3 will be interpreted in the same way as above and will have 
values of the same order as those of the zinc and mercury derivatives. 

By comparison with the results given in Table IX, it is at once clear that 
the “ assumed ” ground state frequencies determined from the ultra¬ 
violet absorption spectra fall into line with the Raman frequencies. 
Moreover, it is seen that the most strongly excited vibrations are totally 
symmetric, agreeing with the rules of Herzberg and Teller. For zinc 
diethyl these are ~ 450, the symmetrical valency vibration, and 1200, 

the deformation vibration of the methyl group —Zn-*-C~f-H. The split 

level 900/950 also agrees with the split Raman frequency. 

Similarly with mercury diethyl the most intense transitions involve the 
excitation of Vj == 500, and the symmetrical deformation of the methyl 
radical. The schemes of energy levels suggested for the several com¬ 
pounds also suggest the existence of restrictions in the possible alterations 
of the quantum numbers of the various vibrations, but as the schemes are 

t ‘ Phil. Mag.,’ vol. 1, p. 195 (1926). 
t Hampson, ‘ Trans. Faraday Soc.,’ vol. 30, p. 877 (1934), 

§ Bergmann, ‘ Z. phys. Chem.,’ B, vol. 19, p. 401 (1933). 
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tentative in nature, it may be unwise to stress this point. One other fact 
may be important, namely, that the bands corresponding to the excitation 
of the non-symmetrical vibrations, e.g., for mercury diethyl vj = 900, 
are rather broader than the rest. 

The bands of mercury dimethyl require special consideration. The main 
system stretches from 2150 A to shorter wave-lengths, and can be inter¬ 
preted by the scheme of fig. 5, with 540, 380*, 700*^, and 1060*, as the 
frequencies. Terenin’s values would be about 340*, 700*, and 1070*. 
The “ assumed ” ground state frequencies would then be approximately 
Vj = 500, vj 800, ^(CHs) " 1200. The corresponding Raman fre¬ 
quencies are 515, 700, and 1182; and similar arguments apply as for the 
ethyl compounds above. The band system at longer wave-lengths is not 
so easily explained. Its intensity is much smaller than that of the former 
system, and there is no noticeable variation of intensity amongst the 
bands to suggest a vibration level scheme. The bands are at first about 
350 cm~^ apart, i.e., not unlike the main system, but between 2300 and 
2200 A each band appears to split into three diffuse lines. It may be 
that the feebler intensity of this system as compared with that below 
2150 A implies a transition between states of different multiplicity, e.g., 
®B, but this is a matter for further examination. 

The interpretation of the alkyl sulphide spectra is less clear. With 
sulphur dimethyl and sulphur methyl ethyl the main interval is 2787 cm 
which immediately suggests a C—H valency vibration in the excited state 
corresponding to one or other of the Raman frequencies 2920, 3000, 
probably the latter. In this case the electronic excitation would have to 
occur in a C—H linkage (or methyl radical). This difference from the 
analogous molecules already discussed is surprising. An alternative is 
that 2787 is the difference between two close electronic levels of the C—S 
link. This appears rather unlikely, but a very similar interpretation was 
originally used by Herzberg and ^heibe (loc. cit.) for the methyl halide 
bands. Reasons were given previously (II) why the electronic excitation 
may occur in the C—S link. 

With dimethyl sulphide another relatively prominent interval is 1086 
in the excited state. This agrees with the symmetrical deformation of tfae 
methyl radical. The remaining two possible frequencies are approxi¬ 
mately 300* and 700*. The latter might correspond to the Raman 
frequency 693. With methyl ethyl sulphide possible frequencies are 
311* and 705*. The Raman spectrum is very complicated. 

With diethyl sulphide the significance of the interval 248 between the 
only two bands observed is not clear. The exactly similar region of 

* Means in the excited state. 
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absorption (in particular with reference to the main bands of dimethyl 
sulphide and methyl ethyl sulphide) suggests that with these two com¬ 
pounds the electronic jump occurs in the same place. The bands observed 
with this substance are not incompatible with the work of Price,t who 
used lower dispersion, and higher pressures with longer columns. 


2 —Continua 

The long wave-length limits of the continua observed with the different 
substances are given in Table XI. 


Table XI 


Substance 

Limit A 

Substance 

Limit A 

Substance 

Limit A 

Zn(CH,)a 

2600 

SntCH,)* 

2200 

OtCH,), 

-2300 

Zn(C jH ,)2 

2800 

Ge(CH ,)4 

2330 

CMC.H,). 

-2300 

CdtCH,)* 

2600 

PWCH,)* 

2330 

StCH,)* 

2450 

CcKCjH^), 

3000 

Pb(C,H,). 

2350 

S(C.H,)2 

2400 

Hg(CH,)2 

2550 

NfCH,), 

2600 

S(CH,)(C,H,) 

2400 

Hg(C,H,), 

2500 

N(C.H,), 

2700 

CICH, 

1900 

Hg(C,H,)2 

2400 

PtC^Ha), 

2500 

BrCH, 

2350 


ICH, 2750 


The values given are obtained by extrapolation from the data using 
pressures in general up to ca. 1 atmosphere, but occasionally much less 
than this. It is almost certain that at higher pressures the limits given 
in Table XI will shift somewhat further towards longer wave-lengths, 
and the values given must therefore be taken as only approximate. With 
the exception of the alkyl halides the continua show no apparent maxima 
over the region studied, the extinction coefficient increasing uniformly, 
and in general rapidly, towards higher frequencies. With zinc, cadmium, 
and mercury alkyls the continuum overlaps and extends well to the long 
wave side of the band systems. With the alkyl sulphides the continua 
do not extend much to the long wave side of the first band. 

The main matters for discussion are: (1) the variation of extinction 
coefficient with wave-length; (2) the correlation of the continuous absorp- 
liotf with a process of dissociation; (3) the nature of the products of such 
a dissociation; (4) the energy of the various disrupted linkages; (5) the 
relation between the potential energy curves of the several electronic 
states as a means of interpreting the continuous absorption or diffuse 
nature of the bands. 

With the zinc, cadmium, and mercury compounds, the “cut-off” 


t' J. Chem. Phys.,’ voJ. 3, p. 256 (1935). 
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from feeble to complete absorption is rapid, and its position markedly 
dependent upon pressure. The absorption also covers a wide region. 
These facts suggest that the upper repulsion potential energy curve is 
steep. With the derivatives of nitrogen, phosphorus, and oxygen, the 
extinction coefficient varies less rapidly with wave-length. 

In the irradiation of metal alkyl vapours with the light of a mercury 
lamp, metal deposits are rapidly formed, indicating that the photochemical 
decompositions yield metal and one or more hydrocarbons. In the 
case of molecules which contain two or more alkyl groups in the molecule, 
the question arises whether one only, or more than one simultaneously, 
of the alkyl groups split off in the primary act. The work of Terenin 
and Prileshajevat with mercury dimethyl seems to establish that this 
substance decomposes according to 

Hg(CH3)2 - HgICHa) + CHa 

one or both of the products being excited to an unknown extent. In a 
previous paper (I) an estimate of this energy of excitation was made and 
the approximate value of the linkage energy Zn—C given as ca. 60 k cals. 
By observing the fluorescence of the mercury methyl halides in the far 
ultra-violet, leading to the process 

HgCHal Hgl* + CHa. 

Terenin now gives the energy of the Hg—C link as ca. 70 k cals. 

The possibility of two radicals simultaneously splitting off must not, 
however, be forgotten. Terenint has shown that this can be detected in 
the irradiation of stannic iodide vapour at very low pressures, luminescence 
of iodine molecules produced in the dissociation being observed: 

Snl4 + h\ Snia + It*. 

The photochemical decomposition of the above substances is being 
studied. With mixed alkyl derivatives, e.g., CHj—S—CjHs, the products 
of decomposition may also be a guide to the primary process. 

For a given type of compound, e.g., the diethyl derivatives, the long 
wave limits appear to move slightly to longer wave-lengths as the mass of 
the central atom increases. This may indicate a weakening of binding. 
The mercury compounds are anomalous in this respect. 

The diffuseness of the bands cannot be unambiguously ascribed to 
predissociation. With the zinc, cadmium, and mercury derivatives this 

t ‘ Trans. Faraday Soc.,’ vol. 31, p. 1483 (1935). 
t ‘ C.R. Acad. Sci. U.S.S.R..’ vol. 1, p. 482 (1935). 
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seems likely, the potential energy curves intersecting in the manner 
already discussed (I). With the sulphur compounds the main bands have 
a sharp appearance at the head, and may be simply unresolved. On the 
other hand, comparison of the band systems of dimethyl sulphide and 
methyl ethyl sulphide suggests that when the vibrations found in the 
former are induced in the tatter easy dissociation occurs, giving rise to 
the small continuum with maximum as described above. 

In some of the examples studied a feeble continuum appears to underlie 
the bands at all pressures. This is a phenomenon of increasing occurrence 
with polyatomic molecules, and in some cases, as for example with alde¬ 
hydes and ketones, has led to the postulation of two independent but close 
electronic excited states.f This is a matter requiring further investiga¬ 
tion; the relative transition probabilities from the ground state to the 
different excited levels may be widely different so that bands may be 
masked by continua. 

We thank the Department of Scientific and Industrial Research for a 
grant to one of us (J. W. L.), and also the Government Grant Committee 
of the Royal Society for assistance in the purchase of apparatus. 


Summary 

The ultra-violet absorption spectra of a series of polyatomic molecules 
containing alkyl radicals have been measured. In all cases molecules 
have been chosen in which all the valencies of a given element are used 
for union with an alkyl radical. Whilst the majority of such compounds 
show continuous absorption in the region studied, band systems have 
been observed with the ethyl derivatives of zinc, cadmium, and mercury, 
and with the thioethers. 

An analysis of the band systems has been made with the help of intensity 
variations, the differences in appearance of individual bands, and known 
Raman frequencies. The hypotheses constructed in explanation are in 
good accordance with the general theory of normal vibrations of mole¬ 
cules of the type studied, and with current theories regarding their ease 
of excitation. 

The significance of the various continua from a photochemical aspect 
have been discussed, and estimates of energies of linkage made. 

t C/. Bowen, * Ann. Rep. Chem. Soc.,’ p. 47 (1934). 
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The Dielectric Coefficients of Gases 
111—Allene, Allylene, Butanes, Butylenes, Cyanogen, 
and Hydrogen Cyanide 

By H. E. Watson, D.Sc., and K. L. Ramaswamy, M.Sc. 

IV—Fluorides of Boron, Nitrogen, and Carbon 

By H. E. Watson, D.Sc., G. P. Kane, B.Sc., and K. L. Ramaswamy, M.Sc., 
Indian Institute of Science, Bangalore 

{Communicated by F. G. Donnan, F.R.S.—Received 5 February, 1936) 

Measurements of dielectric coefficient similar to those recorded in Parts 
1 and II* have now been made for the gases allene CHj—C—CHg, 
allylene CH 3 —C=CH, n~ and wo-butane, a-, and wo-butylene, cyano¬ 
gen, hydrogen cyanide, boron trifluoridc, nitrogen trifluoride, and carbon 
tetrafluoride, using the same apparatus as before. Owing to the stability 
and the ease of working with the parallel condenser described in Part 11, 
this was employed exclusively, the condenser G 4 being used to contain 
the gases. 

Of these, allylene, Iso-butylene, and hydrogen cyanide have appreciable 
moments, while a-butylene, nitrogen trifluoridc, and possibly allene appear 
to be very slightly polar. The other gases are electrically neutral, p- 
butylene is of interest since it affords a rather rare example of a gas 
exhibiting cis-trans isomerism. Unfortunately, the raw material required 
for making the cis form could not be obtained while the experiments 
were in progress, so that the measurements have had to be deferred. 

Experimental 

A slight modifleation had to be made in the apparatus, as several of 
the compounds are attacked by phosphorus pentoxide; the drying tube 
containing this substance was consequently by-passed, an arrangement of 
taps allowing gas to pass through it if required. In consequence, even 
greater care than before had to be exercised to avoid traces of moisture 
in the apparatus. Additional difficulties arose from the tendency of some 
of the gases to polymerize and from their solution in the tap grease, 
which made it necessary to remove and re-grease all the taps and wash 

• ‘ Proc. Roy. Soc.,’ A, vol. 132, p. 569 (1931); vol. 143, p. 558 (1934). 
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out the apparatus 10 to 20 times with dry air before repeating a measure¬ 
ment or examining another gas. 

Owing to the high boiling points of many of the gases employed, 
measurements could not be made at low temperatures and consequently 
series of readings were taken at about 95° C. For this purpose, steam was 
passed through a pyrex spiral, immersed in the oil bath containing the 
condenser. The oil was stirred during heating and equiliMum was 
reached after two or three hours, the variation in temperature from top to 
bottom of the condenser being negligible. The actual temperature was 
measured with a carefully standardized thermometer. The dielectric 
coefficients of carbon dioxide and methane were measured at 25° and 
95° C and the values 904 0 and 904-7, and 805-0 and 807-5 obtained as 
the means of 50 concordant measurements with the former gas and 25 
with the latter. Since it is unlikely that either gas has a moment, it is 
probable that the difference is due to a change in the stray capacities, and 
consequently a correction of 1 part in 900 has been applied to all deter¬ 
minations made at 95° C. It may be noted that the figures 904 and 805 
measured at the end of this series of experiments are higher by 3 and 4 
units than those given in Part II. This may be due to an unnoticed change 
in calibration, but more probably arises from traces of moisture, since 
the phosphorus pentoxide tube was disconnected. A later series with 
very carefully purified and dried carbon dioxide gave the value 901 - 5, 
agreeing almost exactly with the older value. 

The gases used in the present series of experiments differ from those 
previously examined in that they have not been often used and data 
regarding the physical properties of carefully purified specimens are 
scanty. The vapour pressures and critical temperatures of the unsaturated 
hydrocarbons have been measured comparatively recently by Maass and 
Wright,* Livingston and Heisig.t and Coffin and Maass,t and serve as a 
guide, but it was found that additional information was desirable to assist 
in following the course of the fractionations. It was consequently decided 
to measure the densities, and this was conveniently done by means of a 
quartz microbalance. This had been made for another purpose but, as it 
has not been described previously, a brief outline of its construction and 
use may not be out of place. 

The balance itself, shown in elevation in fig. 1, was based on the one 
described by Aston,§ but, instead of resting on a knife edge, it was sus- 

* ‘ J. Amer. Chem, Soc.,’ vol. 43, p. 1098 (1921). 

t Ibid., vol. 52, p. 2409 (1930). 

t Ibid., vol. 50, p. 1431 (1928) and ‘ Trans. Roy. Soc. Canada,' vol. 21, p. 33 (1927). 

§ ‘ Proc. Roy. Soc.,' A, vol. 89. p. 440 (1914). 
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pended from a T-shaped support, B, by fine fibres, as suggested by 
Whytlaw-Gray.* These fibres were drawn from a short cross-piece at A 
and attached to the two arms of B. As results of the highest precision 
were not required, the bulb was not hung from a fibre and there was no 
compensation for adsorption. The bulb itself was comparatively small, 
17 mm in diameter, and the whole balance was inserted in a T-shaped 
groove cut in a solid copper block which fitted it as closely as possible. 
Another block of copper ground to fit the first served as a lid, and the 
two were cemented together with vacuum wax. 



The ends of the balance and support were drawn out, bent upwards, and 
passed through a small hole in the lid. They were covered with a small 
glass dome, through which the extreme points, E, could be observed 
by means of a microscope. C was a ring which restricted the movement 
to about 1 mm, and D a quartz rider sprung on to the 4 mm rod which 
balanced the bulb. To ensure rigidity, this was pressed against two small 
projections at the side of the rod. The rider could be changed by removing 
the copper plug, F, and thus the range of the balance could be altered. 
The whole case was placed in an outer box of thick insulating material, 
and, owing to the large mass of copper, temperature changes were very 
slow. To minimize them, the apparatus was bought to room temperature 


• Ibid., vol. 134, P. 7 (1931). 
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before starting an experiment, by means of a small electric heater. The 
temperature was measured by four insulated thermocouples in series, 
cemented into holes in the copper, alternate junctions being attached to 
the bulb of a Beckmann thermometer in an oil bath at room temperature. 
The difference in temperature between the box and thermometer, which 
was always less than 0 -5°, was read to 0-01 “ by means of a galvanometer. 
The actual temperature was determined by comparing the Beckmann 
thermometer with a standard, but this value was not required with very 
great accuracy since the density of the gas was always compared with that 
of oxygen at a similar temperature. 

The balance case as originally constructed held only 3 cc of gas, but 
it was found that, on insertion, the balance, which was quite stable in air, 
became unstable. This was attributed to the effect of electrostatic 
attraction, but, while investigating the matter, the fibres were broken. 
The space surrounding the bulb was then slightly enlarged, the fine 
capillary through which gas was admitted was replaced by one of wider 
bore and a small quantity of pitchblende was put into the case. New 
fibres were fitted and the balance adjusted in air. After sealing up and 
evacuating, it again became unstable but, on removing the cover, it at 
once resumed the normal condition. The lid was then replaced in 
position without melting the wax joint and this produced no effect, but, 
on melting the wax, connecting to the apparatus and evacuating, instability 
again resulted. After standing overnight, the balance could be used but 
was unstable at one end of the scale. Shortly afterwards, the heater was 
left on accidentally, raising the temperature to about 45° C, and complete 
instability resulted. All attempts to remove this state of affairs, including 
the admission of undried air, were unsuccessful, until 4 days later the 
balance was filled with boron trifluoride. Normal stability was regained 
and no further trouble was experienced. These results indicate clearly 
that electrostatic effects may be very serious with a balance of this type, 
and that for work of high precision it is undesirable to use too small a 
case. On the other hand, once the trouble was overcome, no further 
irregularities could be attributed to this effect and concordant measure¬ 
ments were possible to at least 1 part in 1000. 

The period of the balance was 20 seconds, and one scale division in 
the eyepiece of the microscope corresponded to a pressure change of 
O'l mm of oxygen, so that readings could be readily taken to 0-02 mm. 
Pressures were read on a 12-mm bore manometer attached to a diamond 
ruled Sociit6 Genevoise scale, which had been calibrated throughout and 
found accurate to less than O-Ol mm, using a telescope and micrometer 
eyepiece. For the present experiments, a water jacket was unnecessary 
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and the manometer was enclosed in a box. Measurements were ordinarily 
made in the afternoon when the room temperature was constant. 

To conduct an experiment, the mercury was lowered below the junction 
of the two manometer tubes and the whole apparatus evacuated. The 
mercury was then raised and a small quantity of gas admitted through 
the tap, Ti, by means of the syphon. The gas was then let into the 
balance and again removed by lowering the mercury to the point P. By 
suitably manipulating the tap, the apparatus could be used as a pump and 
the gas expelled without admitting it to the other limb of the manometer. 
A further volume of gas was then admitted and let into the balance and 
the volume adjusted until the pressure was just sufficient to bring the 
distance between the points at E to a predetermined value. If necessary, 
a quantity of the gas could be condensed in the small side bulb and 
successive fractions let into the apparatus and measured. Owing to the 
small volume of the balance case, it could be rapidly evacuated and each 
reading occupied only 10-15 minutes. At the conclusion of each set of 
experiments, the apparatus was washed out with pure oxygen, refilled, and 
the balancing pressure for this gas determined. With the rider ordinarily 
used, this was 620 mm at 25°. The molecular weight of the gas was 
calculated from the ratios of balancing pressures for the gas and oxygen, 
after applying compressibility corrections. 


Preparation of Gases 

n-Butane was prepared by dropping «-valeronitriIe, b.p. 133-135° C, on 
to sodium wire in an evacuated flask. The reaction was slow at first but 
violent on slight warming. A trace of air was removed from the crude 
gas by condensing it at —125° C and evacuating, the vapour pressure at 
this temperature being inappreciable. On raising the temperature to 
—80° C, the gas distilled almost completely at 8 • 5 mm pressure. A small 
quantity of bromine was added to remove unsaturated compounds, 
excess being inadmissible as the butane itself was attacked, and the gas 
condensed and again fractionated. Seven successive fractions all had 
the same refractive index to 1 part in 1000 when measured by white light. 
After some preliminary measurements, the gas was again fractionated at 
—33° C and passed several times over phosphorus pentoxide. Mol wt. 
from density 58 •09, calc 58-08. 

i%o-Butane was prepared in a similar manner to the above from wo- 
valeryl nitrile, b.p. 121-123° C. After bromine treatment, it boiled 
steadily at 16 mm at —80° C. Six successive fractions had the same 



Dielectric Coefficients of Gases 


135 


refractive index. Mol wt. from density, 57-90 measured at 25” C and 
assuming compressibility 0 030. The latter figure is somewhat uncertain, 
but the error in compressibility does not seem sufficient to account for the 
low density value. 

n-Butyl iodide, b.p. 126-5“ C (10 cc), was warmed with 
alcoholic potassium hydroxide to 70-80° C in a flask nearly filled by the 
mixture (r/. Coffin and Maass,* who state that this method yields a very 
pure product). The gas was collected over water, condensed in liquid 
air, and the temperature raised until the pressure reached 35 mm, when 
the gas was pumped off. Phosphorus pentoxide could not be used for 
drying this or the other unsaturated compounds examined. After a 
preliminary fractionation at 50 mm pressure, the gas was redistilled at 
—80" and four middle fractions, all boiling at 10-0 mm and with the 
same refractive index, were obtained. Mol wt. from density 56-01, 
calc 56 -06. After measuring the dielectric coefficient and refractive 
index, the gas was refractionated. The former quantity was unchanged 
but the latter was found to have fallen by 1 part in 500. 

\$o-Butylene —This gas was prepared in a similar manner to the last, 
using wo-butyl iodide, b.p. 116° C, instead of the normal iodide {cf. Nef,t 
who states that the yield is quantitative with no trace of ethers). The 
vapour pressure at —80° C was 9-5 mm, and the refractive index of six 
consecutive fractions was the same. Mol wt. 56-02, calc 56-06. On 
refractionating three weeks later, there was a small residue, indicating 
perhaps some polymerization; the dielectric coefficient after this treatment 
fell a little and the refractive index rose by 1 part in 600. 

^•Butylene —Secondary butyl iodide, on warming with concentrated 
alcoholic potassium hydroxide solution, gave a large yield of gas which 
had a vapour pressure of about 3-5 mm, at —80° C. This method of 
preparation was given by Lieben,t and the purity of the product has 
not been examined by modern methods. As it was intended to prepare 
the cis and trans forms of the gas separately, this preparation, which 
might have been a mixture possibly contaminated with a-butylcne, was 
not dealt with exhaustively. It was distilled at about —34° C, the vapour 
pressure of 11 fractions falling from 152 to 140 mm. In spite of this, the 
7 central fractions had the same refractive index. The density was not 
determined. 

• ‘ J. Amer. Chem. Soc.,’ vol. 50. p. 1431 (1928). 

t ‘ Liebig’s Ann.,’ vol. 309, p. 136 (1900). 

: Ibid., vol. 150, p. 108 (1869). 
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Allylene (methyl acetylene) was made by heating p-dichlorpropane with 
alcoholic potassium hydroxide in a copper bomb for two hours.* The 
gas dissolved in the alcohol on cooling, but was liberated by warming and 
collected over water. The product after preliminary fractionation was 
not homogeneous, three middle fractions varying by 1 • 7% in refractive 
index. A further fractionation gave a gas boiling from 26 to 25 mm at 
- 80" C, and this was used for the measurements, as it appeared likely 
tliat it would be exceedingly difficult to obtain the gas in substantially 
pure condition. The molecular weight was 40-7 (calc 30-03), showing 
the presence of a very appreciable amount of substances of higher density. 
Maass and Wrightt measured the vapour pressure of allylene at four 
temperatures, and extrapolation to --80° C gives the value 47 mm, but 
no gas obtained in the present experiments had so large a vapour pressure. 

AUene —^An attempt to prepare this gas by Gustavson and Demjanew’s 
method,^ dropping 2-3 dibrompropene, b.p. 77-5-78-5“ C/57 mm, on to 
zinc dust suspended in 70% alcohol, gave a large quantity of gas which 
was evidently not pure. After several fractionations, the molecular 
weight was 41-5 and the dielectric coefficient and refractive index were 
very close to those of propylene. A second preparation, from which a 
large proportion of low-boiling gas was removed by distillation, gave 
after several fractionations a product with vapour pressure 65-66 mm at 
—80° C, agreeing with the value 67 mm calculated from Livingston and 
Heisig’s formuIa.§ 

Hydrocyanic acid was prepared by treating potassium cyanide with 
sulphuric acid, and repeatedly distilling through phosphorus pcntoxidc 
to remove carbon dioxide and water. The acid was preserved in the 
liquid form and the requisite quantity distilled into the apparatus when 
required for use. By working in the hot weather, no trouble was experi¬ 
enced from condensation. 

Cyanogen was made by heating mercuric cyanide in a vacuum and con¬ 
densation of the gas at —80° C. After two fractionations, it appeared 
homogeneous when measured in the refractometer, but the dielectric 
coefficient fell from 2710 to 2410 during 15 days. The gas was then 
refractionated five times either at —80° C, at which temperature its 
vapour pressure was 7 mm, or at a slightly higher temperature. Finally, 

• Cf. Friedel, ibid., vol. 134, p. 262 (1868). 
t ‘ J. Amer. Chem. Soc.,’ vol. 43. p. 1098 (1921). 
t ‘ J. prakt. Chem.’ (2), vol. 38, p. 202 (1888). 

§ ‘ J. Amcr. Chem. Soc.,’ vol. 52, p. 2409 (1930). 
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five successive fractions were obtained, for which the relative refractive 
indices varied from 146-6 to 147 -9, and these were mixed and used for 
the experiments. The molecular weight was found to be 51 -3 (C 2 N 2 == 
52), but this may not be very accurate as the gas attacked the balance case 
' slightly. 

Boron trifluoride was prepared by German and Booth’s method,* a 
mixture of boron trioxide, silica-free calcium fluoride, and sulphuric 
acid being warmed in a resistance-glass bulb in vacuo. The apparatus was 
thoroughly dried before starting the experiment and it was found essential 
to use 100% sulphuric acid. With a slightly weaker acid, only silicon 
tetrafluoride in small quantities was formed. The reaction when once 
started was vigorous. The gas, probably containing traces of silicon 
tetrafluoride, was condensed in a bulb cooled in liquid air, and it was 
observed that an orange-coloured solid was present. This distilled first 
on warming, but it was not further investigated. The liquid after three 
fractionations had a vapour pressure of 73 mm at —125° C. Silicon 
tetrafluoride at this temperature has a vapour pressure of 30 mm, and thus 
separation would be difficult. The gas, on treatment with water, dis¬ 
solved completely with no trace of a gelatinous precipitate and yet the 
density was very high, the calculated molecular weight being 70-9 instead 
of 68 -0. This increase would require 8% of SiF 4 , so that the results must 
be accepted with some reserve. 

Nitrogen trifluoride was prepared by the electrolysis of ammonium 
bifluoride made from ammonia and hydrofluoric acid in platinum vessels. 
A specially constructed closed copper vessel was used to avoid absorption 
of moisture by the electrolyte on cooling. A graphite anode was used 
and the gas evolved was passed over soda lime and pieces of rubber to 
absorb ozone before being condensed in liquid air. Manganese dioxide, 
recommended as an absorbent for ozone by Ruff" and Staub,t was not 
found satisfactory as it failed to prevent explosions. Before beginning 
the electrolysis, the apparatus was filled with dry nitrogen and this gas 
was also admitted during cooling at the*cnd of a run. As considerable 
quantities of ammonia were given off during operation, it was found 
essential to make up for the loss at intervals by passing anhydrous gas 
into the electrolyte. If the quantity present was too small, no nitrogen 
fluoride was evolved. The gas was washed with aqueous potassium 
hydroxide but, after drying and distilling, it was still found to attack 
mercuiy vigorously. It was consequently shaken with mercury until no 

• • J. phys. Chem.,’ vol. 30, p. 369 (1926). 

t ‘ Z. anorg. Chem.,’ vol. 198, p. 32 (1931). 
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further action occurred, liquefied, and fractionated several times. Four 
successive fractions had the same refractive index, but the density was 
high, the molecular weight being 71 -6 instead of the calculated 71 -0. 
This may be due to the presence of carbon tetrafluoride from the electrode, 
which is very difficult to separate by distillation, although the amount, 
3-5%, required to account for the difference seems rather large. 

Carbon tetrafluoride was made by passing fluorine, generated by the 
electrolysis of potassium hydrogen fluoride, over lamp-black in a pyrex 
tube, since, according to Ruff and Bretschneider,* this form of carbon 
gives a lower yield of the higher fluorides. The gas was washed with 20% 
potassium hydroxide solution and treated with silver nitrate solution to 
decompose traces of oxygen fluoride. It was then liquefied and fraction¬ 
ated several times, but the higher fluorides were difficult to separate. 
The first fraction had the molecular weight 88 • 1 (CF4 == 88 -0), but the 
quantity was small and so more gas was prepared and fractionated four 
times, the last distillation being from a pentane bath at —170° C. At 
this temperature, the vapour pressure was 10 mm, corresponding fairly 
closely with the value of Menzel and Mohry,t 11-6 mm at —168'6° C. 

Results 

Since detailed results illustrating the accuracy of the method employed 
have been given in previous communications, it is unnecessary to give 
particulars of individual experiments. With the present series of gases, 
the errors due to the presence of impurities were usually greater than those 
arising from inaccurate measurement, and consequently the gas was 
refractionated several times until the dielectric coefficient did not change. 
The usual procedure was to make three sets of readings at different 
pressures at room temperature, in the morning, followed by three sets at 
a higher or lower temperature in the afternoon. Another set was taken 
next day when the original temperature had been regained, to ensure that 
the gas had not decomposed or polymerized. Each set comprised three 
to eight or nine individual measurements, according to the consistency of 
the readings. 

Table I gives the results obtained, using the notation previously em¬ 
ployed, Eo“ ’’ being the limiting value of e — 1 X 10* at 25° C and 760 mm, 
which would be obtained if measured at zero pressure. The figures for 
the compressibility used in determining these limiting values are given 
under the heading c and express the percentage addition for a pressure 

• Ibid., vol. 210, p. 173 (1933). 
t ‘ Z. anorg. Chem.,* vol. 210, p. 257 (19331. 
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change from 0 to 1 atmosphere. These were determined from the 
variations in dielectric coefficient with pressure, or from observations on 
the refractive index. Eo- 1 , the value which would be found if the pressure 
were changed from 0 to 1 atmosphere, is calculated from Eo. This 
quantity, which is the one given by most authors, has no particular physical 
significance, especially with readily condensible gases for which the com¬ 
pressibility may not be a linear function of pressure, or which are actually 
liquid at a pressure of 1 atmosphere. In Table I it is calculated with the 
assumption that the variations in c are linear. It is, however, preferable 
always to determine Eq. At other temperatures, E© is the value at that 

Table I 


Mean Dielectric Coefficients, Compressibilities and Polarizations 



F .as 

P 36" 

c 

P 96" 

c 


c 

p26° 

No. 

j ..* 

2622 

2536 

3-4 

2542 

1-3 

— 

— 

20-65 

88 

^d»’<7-C4Hio .... 

2646 

2564 

3-2 

2561 

1-45 

— 

— 

20-88 

35 

. 

2958 

2869 

3 0 

2825 

0-8 

— 

— 

23-37 

54 

.... 

3266 

3173 

30 

3058 

1-25 



25*85 

74 

3 -C 4 H,. 

2715 

2628 

3-3 

2628 

1-4 

— 


21-41 

44 

CH,-C-CHs 

2084 

2048 

1*75 

2028 

— 

— 

— 

16*69 

44 

CH,—C=CH 

3282 

3231 

1*65 

2987 

0*5 

. 

— 

26*30 

42 

BF, . 

1100 

1092 

0-75 

_ 

_ 

1091 

25 

8*90 

29 

NF, . 

1275 

1268 

0-55 

1246 

0-3 

1357 

1*2 

10*34 

84 

CF 4 . 

1250 

1242 

0-4 

1242 

0-2 

1254 

21 

10-15 

154 

C.N, . 

2529 

2480 

20 


__ 

2460* 

40 

20*20 

96 

HCN. 

25010 

23150 

805 

18670 

* - 34 “ 

2-7 

C. 



187*2 

187 


temperature but reduced to 25°, using the simple gas law. P, the polariza¬ 
tion given in the last column, is equal to 0-008155 £» if it is assumed that 
(e -f 2) = 3. Where e is greater than 1 -002, a correction has been 
applied. No, indicates the number of individual experiments. 

n-Butane, apart from one set of readings which appeared about 1% 
high, gave consistent values. The value at 95° C, which is higher than 
the one at 25° C, may be due to an error in compressibility at the higher 
temperature. If this were 1 • 5, the difference would be only 2 units. 
isO’Butane gave consistent values. Neither gas has an appreciable 
moment. The density of the n-butane agreed very closely with theory, 
while that of the isomer was 0-4% low. The readings, however, were 
not very concordant and scarcely justify the application of a correction. 
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x-Butylene gave two sets of consistent readings, but the value for the 
compressibility at 95° C, 0-8%, appeared low in comparison with the 
figures for other gases. The gas appears to have a definite though small 
moment. If, at 95° C, the compressibility were 1 • 1%, a figure almost 
within the limit of experimental error, £„ would be 2817, giving a still 
larger moment. 

ho-Butylene was found to have an appreciable moment and conse¬ 
quently it was refractionated and the measurements repeated. Although 
the density was lower by 1 part in 1000 than the theoretical value, a small 
higher-boiling fraction was obtained, and the value of Eo fell from 3180 
to 3158. The refractive index measured just before each series rose from 
1 0012627 to 1 0012639, a much smaller change, and in the opposite 
direction to the one expected. The fall in Eo may have been due to a 
slight leak, particularly as these gases dissolve in, and soften the tap 
grease, and so a weighted mean value of 3173 has been adopted. In both 
series, the difference between the high and low temperature values was 
the same, so that the value for the moment is not subject to the same 
uncertainty. 

^-Butylene appeared to have no moment, consequently it is probable 
that the symmetrical form alone was present. 

Allene was found to have a slightly lower value of dielectric coefficient 
at 95° C, but this may have been due to the presence of small quantities 
of propylene. 

Allylene gave very concordant results and the value at the end of the 
experiments agreed closely with those obtained earlier, showing that no 
decomposition had taken place. The gas, however, contained impurities 
which were not readily removed by fractionation, and its molecular weight 
was 40-7 instead of 40-0 required by theory. 

Boron trifluoride had no moment but, as already mentioned, the gas 
contained a heavy impurity. As the value of Eo for SiFi is 1690, 1% of 
this gas would raise the value by 6 units and it is quite possible that the 
figure given is too high. 

Nitrogen trifluoride had a small moment. The presence of carbon 
tetrafluoride as impurity would not affect the value of Eo at 25° C, but 
at —80° C the amount indicated by the density would raise the value by 
3 units. 

Carbon tetrqftuoride, when first prepared, contained a heavier con¬ 
stituent, as, after preliminary purification, a fraction was obtained with 
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mean molecular weight 92-5, the value for the lightest fraction being 
nearly the theoretical one, 88 0. The value of Eo at 25° C was 1269 and, 
at —80° C, 1295, indicating an appreciable moment, which seemed un¬ 
likely. On continued fractionation, both values gradually decreased and 
the difference became less, until in the last specimen measured it was only 
12 units. The quantity of gas at this stage was too small for further 
purification, but it appeared probable that the two figures should coincide 
at a value not far from 1220. This value must be regarded as provisional. 

Cyanogen is a gas for which very few acemate data exist. It has been 
said to attack mercury, but the present experiments gave no indication 
that this was so. It was, however, exceedingly difficult to obtain con¬ 
cordant measurements of dielectric coefficient, refractive index, com¬ 
pressibility or density, although a large number of experiments was made. 
The gas may have attacked the condenser or case of the balance, but 
vagaries in the refractive index were not expected as the refractometer 
tube was constructed entirely of glass. It is interesting to note in this 
connexion that Stuckert,* working with gas stated to be of 99-993% 
purity, obtained values for the refractive index for the green mercury line 
differing by 1 -3%, although for other lines the values were concordant. 
The gas when first prepared had Eo = 2710. This fell in 9 days to 2660, 
and two days later to 2400. Hydrocyanic acid was suspected as an 
impurity but, if this were so, the higher boiling fractions would have had 
a lower refractive index which was not so. It is possible that carbon 
dioxide is very readily dissolved by the gas and is difficult to remove by 
fractionation. The compressibility (2-05) is taken from one fairly 
concordant set of measurements of the refractive index, but seemed much 
too large when applied to the capacity measurements. The figure given 
is consequently tentative, although it seems probable that the value lies 
between 2450 and 2550. In view of these irregularities, only one set of 
determinations was made at low temperature (—33-7° C). This gave a 
value 2420 as compared with 2456, measured at room temperature 
immediately before cooling, but the former figure was calculated with the 
experimental value of 8 -0% for the compressibility, which by analogy 
with other gases is much too large. If a more normal value of 4-0% is 
assumed, Eq becomes 2461 and is thus nearly identical with the figure at 
room temperature. One experiment at 94° C gave very irregular values 
with a mean of 2360. The gas was probably decomposing. 

Owing to the very large dielectric coefficient of hydrocyanic acid, this 
gas could only be examined for small pressure differences. The highest 

• * Z. Electrochem.,’ vol. 16, p. 37 (1910). 
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actual pressure recorded was 95 mm, and even at this low pressure the 
compressibility correction determined from refractive index measure¬ 
ments was more than 1%. Owing to these conditions and possibly to 
adsorption effects, the values were not quite so concordant as for other 
gases, varying by 2% between extremes, but numerous values were deter¬ 
mined and the mean should be faifly accurate. 

The Electric Moment 

From Table I, it may be seen that the two butanes, p-butylene (trans), 
the fluorides of boron and carbon, and probably allene and cyanogen, have 
no moment. The values of A and B in Debye’s equation, P = A -f- B/T, 
for the remaining gases are given in Table II. 



Table IF 

A 

B 

X 10'® 

. 

21‘48 

563 

0-30 

WO-C 4 H 8 . 

20 91 

1470 

0-49 

CH,= C-CH, . 

15-85 

250 

0-20 

CH,-C=CH. 

15-58 

3200 

0-72 

NF, -80°-25° . 

9-01 

397 

0-25 


9-39 

284 

0-21 

. 

9-17 

348 

0’24 

HCN . 

-3-2 

56700 

3-03 


Of these, the moment of a-butylene has been determined by Smyth and 
Zahn,* who give the value as 0 37 x 10 ~”, A being in consequence only 
20-12, although their value for P at 25° C, 23-08, is nearly as large as 
ours. 

Gaseous hydrocyanic acid lias been examined by Cordonnier and 
Guinchant.t by Fredenhagen and Maske,t and by Braune and Asche.§ 
The latter authors give the equation P = 12-63 + 51200/T, n x 10 *" 
being 2 - 88, but, if their results be plotted, it is found that, with the excep¬ 
tion of the point representing P at the lowest temperature recorded, 
18 - 7° C, the remainder lie very close to the straight line P~—3-f 56900/T, 
and thus the values nearly coincide with those we have obtained. Owing 

* ‘ J. Amer. Chem. Soc.,’ vol. 47, p. 2501 (1925). 
t ‘ C.R. Acad. Sci. Paris,’ vol. 185, p. 1448 (1927), 

I ‘ Z. phys. Chem.,’ B, vol. 10, p. 142 (1930). 

S ‘ Z. phys. Chem.,’ B, vol. 14, p. 18 (1931). 
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to the considerable extrapolation, the value of A cannot be obtained very 
accurately. The negative value, which is meaningless, may arise from 
adsorption, which would give a high value at low temperatures and thus 
too great a figure for B. An error due to this cause would be partly but 
not entirely eliminated by determining the value of P at zero pressure. 
In our experiments, the compressibility was measured by means of two 
concordant measurements of refractive index at different pressures up to 
300 mm. Braune and Asche do not give the compressibility values they 
adopted. Fredenhagen and Maske* made measurements over a tempera¬ 
ture range of 30° to 201 ° C, and found that Debye’s equation did not hold 
good, the P, 1/T slope diminishing with ri.se in temperature. As, how¬ 
ever, the polarization values they give arc about 15% lower than those 
found by other observers, it is probable that their gas was impure. An 
earlier value by Cordonnier and Guinchantt of P= 186 at 15° C is 
slightly lower. 

While these experiments were in progress, Smyth and McAlpineJ 
published a series of measurements from 28° to 197° C, according to 
which A — 6-32 and B — 53060. The pressures employed were not 
stated, and the compressibility correction was not mentioned. Werncr§ 
gives 154 as the value of the polarization at 20° C, when measured in 
benzene solution. This is much lower than 190, the figure calculated 
from our formula. 

The low value of the moment for NF 3 is interesting when compared 
with that for NH3, 1 -46. It indicates that although the molecule is not 
planar it must be nearly so. The values for the remaining gases are of 
normal magnitude. 

Summary 

The dielectric coefficients of normal and /so-butane, a-, p-, and iso¬ 
butylene, allene, allylene, boron, and nitrogen trifluorides, carbon tetra- 
fluoride, cyanogen, and hydrocyanic acid have been measured at two or 
more temperatures and the electric moments deduced. 

a- and iso-butylene, allene, allylene, and nitrogen trifluoride have small 
moments, and hydrocyanic acid a large one, while the remaining gases 
are electrically neutral. 

A microbalance for rapidly determining the density of small samples 
of gas is described. 

• ' Z. phys. Chem..’ B. vol. 10. p. 142 (1930). 
t ‘ C.R. Acad. Sci. Paris,’ vol. 185, p. 144 (1927). 
t ‘ J. Amer. Chetn. Soc.,’ vol. 56, p. 1697 (1934). 

§ ‘ Z. phys. Chem.,* B, vol. 4, p. 371 (1929). 
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The Refractive Index Dispersion and Polarization of 

Gases 

By H. E. Watson, D.Sc., and K. L. Ramaswamy, M.Sc. 

(Communicated by F. G. Donnan, F.R.S.—Received 5 February, 1936) 

In recent years, values of the refractive index of liquids, and sometimes 
of gases, have been extensively used for determining dipole-moments. 
Measurements of dielectric coefficients give the sum of the orientation, 
electronic and atomic polarizations P© -f P® + P** while the electronic 
polarization P*. can be calculated approximately from the refractive 
index. If the dispersion is known, Pk should be given with some 
accuracy by calculating the refractive index at zero frequency. In order 
to obtain P,,, it is necessary to know Pa, a quantity which has only been 
determined for a few substances, the infra-red spectrum of which has 
been examined in detail. It is, however, often assumed that P^ is 
negligible or, at least, small in comparison with Pg. In some cases, an 
approximation on an empirical basis has been made by assuming that 
Px is proportional to Pg, or that P^ + Pg is equal to the value of Pg 
when calculated from the refractive index for the yellow sodium line. 
Such assumptions can hardly be regarded as satisfactory. 

In liquids, determination of the polarization is complicated by the 
necessity of employing a solvent, but, with gases, no such difficulty exists. 
Px can therefore be determined with some accuracy by measuring the 
refraction for different wave-lengths, and the dielectric coefficient at 
different temperatures. Numerous measurements of the refractive index 
of the commoner gases have been made, but the results of different 
observers are not always in agreement and frequently the dispersion has 
not been determined. The dielectric coefficient of the same sample of 
gas seems never to have been measured. 

During the last six years, we have been engaged in determining the 
dielectric coefficients of a large number of gases under similar conditions, 
and simultaneously we have made observations of their refractive indices 
and dispersions. Sometimes purification of the gas has'been found to be 
very difficult, but, even so, by using the same sample for the two measure¬ 
ments, the error in the atomic polarization should not be very much greater 
than the error in either determination, whereas with different gas samples 
it may be very large. All determinations have been made in the neigh- 
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bourhood of 25° C, and the compressibility of the gas has always been 
ascertained, and the results reduced to those which would have been 
obtained had the gas been ideal, thus eliminating the errors, often quite 
considerable, introduced by neglecting deviations from the simple gas 
law. These measurements are given in the present paper. 

^^HpXPERlMENTAL 

Details regarding the preparation and purihcation of the gases and the 
measurements of their dielectric coefficients have already been given.* 
Refractive indices were measured with a Rayleigh interferometer by 
Zeiss, the comparison tube being of the all-glass type, I metre long. The 
length was checked and found correct to 0 01 mm. The source of light 
was one recommended by Professor Venkateschar, consisting of a Pyrex 
tube containing 5% of cadmium-mercury alloy. An arc carrying 4 
amperes was struck between the alloy and a tungsten anode and the tube 
was connected with an oil pump, by means of which a vacuum was main¬ 
tained. It was only necessary to run the pump at rare intervals. A 
constant deviation spectroscope with a wide slit was used to bring the 
required line on to the interferometer slit and observations at several 
different wave-lengths could be made in rapid succession. The wave¬ 
lengths ordinarily used were the following 

Cdred. 6440 24 Cd blue . 4801-25 

Hg green. 5462-25 Hg violet - 4359-56 

Cd green _ 5087-23 

and in a few cases Cd 4679-46. 

The figures given are for the wave-lengths reduced to a vacuum. Fre¬ 
quencies were calculated, assuming 2-9986 x 10^“ cm/sec as the velocity 
of light. 

Owing to its mounting, it was difficult to surround the interferometer 
tube with a water jacket, and consequently the metal tube in which it was 
contained was covered in heat-insulating material and a specially con¬ 
structed electric heater was placed inside which warmed the whole instru¬ 
ment uniformly. Before starting an experiment, the temperature was 
raiscxl to that of the room and no measurements were made until it was 
found, by means of four thermocouples, that the temperature of the 
tube was uniform to 0-02° C. The actual temperature was measured 
by a calibrated thermometer near the centre of the tube. During an 

• ‘ Proc. Roy. Soc.,’ A, vol. 132, p. 569 (1931); ibtd., vol. 143, p. 538 (1934), and 
the preoeding paper. 
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experiment which lasted several hours, the change was usually not more 
than 0-2° C. 

Owing to the great sensitiveness of the interferometer, special pre¬ 
cautions had to be adopted to avoid spurious results, especially for the 
dispersion and compressibility. Very slight contamination of the gas 
during an experiment was sufficient to give rise to a large error in these 
quantities and so a method of measurement was adopted which gave all 
the necessary data with one filling of the gas tube. This was based on 
the method first used by Cuthbertson,* of measuring the fractions of a 
band for different wave-lengths and determining the whole number of 
bands indirectly. 

When the temperature was adjusted, both sides of the interferometer 
tube were evacuated and the zero reading on the drum taken. The gas 
to be examined was then admitted to one side of the tube at about atmo¬ 
spheric pressure, or, for gases with high refractive indices, at a pressure 
sufficient to give about 1200 bands. When the bands were steady, the 
fractional part of the number of bands which had passed from zero 
pressure was determined for five different wave-lengths in rapid succession, 
the red line being observed first and last to ensure that no change had 
taken place. During these readings the pressure and temperature were 
read by a second observer. The mercury green line was then used for 
illumination and gas let out slowly from the tube into the large vessel 
of mercury used for dielectric coefficient measurements, the rate of flow 
being controlled by a clamp on a rubber tube through which the mercury 
passed. As the bands moved, they were counted and the number checked 
by pressing a key which actuated a magnetic integrator. When two 
hundred bands had passed, the fractions were again read for all five 
wave-lengths, in addition to the temperature and pressure. Two hundred 
further bands were counted and the process repeated until a pressure of a 
few millimetres was reached. This could not be attained in one stage, as 
the vessel of mercury was not large enough, and so, when all the mercury 
had run out, the tap leading to the interferometer tube was shut, the 
mercury raised, and the surplus gas pumped off. The pressure was then 
brought to its original value and the tap opened, the bands being observed 
simultaneously, to see that any change was less than one band. On 
lowering the mercury again, the pressure could be reduced to about 
20 mm. Finally, the number of red and violet bands, as well as the 
green, were counted between the lowest pressure observed and one about 
50-100 mm higher. This gave the approximate dispersion. 

All these results were then set out as shown in Table 1, but, for the sake 

* ‘ Proc. Roy. Soc.,’ A, vol. 83, p. 152 (1909). 
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of brevity, figures are given for only three wave-lengths. The example 
taken is that of CjHg and the pressures shown are those that would have 
been observed if the temperature had remained csonstant at 19-T C. 
The actual variation was from 29-65 to 29-84° C. 

In the first place, only the observed pressures, p, and the fractions in 
the columns headed Obs. were entered. 120-4 green bands had been 
counted between the two lowest pressures, and from this it could be 
calculated that a further twenty-four bands would pass on reducing the 
pressure to zero. Since the number of green bands passing between 
successive pressures had been counted, the total number, «, corresponding 
with any pressure, p, was thus determined, n is proportional to the 
density of the gas or to p (1 + Lp/760) where L is the compressibility, 
assuming that for the small pressures under consideration the deviation 
from the gas laws may be represented by a linear equation. Thus, 
n =7p(l + Lp/760), where / is a constant. Hence, for any two pres¬ 
sures, (« — n')/(p — p') —/{I + L(p + p')/760}. By plotting the values 
of {n — rt')/(p — p') against the mean pressure, a straight line was obtained 
from which the values of L and / could be determined. In the example 
given, L was found equal to 0-0084 and the figures in the second column 
are the values of Lp*/760, the third column being the sum of the first two 
and indicating what the pressure of the gas would have been if it obeyed 
the simple gas law. By multiplying these pressures by the factor 1 -29314, 
the number of green bands in the column “ Calc." was obtained. The 
next column gives the differences x 100 between calculated and observed 
values and the next, in italics, these differences multiplied by 0-546, i.e., 
by a factor proportional to the wave-length. Similar calculations were 
then made for the remaining wave-lengths, the factors being arrived at 
from the low pressure counts by successive approximations, and for the 
cadmium green and blue lines by interpolation. The integers in the 
number of bands were thus determined. 

It will be noticed that, in the event of an error in a pressure (or tempera¬ 
ture) reading, the observed number of bands would be/(p + Sp), where 
p + 8p is the true pressure, while the calculated number kfp; hence, the 
figure in the difference column is / 8p and the subsequent figure in italics 
is />i 8p. Since the dispersion is small, /X, which is proportional to 
H — 1, may be considered constant, so that the figures in italics should 
be all the same. An example of this is seen in the last pressure but one 
recorded. In practice, particularly with substances of high refractive 
index for which/ was of the order of 3, the error due to incorrect pressure 
readings was considd-able, while band readings, even in the red and violet 
where the errors were greatest, could usually be considered accurate to 
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0-1 band. Constancy of the figures in italics for each pressure rather 
than their absolute magnitude was therefore regarded as indicating that 
the integral number of bands was correct. This number having been 
determined, small adjustments were made in the value of/ to make the 
average value of the differences for the first two or three pressures as near 
to zero as possible. 

The values of ji. — 1 were calculated from those of /X, and thus re¬ 
present the refractive index which the gas would have if it obeyed the 
simple gas law. They have been recorded throughout at 25“ C, since 
this temperature is very close to those at which they were actually 
measured. The values at 0“ C may be calculated by multiplying by 
298/273, but, since refractive indices are rarely measured at 0“ C, it seems 
unnecessary to introduce an element of uncertainty by this procedure. 

Table 11 gives the results obtained and also the differences (x 10") 
from the values calculated by means of the simple formula 

, ^ A 

^ “(B-n*)’ 

n being the frequency. For the .sake of uniformity, A and B have been 
calculated throughout from the values for the mercury green and violet 
lines. A plus sign indicates that the calculated figure is greater than the 
observed. It will be noted that usually the refractive index in the red is 
higher than the calculated value, so that the calculated values of A/B, 
the value of (x — 1 for zero frequency, may be low. On the other hand, 
the observed increase may be due to the proximity of an absorption band 
in the infra-red, when the calculated value may more nearly represent 
the limit to which the refractive index would tend if there were no infra¬ 
red absorption. 

For most of the gases, the difference between the observed and calcu¬ 
lated values is so small that a two-term dispersion formula would not be 
justified. Even with propane, propylene, and allene, for which the 
deviation is well beyond the limit of experimental error, the figures could 
not be used to define a second oscillation frequency with any degree of 
accuracy. Silicoethane is the only gas for which the departure is really 
appreciable and, since the specimen used was not very pure and the dis¬ 
persion was examined early in the series of experiments, it would seem 
advisable to repeat the measurements before making a full analysis of 
the results. 

In this table, it is necessary to give A and B to five or six significant 
figures for purposes of calculation, but it is evident that B has not been 
determined with corresponding accuracy. Apart from variations due to 



Table II—Values of (i — lUo.x 10® and Differences from Calculated Values x 10^ 

Wave-te^ . 6440-24 5462-25 5087-23 4801-25 4359-56 10* x A/B A x 10 “ B x lO*" 
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impurities in the gases, the accuracy of B is of the order of 1%, or rather 
less for gases with low refractive index and dispersion. 

In addition to the values given in Table II, the refractive index for the 
green mercury line was determined for several of the commoner gases, 
but, as these have been so frequently the subject of experiment, the dis¬ 
persion was not measured. Owing to this fact, the values may not be 
so accurate as those which were more fully investigated; they were, 
however, as shown in Table III. For comparison, Cuthbertson’s values 
(which differ very little from more recent determinations) are given in the 


Table III—Refractive Indices and Dispersion Constants, 25° C 


Gas 

(tA ~ X 10® 

(|JL - X 10® 

A X I0-« 

B X 10-»® 

CO 

307-9 308 1* 

299-56 

33323 

111240* 

o, 

248*7t 

242-9 

31096 

I28040t 

NO 

270*6 270•5t 

263-93 

32241 

122160t 

N,0 

463-4 464-6J 

451*17 

51505 

1141601 

N, 

274*1 274-St 

269-3 

46031 

170950t 

NH, 

346-St 

334*0 

27170 

81353t 


• * Proc. Roy. Soc.,’ A, vol. 97, p. 

152(1920). 



t Ibid., vol. 83, 

p. 151 (1909). 




t ‘ Phil. Trans.,’ A, vol. 213, p. 1 (1913). 

third column, and, by using the same author’s results for B, (p — 1)„ 
and A have been calculated. Cuthbertson did not correct some of these 
early values for compressibility and this has been done when calculating 
the refractive index at 25“ C. 

The compressibilities, L, used in arriving at these values have already 
been given in connexion with the determination of the dielectric coefficients, 
but they are repeated in Table IV for convenience. 1(X)L is the percentage 


Table IV— Compressibilities at 25° C 


Gas 

lOOL 

Gas 

lOOL 

Gas 

lOOL 

H, .. . .. 

..-0-06 

CHa-=C--CH, 

1*75 

SF-. 

, M5 

CH 4 . 

.. 0-20 

C,H, ..'. 

0-84 

« - *. 

CO. 

. 004 

C.H, . 

.. 0-84 

CH.-CSCH 

1-65 

CO, . 

. 0*50 

CsH, . 

1*74 

SiH 4 . 

0*60 

0 . . 

. 0*06 

/r-QHio ... 

.. 3-4 

Si.H. 

2*60 

NO. 

. 0*09 

iso-CtUit.. . 

.. 3>22 

HCN . 

«-5 

N,0. 

. 0-55 

C,H 4 . 

.. 0-70 

(CN),. 

20 

N, . 

. 0 04 

C,H, . 

.. 1'85 

BF.. 

0-60 

nh* . 

. I'OO 

«-C 4 H, ... 

.. 2-95 

NF, . 

0-50 

A. 

. 008 

ljo-C«H, ... 

.. 305 

CF. 

0-42 

Kr . 

. 007 

P-C 4 H, ... 

.. 3-30 

SiF4 . 

0-30 

Xe . 

. 012 
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addition to the tabulated values at 25° C which must be made to give the 
observed values at a pressure of 1 atmosphere. 

A few of these figures differ somewhat from those adopted previously, 
but the changes are not large except for silicon tetrafluoride, for which the 
former value was 0-72. A number of experiments indicated a very 
small compressibility, but the results were somewhat irregular. The 
measurements with this gas were among the first, and they were not 
repeated owing to the risk of damaging the apparatus. The value given 
by Klemm and Henkel* is 1-0, their figures for BFg, CF 4 , and SF* being 
1-4, 0-5, and 0 - 8 , respectively, a considerable divergence. The data for 
the rare gases are taken from the paper of Damkbhler.t 

As the older measurements of refractive index and dispersion are 
readily available in published tables, it is unnecessary to quote them in 
detail; there are, however, a few recent determinations, the more impor¬ 
tant of which are shown in Table V for the sake of comparison. 

Tausz and Hornung’s results were not corrected for compressibility; 
this has been done in Table V, and the value of B has been calculated from 
their figures for the green and violet mercury lines. Friberg expressed 
his results by a two-term dispersion formula; they have been recalculated 
for a single-term formula to give the values of B in the table. His 
original paper is not available and it is therefore, not certain if a com¬ 
pressibility correction has been applied; in a previous paper, however, 
he made an allowance for this factor and consequently his values have 
been reproduced as published. Lowery’s values were expressed as the 
refractive index for the number of molecules present in an equal volume 
of hydrogen, and consequently they have been increased by 0-06% to 
allow for the compressibility of this gas. 

After making these corrections, it may be seen that the agreement is 
by no means good, except for methane, which is easily purified. The 
discrepancies are almost certainly due to impurities in the gases, and 
indicate that claims for high purity, which are frequently made, must be 
accepted with reserve. As mentioned in the preceding paper, the densities 
of several of the gases used in these experiments showed that they were 
not pure in spite of careful fractionation. To arrive at accurate values 
for the refractive index, it would be desirable to conduct a very lengthy 
process of purification, combined with an accurate determination of the 
density or the compressibility coefficient. 

Table V gives the values of the refractive index at 0 ® C for the green 
mercury line for certain gases, and, to facilitate comparison with other 

• ‘ Z. anorg. Chem.,’ vol. 213, p. 115 (1933). 
t ‘ Z. phys. Chem.,’ B, vol. 27, p. 130 (1934). 
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Table V -Values of (pi — and B x10““ Found by Different 

Observers 


Gas y. — 1 

B X 10 

Author 

Gas 

1 

B X 10 

** Author 

CH, 442-40 

1121 

T. and H. 

CaHa 

595*8 

834 

T. and H. 

443-56 

1168 

F. 


593*9 

674 

L. 

443 07 

1161 

W. and R. 


595-2 

846 

W. and R. 

QH, 765-25 

1140 

L. 

C 2 N 2 

7 854 


S. 

770*45 

1160 

F. 


820*9 

900 

W. and R. 

759-82 

1225 

W. and R. 

BF 3 

407-9 


K. and H. 

C 3 H, 1102*1 

1140 

F, 


413-4 


W. and R. 

1080*79 

1176 

W. and R. 

CF, 

487-5 


K. and H. 

724 1 

792 

T.and H. 


494-3 


W.and R. 

719*6 

775 

L. 





727-1 

78! 

F. 

SiF4 

569*2 


K. and H, 

719-8 

779 

W.and R. 


568*3 


W. and R. 

C*H« 1054*2 

781 

T and H. 

SF* 

771-1 


K. and H, 

1073*5 

771 

F. 


765*8 


W. and R. 

1057*1 

797 

W. and R. 






T. and H. — Tausz and Hornung, ‘ Z. tech. Phys.,’ vol. 8 , p. 338 (1927). 

F == Friberg, * Dissert Lund.,’ p. 848 (1933). 

L. — Lowery, ‘ Proc. Roy. Soc.,’ A, vol. 133, p. 188 (1931), 

K. and H. = Klemm and Henkel, ‘ Z. anorg. Chem.,’ vol. 213, p. 115 (1933). 

S. = Stuckcrt, ‘ Z. Electrochcm.,’ vol. 16, p. 37 (1910). 

W. and R. » Watson and Ramaswamy. 

results, our figures for the remaining gases have been reduced to 0® C 
by multiplying by the factor 1 ‘09157 and are shown in Table VI. 

In Table VII are given the values of the electronic polarization, calcu- 

2 1 

lated by means of the formula , M/</ for 25° being taken as 

24465. These are compared with the sum of the electronic and atomic 
polarizations obtained by measurements of dielectric coefficient described 
in this series of papers. Where the gas has no moment, this figure can 
be deduced direcdy from the dielectric coefficient; where there is a moment, 
the value is obtained by assuming Debye’s equation and extrapolating 
to very high temperatures. The restdts are all calculated for equal 
numbers of molecules in unit volume. Where changes have been made 
in the compressibilities since the original dielectric coefficients were 
determined, the necessary small corrections have been applied to the 
polarizations. 
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Table VI—Refractive Indices at 0“ C 
X == 5462 


Gas 

(ix ~ 1) X 10« 

Gas 

((X - 1) X 10* 

;f-C4Hio . 

1390-1 

HCN . 

430*3 


1388*8 

CO, . 

447*3 

«-QH« ". 

1370*4 

co'. 

336*1 

iso-CiHti . 

1379*6 

NO. 

295*4 

p-CiHs . 

1378*2 

N/). 

507*4 

C .. 

1060*5 

N, . 

299*2 

CHa- C=CH .. 

973*9 



SiH^. 

833*0 



Si.H, . 

1657*4 




In the hydrocarbons, it may be seen that, although the polarizations 
of isomeric compounds are approximately equal, the differences arc 
beyond the limit of experimental error, and the position is similar with 
regard to the differences between members of a homologous series. The 
question of molecular refraction has been discussed recently at some length 
by Fajans,* and it is not proposed to rediscuss it here. 

With regard to the atomic polarizations, it will be seen that for the 
normal hydrocarbons they are small and increase with the size of the 
molecule. They are of the order of 2% of Pk- For the olefines, including 
allene, there is a marked increase with the number of carbon atoms and the 
magnitude of rises to 4-8% of Pg. With acetylene and allylene, there 
is a further increase. This is in general conformity with the conclusions 
reached by Smyth,t although they were based on somewhat meagre 
data. It will be seen that the silicanes show a distinct rise in P^, which is 
15 and 19% of Pn for the two members investigated. With the fluorides, 
the increase is even more marked, IOOPj^/Pk varying from 30 with nitrogen 
trifluoride to 65 with silicon tetrafluoride, while with cyanogen it reaches 
70%, Although there is some uncertainty regarding several of these 
figures, owing to the presence of impurities in the gases, there is no doubt 
as to their general order of magnitude which is much greater than previous 
observations would have suggested. 

The simple diatomic gases have very low values of P*, while the figures 
for CO 2 and NjO are small but appreciable. Finally, in the rare gases 
other than helium, P^i appears to be negative. The differences are, 
however, small and may arise from the fact that, for these gases, the 
determinations were made with different gas samples, the figures for the 
refractive indices of A, Kr, and Xe being those of DamkOhler. 

* ‘ Z. phys. Chem.,’ B, vol. 24, p. 103 (1934). 
t ‘ J. Amer. Chcm. Soc.,’ vol. 51, p. 2051 (1929). 
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It is not possible to give results for HCN, and the figure for NHg is not 
reliable. It has been mentioned in the previous paper that a negative 
value for + Pu was obtained for HCN, so that the results were 
probably subject to an undetected constant error. The dielectric 
coefficients of ammonia originally given by one of us* were not corrected 
for condenser distortion and certain other small errors. The results have 
been recalculated and the values of ((e— 1) 1(P, corrected for 
density and reduced to 25"’) at —47°, 16°, and 100° found to be 8050, 
6316, and 5063, corresponding with the polarizations 65-7, 51-5, and 
41 -3. The value of A in Debye’s equation calculated from the first two 
figures is 0-4 and from the two last is 6-2, |jl x Ifr***, being 1 -55 and 1 -46 
in the two cases. The figure obtained from the two higher temperatures 
is probably the nearer the correct one, but the uncertainty is considerable, 
and thus the value given for the atomic polarization cannot be regarded 
as accurate. 

In conclusion, we wish to thank Mr. G. P. Kane for the loan of the 
boron, nitrogen, and carbon fluorides and for assistance in measuring 
their refractive indices. 


Summary 

The refractions and dispersions of twenty-three gases have been 
measured and the electronic polarizations calculated. These have been 
compared with the polarizations deduced from dielectric measurements of 
the same samples of gas and the atomic polarizations obtained by 
deduction. 

The atomic polarizations vary from zero for the rare gases and most 
biraolecular gases to 70% of the electronic polarization for cyanogen. 
With the aliphatic hydrocarbons, they increase in relative magnitude with 
the size of the molecule and follow the sequence: acetylenes > olefines > 
paraffins. 

* ‘ Proc. Roy. Soc.,’ A, vol. 117, p. 43 (1927). 
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The Quantitative Analysis of the Photochemical 
Bleaching of Visual Purple Solutions in 
Monochromatic Light 

By H. J. A. Dartnall, C. F. Goodeve, and R. J. Lythgoe,* The Sir 
William Ramsay Laboratories of Inorganic and Physical Chemistry 
and the Department of Physiology and Biochemistry, University 

College, London 

{Communicated by A. V. Hill, Sec. R.S.—Received 17 March, 1936) 

1—Introduction 

In 1851 Miillert noticed that under certain conditions the rods of the 
frog’s retina were coloured red. In 1876 BollJ found that the retina 
bleached on exposure to light. This bleaching is now known to be due 
to the decolorization of a light sensitive pigment, visual purple or rhodop- 
sin. It is generally accepted that this pigment plays an important part 
in scotopic vision, i.e., vision in dim light. Visual purple can be extracted 
from dark-adapted retinae by a number of reagents, including solutions 
of bile salts and digitonin. The solutions of the pigments so obtained 
have been the subject of several spectrophotometric investigations. 
Trendelenburg§ in 1904 detennined the absorption curve of rabbits’ 
visual purple (maximum 507 wfx) and also the relative efficiencies of 
different wave-lengths in bleaching the solutions. He established the 
similarity between the relative efficiencies and the human scotopic 
luminosity curve, as determined by him, for the same source of light. 
The absorption curve has been determined by a number of other obscrversjl 
who find the maximum of absorption of visual purple to be at about SOOwfi 
for mammals, amphibia, etc., and at a variable wave-length for fish.^l 
Recently Hecht** has studied the bleaching of visual purple solutions in 
white light. He showed that weak solutions bleach according to the 
kinetics of a monomolecular reaction, the velocity constant being pro- 

* Working for the Medical Research Council. 

t ‘ Z. wiss. Zool.,’ vol. 3, p. 234 (1851). 

J ‘ Monatsber. Berlin Akad.,’ p. 783 (1876). • 

8 • Z. Psychol.’ vol. 37, p. 1 (1904), 

11 E . g ., Kottgcn and Abelsdorff, ‘ Z. Psychol.,’ vol. 12, p. 161 (1896). 

•,i Bayliss, Lythgoe, and Tansley, ‘ Proc. Roy. Soc.,’ B, vol. 120, p. 95 (1936). 

•• • J. Gen. Physiol.,’ vol. 3, pp. 1, 285 (1920); vol. 6, p. 731 (1923). 
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portional to the intensity of the bleaching light and independent of the 
temperature within experimental error. 

In the present work the bleaching of visual purple in monochromatic 
light has been studied and, by means of absolute determinations of the 
light intensity, it has been found possible to apply fundamental photo¬ 
chemical principles to this reaction. 

2—Technique 

Optical System —A lOOO-c.p. tungsten arc, “Pointolite” lamp, S (see 
fig. l),run off a constant voltage supply and stabilized by a series resistance, 
was used as the source of illumination. The light from the incandescent, 
diamond-shaped electrode was focused on the entry slit, Sj, of the mono¬ 
chromator by means of a condensing lens and a totally reflecting prism, 
R. All the apparatus except the light source was placed inside a dark¬ 
room. After passing through the monochromator lens, L, the light fell 
as a parallel beam on the front face of the prism, P, where it was dispersed. 
After reflexion from the silvered back face it was finally brought to a 
focus by L in the plane of the slits. The dominant wave-length emerging 
from the exit slit, Sj, was varied by rotation of the prism, the position 
being read on a scale and vernier. The range of wave-lengths emerging 
was determined by the widths of the exit and entry slits. The wave-length 
scale and the dispersion of the monochromator were calibrated with a 
mercury vapour lamp. 

After emerging from the exit slit, the monochromatic beam passed 
through a small lens, V, which formed a circular image of the lens, L, 
on the aperture of the cell holder, H. This was of brass, about 7 cm 
square and 1 •! cm thick, and carried a shutter on its front face. The 
holder was made hollow to allow a stream of water from a tank to pass 
through it, maintaining its temperature constant to within T C. The 
cylindrical optical cell containing the visual purple solution was of fused 
quartz with plane parallel faces. It fitted coaxially into a cavity in the 
holder, the aperture of which had the same diameter as that of the cell. 
The cell dimensions were: internal diameter I 0 cm, length 0-5 cm. The 
length of the slit was 20 mm. The amount of spreading of the light beam 
over the length of the visual purple solutions (0-5 cm) was unimportant. 

After passing through the visual purple solution, the monochromatic 
hewn fell on a Weston photronic cell, Q, which was connected to a 
critically-damped Zernicke galvanometer, Gj, standing on a vibration- 
proof block of concrete and housed in an earthed metal container. The 
leads to the galvanometer were of lead-covered cable, this covering being 
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earthed. The photoelectric cell was tested for linearity of current with 
intensity by a series of calibrated neutral filters, which were used singly 
and in combination. 

At regular intervals of time the current developed by the photocell was 
read on the galvanometer scale. As the visual purple bleached, its 



transmission increased and there were corresponding increases in the 
galvanometer deflexion. It was found vep^ important to arrange for 
regularity of treatment of the photocell. Between the latter and the 
holder, H, was placed the shutter, E, a thin circular disk driven by an 
electrical synchronous motor, geared so that the disk completed one 
revolution in exactly 1 minute. A concentric slot of 180° was cut in the 
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disk, allowing the light to pass to the photocell for half a minute and 
screening it for the following haif-minute. A reading was taken 15 
seconds after the shutter had opened and the zero reading 15 seconds 
after it had closed. With these precautions for ensuring uniformity, 
smooth curves for the transmission of the visual purple solutions with 
time were obtained. 

During the course of an experiment, the voltage across the lamp, and 
consequently the light intensity, varied. The variations were usually 
of the order of 1 or 2%. Their magnitude was determined in the following 
way. Between the source and the monochromator was placed a piece of 
plane glass, inclined at an angle of 45" to the path of the main beam. The 
reflected light then passed through a colour filter, F, so that the transmitted 
light was approximately of the same spectral composition as that used for 
the bleaching of the visual purple. It then fell on another photocell, Cg, 
which was connected to a galvanometer. Corrections were applied 
only to the readings of the transmitted light, and no account was taken of 
the slight change in the rate of bleaching resulting from the variation in 
intensity. 

A certain amount of stray white light was reflected back directly 
through the exit slit from the surfaces of the monochromator lens. In 
some experiments this stray light was reduced by filters, but no difference 
in the relative rate of bleaching was observed. The stray light was 
3-4% of the whole. 

Absolute Calibration of the Light Intensity—The determination of the 
light intensity in ergs per second was carried out with a thermopile and a 
potential dividing arrangement similar to that described by Nagai and 
Goodeve.* In this the E.M.F., developed by the light falling on a 
thermopile, was measured. The thermopile was of the Moll 80-element 
type and was housed in a cylindrical metal container. It was calibrated 
with a 75-watt grid filament tungsten lamp, standardized by the National 
Physical Laboratory. Nagai and Goodeve found that 10% of the incident 
light from the standard lamp was reflected from the protecting quartz 
window. It was assumed that the same fraction of the monochromatic 
beam used in these experiments was reflected. The mean of several 
determinations gave the following calibration. One watt of radiant 
energy falling on the thermopile (quartz window in position) gave an 
E.M.F. of 0-0796 volts. 

The Preparation of Visual Purple Solutions —Two methods of prepara¬ 
tion were used. The first was a straightforward extraction from the 

♦ ‘ Trans. Faraday Soc.,’ vol. 27, p. 508 (1931). 
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retina by digitonin solution similar to that described by Tansley* for rat 
eyes. About 12 frogs (Rana temporaria) were used for each prq>aration. 
The frogs were kept in the dark overnight, after which they were decapi¬ 
tated and the heads washed in water. The cornea and lens having been 
removed from the eye, the retina was picked out with fine forceps, washed 
in 0 -5% NaCI solution, and placed in 1 cc of a 2% solution of digitonin. 
After about half an hour the cell envelopes of the rods ruptured and the 
visual purple was liberated. The whole was then centrifuged at about 
4000 r.p.m. for 10 minutes and the optical cells filled with the clear 
supernatant liquid. 

The second method of extraction was based on the same principle, 
namely, the rupture of the cell envelope. Distilled water alone causes 
some liberation of visual purple from the retina, owing to the difference 
in osmotic pressure between the distilled water and the cell contents. If, 
however, the disruptive process is augmented by alternate thawing and 
freezing of the retina, there is an increased liberation of visual purple. 
In the second method, therefore, the retinae, after washing, were placed 
in a metal test tube containing distilled water. The test tube was 
immersed in liquid air and then in warm water until the mass had melted 
again. After repeating the process several times the contents of the 
test tube were centrifuged as before and the supernatant solution of 
visual purple used for experiments. Solutions prepared in this way were 
more opalescent than those prepared by the first method. 

3—Theoretical 

The following symbols and definitions are used in this paper:— 

I, intensity of light, expressed as number of quanta per second, incident 

on the solution; 

Ij, intensity of light transmitted by the solution at a time /; 

J, , intensity of light absorbed by the solution at a time r; 

I^, intensity of light finally transmitted by the solution, i.e., after 
complete bleaching; 

T, intensity of light transmitted by the solution at the beginning of the 
experiment; 

/, time from the initial exposure of thp solution to the light; 

/, internal length of the optical cell; 

A, exposed area of the solution; 

V volume of the solution; . 

* Tansley, * J. Physiol.,’ vol. 71, p. 442 (1931). 
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n, number of centres of absorption (chromophoric groups) in the 
volume V of solution; 

c, concentration, expressed as the number of chromophoric groups 
divided by the volume of solution; thus c — n/V; 

Y, quantum efficiency, a ratio defined as— 

number of chromophoric groupings destroyed . 
number of quanta absorbed ’ 

a, extinction coefficient per chromophoric group expressed in square 
centimetres and defined by the equation— 

log, 

*» 

h, Planck’s constant,/.e., 6-54 x 10 *'erg-seconds; 

V, frequency of the monochromatic radiation expressed as number 
per second. The energy of the quantum is Av ergs. 

Analysis of Ideal Case —By making a few simple photochemical assump¬ 
tions, it is possible to derive a theoretical expression for the bleaching of 
visual purple solutions in monochromatic light. It is not at present 
possible to make a solution of visual purple to the exclusion of all other 
substances, but it is convenient, first of all, to consider such a solution. 
It will be assumed that the products of the bleaching do not absorb 
light appreciably. 

Consider a parallel beam of monochromatic light falling on a solution 
of visual purple, contained in a cylindrical ceil, arranged coaxially with 
the direction of the light beam. It is first assumed that visual purple 
solutions obey Beer’s and Lambert’s laws. These may be written 

J, - I (1 - e -O. (1) 

This equation and the following argument hold also in the presence of a 
gradient of concentration in the direction of the optical axis; c, being 
the concentration if the solution were mixed. A slight error would be 
introduced if the gradient were in a direction perpendicular to this axis. 
From the definition of the quantum efficiency given above, the rate of 
decrease in the number of chromophoric groups is equal to the product 
of the quantum efficiency and the absorbed light intensity, expressed in 
quanta per second. That is, 

dc _ yJ, 
dt V 


M 2 


( 2 ) 
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By eliminating J, between (1) and (2), 


-cfc 

dt 


ll 

V 


{1 


( 3 ) 


which, on rearranging, becomes 


(1 


dc yl 
e-**) ' " V 


dt. 


(4) 


By making a second assumption, namely, that the quantum efficiency is 
independent of the concentration, equation (4) may be integrated to give 


log. 


(e“ 


I) constant. 


and since — l/lj this becomes 

log, = — • t + constant. (5) 

By putting / = 0, the value of the constant is found to be log, ■ • 

1 — 1 < 

In any experiment I and A are constants, and also a and y if the 

assumptions are justified. Thus by plotting log, against t, a 

straight line should be obtained, whole slope is ayl/A. All except a and 
y are known and hence the value of the product ay for the conditions 
of the experiment can be obtained. 

Extension to Real Case —In actual practice, solutions do not bleach to 
complete transparency owing to the presence of other absorbing sub¬ 
stances extracted with the visual purple. Thus an internal filter is present 
in the solution and the amount of light absorbed by the visual purple is 
not proportional to the total amount absorbed. In addition 1, is not 
equal to 1, as it would be in the ideal case. 

It is found, however, that if, instead of log, - i t- . ., log, ■— t — is plotted 

* ~ I« If ~ i« 

against time, a straight line is obtained. Thus it is found experimentally 
that 

log, —ii— = mt -{■ constant. (6) 

1/ ~~ 

The slof)e of the line “ m ” is not equal to ayl/A, but its relation to this 
quantity can be found in the following way. 

It will be assumed, as before, that the products of the bleaching do not 
absorb and, in addition, that the internal filter is photostable. Let the 
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concentrations of the impurities be Ci, c*, etc., and their extinction 
coefficients aj, aj, etc. Only a fraction of the total light absorbed by the 
solution will be absorbed by the visual purple. Thus, writing k for 
+ « 2 <’a + ..., equations (1) and (2) are modified to 

J, = I (1 - (lA) 

and 

dt + V’ ^ 


By eliminating Jj as before, a differential equation, analogous to (3), is 
obtained:— 


- dc 
dt 


ll 

V 


OLCl 

a.ci + ki 


{I 




(3a) 


This, however, unlike (3), cannot be integrated to give a form containing 
simple functions. By making the substitutions log, i — «7 + kl and 

I ,* 

log, — ac7 and rearranging, equation (3a) becomes. 


^ lofM. .Lzit. 

dl A logl/I< I 

Also by differentiating equation (6) with respect to time. 


^ - w • lt(l> - 1<) 

dt If 

Finally, by comparing equations (7) and (8), 


m - < ^ ~ . ‘MMt I . 

” \1,-1, I log 1/1,1 A* 


(9) 


This equation expresses the relation between 
myljA and may be written 


m <j> 


gyl 

A 


m 


and the quantity 


where <i> is the quantity in brackets in equation (9). Substitution of this 
value of “ m " in equation (6) gives the required final equation 

log. ... -i t- - = ^ . t + constant. (10) 

1/ 1* A 

Although <f> is a variable, the change in its value for any one experiment 
is negligible. For example, in the experiment of 3 July, 1935 {b) {see 
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s 

fig. 2), for which I, == 113-3, If = 129-1 and I = 203-8, ^ has the values 
shown in the following table:— 

h 

113-3 
116-6 
129-1 


131 


127 


123 


119 


115 


11 ! 

0 4 8 12 16 20 24 28 

Time in minutes 
Fig. 2. 

Thus for the complete range of experimental values of <f> does not 
vary by more than one-half of 1%. It is therefore justifiable to take the 
mean value of <f> and to treat it merely as a constant. For solutions 
containing a great deal of foreign matter ^ has been found to be as low 
as 0-6. The maximum value of is, of course, unity, but this value is 
only attained in the ideal case when I, is equal to I. When <f> is unity 
equation (10) simplifies to equation (S) which was deduced on the assump¬ 
tion that visual purple is the sole absorbing substance present in the 
solution. This quantity 4 tnay be considered as a measure of the reduc- 
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* 

tion in the rate of photo-decomposition due to the internal filter efiect of 
the impurities. 

Interpretation of Hecht's “ Velocity Constant ” for the Bleaching of 
Visual Purple —Hecht* found that the bleaching of visual purple solutions 
follows the course of a unimolecular reaction when the absorption is 
small. This follows from the above equations. Using the present 
notation and assuming (xcl + kl) to be small, 

^-(arn ki.) _ I „ (approx.). 

Equation (3a) can then be simplified to 

c A 

which on integration gives 

where Cq is the initial concentration of the visual purple. This is the 
equation of a unimolecular reaction, the constant ayl /A being equivalent 
to Hecht’s Constant. Unfortunately, Hecht used white light for the 
bleaching so that it is not possible to obtain the value of ay for any one 
wave-length unless the wave-length distribution of energy of his source is 
known. 


4—Results and Discussion 

The experiments described in this paper were selected from a series 
done between January and July of 1935. Several of the experiments 
were rendered incapable of interpretation, owing to the precipitation of a 
■ colourless substance, concurrently with the bleaching. All the solutions 
were coloured at the end of the bleaching due to the presence of a yellow 
substance, possibly that described by Hecht and Chase.f This apparently 
had no appreciable effect on the progress of bleaching of the solutions in 
these experiments. 

In fig. 2 the transmissions (/.e., galvanometer deflexions) for the experi¬ 
ment of 3 July, 1935 (b), are plotted against the time (curve A). Full 
corrections have been made for reflexions at all surfaces of the optical 

cell. In the same figure the function logic |—^ has been plotted 

* ‘J. Gen. Physiol.,’ vol. 3, p. 1 (1920). 
t ‘ Proc. Nat. Acad. Sci., Wash.,’ vol. 20, p. 238 (1934). 
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(curve B). It will be seen that the points representing the values of this 
function lie satisfactorily on a straight line until the bleaching is practically 
complete.* The same was true for all of the results of the experiments 
referred to in Table I. Divergences from a straight line occurred in other 
experiments, but in all of these complications were present due to 
precipitations occurring during the illumination. The divergences were 
in the expected direction. 

The fact that straight lines were obtained indicates that the expression 
developed for the reaction kinetics in the theoretical part of this paper 
adequately describes the experimental data. Thus the two assumptions 
made, viz., (1) that visual purple solutions obey Beer's and Lambert’s 
laws, and (2) that the quantum efficiency does not depend on the con¬ 
centration, may be considered legitimate. 

The results of five experiments carried out with light of dominant 
wave-length, 506w|.t, are summarized in Table I. The range of wave¬ 
lengths was for the first experiment, 510-502 W|x, and for the others 513- 
500wji.. “Digit” signifies digitonin extraction; “ L.A.” liquid air 
method. The individual results are consistent among themselves to 
about 10%. The mean result for <xy, namely 4 0 .x 10 ’* cm*, has an 
absolute accuracy of about 10%. 

The disruption of a molecule as the result of absorption of light is 
usually divided into two stages: the primary process and the secondary 
process. According to the Stark-Einstein Equivalence Law, the primary 
process in the photochemical decomposition of a molecule is the absorp¬ 
tion of a single quantum of light, whereby the molecule is raised either to 
a higher stable electronic level or to an unstable one, resulting in dis¬ 
sociation. The overall quantum efficiency of a reaction is determined by 
the nature of the secondary process, namely, the chemical consequences 
attendant on this activation. It is possible that the excited molecule will 
lose its surplus energy by fluorescence, deactivating collisions, or in other 
ways. On the other hand, it is possible that energy or molecular chains 
may be initiated. If this is the case the quantum efficiency will be greats 
than unity and will depend on the concentration and temperature. 
The experimental observations, as shown, for example, in fig. 2, indicate 
that the value of ay is independent of concentration. In addition, it may 
be concluded from Table I that this quantity is independent of temperature 
and light intensity within the range used. Hechtf found his “ velocity 
constant” to be independent of temperature and light intensity. The 

* The errors in plotting the logarithmic function become very large when the concen¬ 
tration of visual purple approaches zero. 

t * J. Gen. Physiol,,’ vol. 3, p. 285 (1920); vol. 6, p. 731 (1923). 
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quantities a and y are presumably mutually independent, in which case 
each is independent of concentration, temperature, and light intensity. 
This, coupled with the above photochemical argument, leads to the 
conclusion that the quantum efficiency is not greater than unity. 

As the value of the product ay is equal to 4*0 ± 0-5 x 10"^' cm*, the 
extinction coefficient alone, from the above considerations, must be not 
less than this value. Expressed in the more usual units, i.e., the decadic 
molecular extinction coefficient, e, where concentration is expressed in 
gram-molecules (one chromophoric grouping per molecule) per litre, this 
becomes, = 1 06 ± 0-1 x 10*. A search of tables of absorption 
spectra* and part of the literature has revealed no substance with a value 
of Enmx *0 the visiblc or near ultra-violet greater than 3 x 10*. Should 
the quantum efficiency be very much less than unity, the extinction 
coefficient would be abnormally high. 

If we assume that the quantum efficiency is unity, a has the value of 
4 0 X 10~^’ cm*. The initial concentration can then be calculated from 
the relation 

2 ■ 3 f n — D 1 

~ —— - — j~^ chromophoric groupings per cc. 

*’mean • * 

This has been done in the last column of Table I. The fact that the 
solutions were of the order of 10~* to lO* "^ normal, gives one an idea of 
the problems involved in the chemical identification of visual purple. 

One of us (H. J. A. D.) desires to express his thanks to the Department 
of Scientific and Industrial Research for a grant. 

Summary 

An apparatus has been described for the determination of the rate of 
bleaching of visual purple solutions in monochromatic light. 

A theoretical equation has been derived for the change of absorption 
with time, under ideal photochemical conditions. This equation has 
been modified to fit the conditions found in the decomposition of visual 
purple. 

It has been found possible to determine the value of the product of the 
extinction coefficient, at 506 mix, of visual purple and the quantum efficiency 
of its decomposition. The mean of a number of observations gives the 
value of 4*0 ± 0-5 x 10"” cm* for this ^oduct. 

Certain photochemical arguments have been advanced which lead to 
the conclusion that the quantum efficiency is either equal to or not far 
below unity. 

• Landolt-Bemstein, * Int. Crit. Tables,’ etc. 
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Finite Strain in Elastic Problems—II 
By W. M. Shepherd and B. R. Seth 

(Communicated by L. N. G. Filon, F.R.S.—Received 8 March, 1936) 

1—Introduction 

In a recent paper* one of the authors has developed the theory of finite 
strain in elastic problems on the hypothesis that the second order terms in 
the components of strain may not be neglected. Owingt to the magnitude 
of the displacements considered, it has been necessary to use throughout 
the coordinates of the points of the body after strain instead of those 
before strain, as is always done in the theory of small strains. The 
method has already been applied, in the paper mentioned above, to a few 
particular cases, viz., (i) a cylinder subjected to uniform tension; (ii) a 
rectangular plate bent into the form of a right cylinder; and (iii) the torsion 
of a right circular cylinder. As may be expected, the tension stretch 
curve is not now a straight line as in the ordinary theory, but is more 
like that found in practice for some materials. 

The object of the present paper is to apply the hypothesis to the follow¬ 
ing further problems;— 

(i) a thick spherical shell subjected to uniform, but not necessarily 
equal, normal tractions on the inner and outer surfaces; 

(ii) a thick cylindrical shell or tube under the same type of internal 
and external traction as in (i), but which is constrained by end 
tractions to remain in a state of plane strain; 

(iii) a thick cylindrical tube turned inside out under the same types of 
traction as in (ii); 

(iv) a thick cylindrical tube turned inside out under no surface trac¬ 
tions ; 

(v) the particular forms of problems (i) and (ii) arising when the shells 
are thin. 


2—General Formulae 

Let (a, V, w) be the components of the displacement of a point whose 
coordinates in the strained state are (x, y\ z). The strains are then given 

* Seth, ‘ Phil. Trans.,’ A, vol. 234, pp. 231-264 (1935). 
t Coker and Filon. " Photo-elasticity,” p. 188. 
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by equations of the types* 



^ ^ + dy dzl' 

The stress-strain relations are the same as those holding when the strains 
are small, viz., 

Avv — X S -f 2 [xS,, 
yr == (JL<T,„ etc. 


3—-The Solution for the Thick Spherical Shell 

Let us take rectangular cartesian coordinates referred to an origin 
at the centre of the shell and spherical polar coordinates connected with 
them by the relations 

X = r sin fi cos y = r sin 6 sin z r cos 0. 

It is clear from the symmetry of the problem that the displacements are 
purely radial and a function of r only. Let this radial displacement be 
u, and assume that 

M, = (1 -P)r, 

# 

where P is a function of r only. 

The displacements in the directions O^, Oy, Oz are then given by 
M = (1 - P) .Y, V - (1 - P)y, w - (1 - P) 2 , 
and we find that the stresses are given by equations of the types 

£y - i (3X -i- 2[x) (1 - P*) - (Xr* -t- 2|x;c*) ^ + i (^)*), (3.11) 



Each body stress equation leads to the same equation for P, viz., 
PdP 


4(X + 2,)?f + 2(X + 3rt (f; + (X + 2rt(rf + p)^ - 0. 

(3.21) 

V >^ + 3fx_p 

* Coker and Filon, “ Photo elasticity,” p. 188. 


On putting 


F dr 
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equation (3.21) becomes 


>d\ 


(1 + V)P^ + Vi' + 2FV + 3 - 0, 


so that 

Now 


logP 
F 


f (1 + V)rfV 
j V* + 2FV + 3 ‘ 

X -f 3(ji __ 3 - 4 yi 


X + 2(x ' 2(1 - 7))’ 
where vj is Poisson’s ratio, and since 0 < 73 < 1 it follows that 

1 <- F <- 3/2. 


(3.22) 

(3.23) 


Making use of this result and integrating equation (3.23) we obtain 


logP 


F -- 1 
v'(3 - F^) 


tan"' 


I V -i- F ) 
>V(3 - F-*)) 


where H is a constant. 


ilog(V* + 2FV + 3)+H, 

(3.24) 


Since 




(3.25) 


we have, using equation (3.22), 


i.e.. 


log/- 


r (l+V)rfV 
j V(V*-|- 2FV + 3)’ 


log r = i log (V2 + 2FV + 3) - i log (V*) 

3 —F 1 ( VfF 1 ,1^ /iiiv 
3 v (3 -- P) ^ U/(3 - P)/ ‘ ^ 

where K is a constant. 

Equations (3.24) and (3.31) give the relation between P and r in terms 
of the parameter V. The two constants K and H must be determined 
from the boundary conditions. 

The values of V are not wholly unrestricted. If r' is the distance of a 
point of the shell from the centre in the unstrained state, which is at a 
distance r in the strained state, then r and r' must increase together, Le., 
dr'Idr is positive throughout. But 


r' ~ r — Ur ■- Pr, 


so that 


= + P(1 +V). 

dr dr 


(3.32> 
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Since < r, it follows that P > 0 and consequently we obtain the 
condition 

V > - 1. 


It follows from equation (3.11) that 

^ i (3X -f 2[x) (1 - P*) - i (X + 2(x) P* (2V + V»). (3.41) 

This may be written, introducing a new symbol R, 

R = 1 - ^ {2 tj + (1 - >j){l + V)»}. (3.42) 

3X + 2iJi. I + 

To go further in the solution it is necessary to assign a value to Poisson’s 
ratio. The problem has been solved for two values of •/): (i) t) =: 0-25, 
and (ii) rj = 0 -49 (india-rubber). Any other value in the range 0 < rj < ^ 
might have been used without altering the method of procedure. 


(a) 


10 = 0-25, (X=|i). 


With this value of Poisson’s ratio, equations (3.24), (3.31), and (3.42) 
now take the forms 


log (AP) = - i log {(3V 4)» + 11} + tan-> j], (3.51) 


log (Br) = 


ilog(V«) + ilog{(3V + 4)»-f 11} 


5 

3vn 


tan~^ 


(3V + 4 

\ VII 


), (3.52) 


log (A*R) = 2 log (AP) - log 5 + log (3 (1 + V)* + 2}. (3.53) 


In these equations and throughout the paper the logarithms are to the 
base e. A and B are new constants replacing H and K. The relation 


Table I 


V 

log (AP) 

log(Br) 

log (A*R) 

X- 


--0 423 

~~1-761 

10 

~3’087 

-0-331 

-P883 

7 

^2*794 

-0-296 

-1 -929 

5 

-2’538 

-0-253 

-1*985 

4 

-2-382 

-0-218 

-2*029 

3 

-2’198 

-0-164 

--2 094 

2 

-1-978 

-0-075 

-2*198 

3/2 

1-849 

-0-001 

-2*276 

1 

-1-707 

0-115 

-2*384 

3/4 

-1-630 

0-204 

-2-455 

1/2 

-1-550 

0-334 

-2*540 


V 

log (AP) 

log (Br) 

log(A'R) 

1/4 

-1-467 

0-565 

-2-643 

1/6 

-1-439 

0-701 

-2-682 

1/12 

-1*411 

0-934 

■2-723 

0 

-1*383 

CO 

-2-766 

-1/12 

-1*355 

0-940 

-2-812 

-1/6 

-1-328 

0-713 

-2-859 

-1/3 

-1*276 

0-496 

-2-958 

-1/2 

-1*229 

0-378 

-3-056 

-2/3 

-M90 

0-314 

-3-143 

-5/6 

-1*164 

0-278 

-•-3-203 

-1 

-M54 

0-267 

-3-225 
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between A*R and Br is now known in parametric form. The values of 
log (AP), log (Br), and log (A®R) corresponding to certain values of V 
have been calculated and are given in Table I. 

(h) rj.. 0-49, (X = 49(i). 

Equations (3.24), (3.31), (3.42) now take the forms 
log(AP) == 0 0140043 tan-i (0 -714214 V + 0-728218) 

-ilog(V2 4- 2 039216 V+ 3), (3 gij 
log (Br) = - 0-471475 tan-> (0-714214 V + 0-728218) 

+ i log (V* -f 2 -039216 V 4 3) - i log (V®), (3.62) 
log (A*R) = 2 log (AP) + log {(1 4- V)* 4- 1 -92157} - 1 -0721211, (3.63) 


and the corresponding values of log(AP), log(Br), and log(A*R) are 
given in Table II. 

Table 11 


V 

log(AP) 

log (Br) 

-logtA'R) 

V 

-log(AP) 

log (Br) 

-log(A*R) 

x> 

OC' 

-0-7406 

1-02813 

t/4 

0-6263 

0-3270 

1 07650 

!0 

2-3875 

0*6460 

1 -03548 

1/6 

0-5973 

0-4682 

1-07799 

7 

2-0773 

0-6088 

1-03831 

1/12 

0-5686 

0-7064 

1-07949 

5 

1-8026 

-0-5622 

1-04174 

0 

0-5405 

OC- 

1-08098 

4 

1-6326 

- 0-5242 

1-04445 

1/12 

0-5131 

0*7242 

1-08247 

3 

1-4311 

0-4660 

1-04840 

- 1 /6 

0-4867 

0-5041 

1-08391 

2 

1■1866 

-0-3661 

1-05455 

-1/3 

0-4378 

0-2994 

1-08661 

3/2 

1-0438 

-0-2837 

1 -05899 

-1/2 

0-3961 

0-1972 

1-08890 

1 

0-8856 

--0-1551 

1-06478 

-2/3 

0-3639 

0-1412 

1-09060 

3/4 

0-8012 

0-0578 

1 -06828 

- 5/6 

0-3435 

0-1135 

1-09161 

1/2 

0-7142 

0-0834 

1 07221 

-1 

0-3365 

0-1056 

1-09193 


The relation between log(Br) and log(A*R) is shown graphically in 
fig. 1, and that between log (Br) and log (AP) in fig. 2. These graphs are 
to be used for the solution of all forms of the problem arising from 
different boundary conditions. To obtain accurate results the reader 
must draw his own graphs on a large scale, using the data of the tables. 
Now suppose that the boundary conditions are 

rr a, when ' r ~ a, 

/T = p, when r — h, 

and that the corresponding values of R are R„ and R^. It follows 
that an increment of log (bja) in log (Br) corresponds to an increment 
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log(R^/RJ in log(A*R). In a particular case these increments arc 
represented by the line LM (fig. 1). We must now find the chord of the 
curve, equal and parallel to LM. This chord is HK. If H is the point 
where 

log (A®R) — q and log (Br) = p, 

then A and B are given by the equations 

2 log A = 9 — log R„ 
log B — /> — log a. 

A and B having been determined the values of R (and hence rr) at all 
points for which o < r < ft are given by the points of the curve between 
H and K. The stress (To (— is determined as follows. We have 

- i (3X 4- 2(X) (1 - F) + 2(X) P»V (V + 2) (3.71) 

^0 - H3X + 2[i) (I - F) - iXFV (V -f 2). (3.72) 

On eliminating V between these two equations we obtain the relation 

(X 4- 2tx) 00 = (i (3X + 2(i) (1 - P*) -f X^. (3.73) 

The quantity P must be found in terms of r from the graph in fig. 2. 
The stresses in an india-rubber shell corresponding to two sets of boundary 
conditions have been calculated in order to illustrate the method and to 
discover the characteristics of the solution. 

Example I—The boundary conditions chosen are 

a ~ 3, R. = 1 -02, 
h 5, = 1 -0. 

This means that a shell of internal radius 3 and external radius 5 (both 
measured after strain) is subjected to an internal pressure of amount 
0 •0304 X and is free from traction on the outer surface. The corresponding 
line and chord are respectively LM and HK in fig. 1. We find that 

log B = - I *490, 2 log A = - 1 0729. 

The stresses cotresponding to several values of V have been calculated 
by the method described above and are shown in Table III. The last 
figure in these values may have a small error. 

It is rather unexpected to find that the stress ^ is greatest at about 
half-way through the material, but the total variation is not large. 



-06 -0'4 -0-2 0 0 2 0-4 06 

log{Br) 

Fio. 2. 


VOL. CLVI.—A 


N 



178 


W. M. Shepherd and B. R. Seth 


Table III 

r 3 00 3 25 3 50 3-75 4 00 4-25 4-50 4-75 5 00 

(JB/X . 0 0159 0 0165 0 0174 0 0179 0 0179 0 0178 0 0173 0 0165 0 0161 

— fr/X . 0 0304 0 0236 0 0181 0 0132 0 0094 0 0062 0 0040 0 0018 0 0000 


We find that the value of P at the inner surface is 0-493 and at the outer 
surface is 0 • 854, so that before strain the internal and external radii were 
1 -48 and 4-27. The increase in diameter of the shell is, as would be 
expected, accompanied by a decrease in thickness. 

The magnitudes of the displacements in this case are such that no 
comparison with the results of the small strain theory is possible. 

Example II—The boundary conditions chosen are 

a == 3, R„ =10, 
h = Kf, = 1 -0075. 

The shell is subjected to an external pressure of amount 0-0114 X and is 
free from traction on the inside. The corresponding line and chord 
are and (in fig. 1) and we find that 

logB=- 0-938, 2 log A =- 1-0901. 

Again the stresses have been calculated and are given in Table IV. 


Table IV 

r 3-00 3-25 3-50 3-75 4-00 4-25 4-50 4-75 5-00 

- fi>/X. 0-0250 0 0213 0 0193 0 0178 0-0171 0-0167 0-0162 0 0158 0-0155 

-frtX . 0-0000 0-0040 0-0059 0-0076 0-0091 0-0100 0-0106 0-0111 0 0114 


The values of P on the inner and outer boundaries are found to be 
I -191 and 1 -038, so that the internal and external radii in the unstrained 
state are 3 -57 and 5-19. 

The graphs for the case of v] = 0-25 are very similar to those in figs. 
1 and 2 and the results found will be of the same type. 

In one particular case the solution may be obtained without the use of 
the graphs. If the values of rr at the inner and outer boundaries are the 
same, or what amounts to the same thing, there is no central hole, it is 
clear from the form of the graph (fig. 1) that A*R has the value corre¬ 
sponding to V = 0. (This will be true for all values of rj.) Equation 
(3.42) then shows that P* = R. Both R and P arc constant throughout 
the material and we have 



p2 = R = 


1 - 


2rr 

3X4- 2ia' 
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From the ordinary theory 



rr 

3X -f 



so that the two are equivalent if rr/{3X + 2 [ji) is sufficiently small to make 
its square negligible. 


4—Deductions from the Solution for the Spherical Shell 

It appears from the graph in fig. 1 that there are restrictions on the 
boundary conditions. We must consider only those sets of boundary 
conditions which correspond to chords of the curve. Owing to the 
existence of the end points A and B, corresponding to V = » and V ~ ~ 1, 
the gradient of the curve lies between certain limits, and it follows that 
the gradient of the chord also lies between these limits. (This is a 
necessary but not sufficient condition.) From equations (3.22), (3.25), 
(3.42) we have 

^/R _ 2PMV + 1)(V + 2) 1 - 2y) 

</V ■■■■ VM- 2FV + 3 ■ 1 + >) ’ 

and 

\ dr I -f V 

7 dV ■“ V (V* + 2FV + 3) • 

On combining these two results, it follows that 

t/(logR) ^ _ 2PW(V + 2) _ 1 - 2v i 

d (log r) K dr R 1 + >) ’ 


and, using equation (3.42), 

^(log R) ^ _ 2V (V 4- 2) (1 - 2 yi) 
</(log/-) 2y)(1 — 7))(1 + V)*‘ 

From equations (3.71) and (3.72) we obtain 

ee - 77 = ijiPW (V + 2), 


so that the gradient is given by 


At A where V 


00 



d (log r) 


4 {rr - ^) 
3X + 2ii. — 2rr 


d (log R) _ _ 2(1 - l-fj) 
d{iogr) 1 — ’ 


(4.1) 


(4.2) 


N 2 
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and at B where V — 1 

d (log R) _ 1 — 27) 
d(logr) ~ 7) 

Now we have shown (3.32) that 



dr 

-p(i 

so that at A 


ii 

and at B 


dr' 



dr 


It follows that the point A corresponds to infinite contraction and the 
point B to infinite exten.sion. These may be interpreted as yield points 
for the material. 

The limitation on the values of the gradient implies that 

-- . 2 (rr — 00) , 1 -- 27 ] ^ 

1 — 7j 3X + 2|ji — 2rr 2/) 

or, writing this in a more symmetrical form, 

3X + 2ii — 266 ^ _1_ 

1 — 7] 3X + 2(x. — 2rr 27] 

In the form (4.3) the condition has an interesting interpretation. Two of 
the rival hypotheses as to the condition for the breakdown of the material 
appear to be combined in it. The condition may be violated owing to 
the greatness of one of the principal stresses or by the greatness of the 
principal stress difference. This matter will be referred to again in § 6 
of the paper. 

It is clear from the position of the end-points of the graph in fig. 1 
that when breakdown occurs, either through infinite extension or infinite 
contraction, it must occur first on the inner surface of the shell. 

There is one other case in which breakdown occurs as a result of finite 
surface tractions. If the internal and external surface tractions are equal 
we have seen that R == P*, and so, if R = 0, /.e., /r — i (3X + 2(x), it 
follows that P = 0 and the material is infinitely stretched. 
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5—The Solution for the Cylindrical Shell 

The solution of the corresponding problem for a circular cylindrical 
shell or tube held at its ends, so that it is in a state of plane strain, 
is very similar to that for a spherical shell already given. 

Take rectangular cartesian axes Ox, Ov, Oz such that Oz is the axis 
of the cylindrical surfaces and let p, 6, z be cylindrical coordinates related 
to the cartesian coordinates by the equations 

X =- p cos 0, >’ = p sin 6. 

In this case assume that 


« = (1 - Q) -v, V (1 -- Q) H> = 0, 


where Q is a function of p only. 

If p' is the distance from the axis before strain, of a particle which after 
strain is at a distance p, then p' pQ. The stresses are given by the 
equations 


A'A* = 

= (X -f ix) (1 - 


- (Xp^^ 

+ 2|xa*) 

Ip dp 

+ i 

m 

(5.11) 

yy ^ 

= (X 4- ix) (1 - 

-Q*) 

- (>^p* 

4-2(x/) 12^ 

1 P dp 


m 

(5.12) 

zz ^ 

= X(1 -Q«)- 

- Xp'^ 

1 P dp 

-H 

{dQfX 
^ dp' r 



(5-13) 

yz = 

= zx == 0, 







1 

xy - 

ip dp 

^ Wp, 

n 




j. (5.14) 


One of the body stress equations is identically satisfied and the other two 
each give 


P dp 


2X -1- 5|i. jdQf 


X + 2fx \dp 


zr+(Q 


+ 


dp / dp^ 


(5.21) 


On putting 

_2L±JJL = G 

Qdp ’ 2(X + 2(i) ’ 


equation (5.21) becomes 


(1 + U)Q 


dQ 


+ U* + 2GU 4-2 = 0. 


(5.22) 


2X 4- 5|ji _ 5 — 6 y) 
2(X4-2|x)"~4(l~Y)) 


Since 




182 


W. M. Shepherd and B. R. Seth 


and 

0 < 15 < i, 

It follows that 

1 < G < 5/4. 

Using this condition and integrating equation (5.22), we obtain 


where L is a constant. 


f G + U ) 

V(2 - G*)J 

~ i log {(U + G)» + 2 - G*} + L, (5.23) 


Again, since 


we have from equation (5.22) 


Q rfp 


= U. 


1 __ 1 + u 

pdU U(U»+2GU + 2)’ 
and on integration this gives 
log p = i log (U* + 2GU + 2) - i log (U*) 


2V(2 -^G*) (va-G*)) 

where M is a constant. 

The relation between Q and p is given by the equations (5.23) and 
(5.32) in terms of the parameter U. 

It is easily shown that 

p 7 = X + (JL - iQ*{x + (X + 2tt)(U + 1)«}, 
so that, if we put — 


we obtain 

R - Q* {Y, + (1 - V)) (U + 1)*}. (5.41) 

On giving rj the value 0-25 (t.e., putting X = n), equations (5.23), (5.32), 
(5.41) take the forms 


log (AQ) == tan-i ^ + 23). (5.51) 

log (Bp) = i log {(7 + 6U)» 4- 23} 

,5.52) 

log (A*R) == 2 log (AQ) - log 4 + log {3 (V + 1)* + 1}, (5.53) 

where A and B are new constants replacing L and M. 
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The values of log (AQ), log (Bp), log (A*R) corresponding to chosen 
values of U are given in Table V. 


Table V 


u 

log (AQ) 

log (Bp) 

log (/V*R) 

U 

log (AQ) 

log (Bp) 

log(AaR) 

tJO 

OO 

0 078 

-3-216 

-1/2 

-1-687 

0*900 

-4 200 

10 

--3-895 

0171 

-3-278 

-2/3 

-1-616 

0*778 

4-331 

6 

- 3‘463 

0-227 

-3-315 

• 5/6 

1-566 

0-709 

-4-437 

4 

- 3-150 

0*291 

-3-356 

-1 

1-546 

0-687 

-4-479 

3 

-2-949 

0-349 

-3*392 

-3/2 

1-730 

0*827 

4-287 

7 

2-699 

0-451 

-3-453 

.....7/4 

-1-913 

0-940 

-4-223 

1 

-2*375 

0*680 

3-571 

-2 

2104 

1-042 

4-207 

J/2 

~2-I72 

0-964 

-3-682 

-5/2 

-2-448 

1-196 

-4-234 

1/6 

2-018 

1-475 

-3-796 

-3 

-2*727 

1-298 

-4*275 

1/12 

-1-977 

1-813 

3-832 

4 

-3-142 

1-418 

-4-337 

0 

-1*936 

— 

- 3-872 

-6 

-3-674 

OO 

- 4-404 

--I/I2 

-1*894 

1-799 

-3 916 

10 

-4-283 

1-608 

-4-455 

■■»l/6 

-1*852 

1-448 

3-964 

■ Of) 

— rcj 

1-714 

-4*526 

•-I/3 

-1*767 

1-097 

4-074 







log(B/)) 

Fig. .L 


The graph of the relation between log (A*R) and log (Bp) is shown in 
fig. 3. To solve a particular problem, the reader must draw a large 
scale graph using the data of Table V. In this case there is no restriction 
on the values of U as there was on the values of V in § 3 of the paper. 
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The values of U less than — 1 have an interesting interpretation. We have 
seen that 

P' - Qp, 

so that 

% " ^ ^ 

If U < - 1 it follows that d^'idp <" 0. This can only occur if the 
cylinder is turned inside out. In this case the displacements will be 
given by 

u (1 — Q) V, V (I — Q)y, H' 2z. 



The addition of the term w ~ 2z does not affect the stresses, so that the 
equations are the same as before. The part of the curve applicable in 
this case is the arc BC. The form of the curve in fig. 3, apart from the 
arc BC, is very similar to that in fig. 1, and the method of evaluating the 
constants A and B is precisely the same as in §3, both in the ordinary 
case and when the tube is turned inside out. 

The values of R, and thence pp, must be found from the graph in 
fig. 3, and the values of Q from the graph in fig. 4. The remaining stresses 
may now be calculated in terms of pp and Q. 
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Tp - (X + la) (1 - Q2) - i (X + 2[x) Q*U (U + 2), (5.61) 

00 = (X + (x) (I - Qii) - ixQ*U (U + 2), (5.62) 

Tz - X (1 - Q2) - ixQ*U (U + 2), (5.63) 


and consequently 
00 


2 (x . 

z ol) - 


X -I ' [J- 
X -f- 2(i. 

- 1^(1 -Q*) 


(1 - Q*) + r 


X + 2[jl 
7) (00 + pp). 


PP 


(5.64) 

(5.65) 


It is of course impossible in practice to turn inside out a tube made 
from any of the actual materials for which t) = 0-25, so the values of 
log (AQ), log (Bp), and log (A'^^R) have been calculated for ■») == 0-49 
(india-rubber) for values of U < -- 1.. This matter is more fully dealt 
with in § 7. 


6—Deductions from the Solution for the Cyundrical Shell 

As in § 4, it appears that there are restrictions on the boundary con¬ 
ditions. We find, using equations (5.22), (5.31), (5.41), that the gradient 
of the curve in fig. 3 is given by 

</(log R) p </R. Q^U (U -f 2) (I - 271 ) 

d (log r) R r/p R 

Equations (5.61) and (5.62) show that 

ip - 67) = - piQ*U (U + 2). 

so that 

d (log R) _ PP - (6 2) 

d (log p) X + g. — PP 

On substituting for R from equation (5.41) in equation ( 6 . 1 ) we obtain 

^(logR) _ U(U + 2)(1 - 271 ) 3 , 

^(logp)' rj-b(l - T,)(U+!)*• 

At B, U - — 1, so that 

d (log R) _ 1 — 27 ; 
l/(logp) ft 

At A and C, U = i « and 


ddog R) __ 1 -27) 
</(Iogp) " 1 - 7) ■ 
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It follows that 

- » -2r) p7 - 1-27) 

1 — 7) X+fi — PP >3 


(6.4) 


This condition is similar in type to that in the inequality (4.3) and again 
may be written in the more symmetrical form 


< ^. +.L Z- gQ < Liu?. (6.5) 

1 — 7) X+(X — pp 7) 

It is to be noted that in this case pp — 00 is not necessarily the greatest 
principal stress difference. Under certain conditions pp — zz or 00 zz 
may be numerically greater. 

In the case of the cylindrical shell, as in that of the spherical shell, 
failure, if it occurs, must occur at the inner surface. 

When the internal and external surface tractions are equal, we find 
that U = 0 and 

( L'f = Q2 === R ^ 1 ~ . 

\ p / X + (X 


Both Q and R are constant throughout the material. 
From the ordinary theory we obtain 


Q2 = {i 


__££_]* =•. 1 - PP 4 - f PP V~ 

2(X P')-’ X + p. l2(X+ p)i 


These^alues agree if {pp/2(X + fx)}* may be neglected in comparison 
with pp/2(X 4- p). This condition is very similar to that found at the 
end of § 3. 


7—The Cylindrical Shell Turned Inside Out, Under No 

Tractions 

When the tube is first turned inside out and then subjected to uniform 
internal and external surface tractions the problem may be solved in the 
way described in § 5. The simplest case of all is that in which the 
cylindrical surfaces are free from traction, when a zero increment in 
log(A®R) corresponds to a given finite increment in log (Bp). The 
corresponding chord of the curve (fig. 3) is of the type LM. 

We can, however, go furthCT than this and find a solution in which there 
is no resultant traction over* the ends. If the length of the tube is great 
compared with its diameter and the ends are free, this solution will 
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accurately represent the conditions at points of the tube not n^ the 
ends. 

We may in this case assiune displacements given by 

u == X (1 - Q), 
a-jd -Q), 

W = OCT, 

where Q is a function of p as before and a is a constant. The non¬ 
vanishing stress components now become 

^ - ix [3 - (a - If - Q2 (I + (u + If}] + (X [1 - Q* (U + If], (7.11) 

ee == ix [3 - (a - If - Q2 {1 + (U + If}] + fx (1 - Q% (7.12) 

iz = ix [3 - (a - If - {I + (U + If}] + fx [1 - (a - 1)*]. (7.13) 

One of the body stress equations is satisfied identically and the other 

two show that the relation between Q and p is that obtained in equation 
(5.21). Proceeding as in § 5, we obtain equations (5.23), (5.32), and (5.41) 
where in this case 

R = 1 _ ^£_ + ^ (1 _ (] - af). (7.2) 

On giving vj the value 0-49 we obtain the following equations for 
log(AQ), log (Bp), and log(A*R), 

log (AQ) = 0-009902 tan-i (1 010000 U + 1 -019900) 

~ ilog (U* + 2-019608 U + 2) (7.31) 

log (Bp) = i log (U* + 2-019608 U -f 2) - i log (U») 

- 0-500049 tan-’ (1 -010000 U + 1 -019900) (7.32) 

log (A*R) = 2 log (AQ) + log [(U + If - 0 -960784] - 0-673345, (7.33) 

where A and B are new constants replacing L and M. Only those values 
of U less than —1 are to be used and the values of log(AQ), log (Bp), 
and log (A*R) corresponding to chosen values of U arc given in Table VI. 
The relations shown in Table VI are not illustrated graphically, as a more 
accurate method of calculation is necessary. The graphs are, however, 
similar in form to the arcs BC of figs. 3 and 4. 

, The boundary conditions are: 

(i) pV ~ 0 on the surfaces p = a, p = h (^> > a), 

(ii) the ends are free from resultant traction, i.e.. 
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Table VI 


u 

log (AQ) 

log (Bp) 

log (A*R) 

1*0 

0*00991 

0*00000 

-0*69353 


--0*10422 

0*07698 

-0*69052 

-- 1*6 

-0-14740 

0*10484 

-0*68991 

1 *75 

0*21840 

0* 14723 

- 0*68927 

2*0 

-_0*34445 

0*21452 

-0*68890 

-2*2 

" -^0*44576 

0*26281 

0-68908 

- 2*5 

- 0*59148 

0*32495 

0*68978 

-2*545 

0*61243 

0*33326 

-0*68991 

-3*0 

-0*80979 

0*40523 

- 0*69135 

4*0 

-1*15974 

0*50611 

- 0*69418 

-5*0 

- 1*42686 

0*56599 

0*69616 

6*0 

1*64040 

0*60504 

-0*69755 

10*0 

- 2*21663 

0*68041 

0*70037 

X 

- 00 

0*78547 

0*70445 


The boundary condition (i) implies that an increment of amount log (hja) 
in log (Bp) corresponds to a zero increment in log (A®R). In order to 
evaluate A, we must first find the value of (1 — a)*, and this is to be done 
by the use of boundary condition (ii). On using equation (7.13) and 
the relation 


condition (ii) gives 


pdQ 

Qdp 


U, 


1 (A8„ a*)Il + V)-(l _ ^)(1 - «)«] 

Z7] 

- - a*0/] - i I'' U»0* d (p*), (7.41) 


where Q„ and Qj are the values of Q when p — o and p — 6 respectively. 

On the surfaces p = a and p — b we have, since ^ 0, R ~ R© 

where 

Ro “ 1 + ■») — >)(• — *)*• 

It follows that 

A* - A»Ro/{ I + v) - 7j (1 - a)*}. (7.42) 

From equations (7.41) and (7.42) we now obtain 


A»Ro (b^ - (1 + y, - (1 - (1 - a)2} 

2y) {1 -t- rj — V) (1 — a)*} 

= b^AVi,^ ~ a*A®Q„* + i j“ A»Q»U» d (p*). (7.43) 

Ja‘ 


Owing to the fact that this equation involves small differences between 
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relatively large numbers, it is necessary to obtain greater accuracy than is 
possible by the graphical methods used so far. By a method of trial 
and error, it is found that the values U == — 1- 6 and U — — 2-545 each 
give log (A®/?) =: — 0 • 68991. These values of U are taken -as the boundary 
values and if we suppose that a — \ then we find that h ~~ 1 -2566. The 
boundary values of AQ are also found from the table. In order to 
evaluate a from equation (7.43), we must now find the value of the integral 
in that equation. The values of A*Q*U® corresponding to the values of 
U in the table were calculated and plotted in a graph against p*. The 
values of A“Q*U® were then read from the graph for 23 equidistant values 
of p*. These values were then smoothed by taking differences and the 
integral obtained by Simpson’s Rule. This process was repeated to check 
the value. This method gives greater accuracy than might be expected 
owing to the small range of variation of A®Q*U*. In this way we obtain 
the result 


1 + Yj - ( I — Y)) (I - 

1 + Y] - Y) (1 - 


0-98009. 


From this it follows that 

(1 - a)2 - 0 -9970, 
« 1 -9985. 


Equation (7.42) now gives the result 


A2 - A*Ro/{l f Y) - Y) (I - a)*} - 0-5009. 


With these values of A and (1 — «)* we can use Table VI and equations 
(7.11), (7.12), and (7.13) to obtain the results given in Table VII. 


u 

P 

Table VII 

zzj'^ 

pp/X 

oo/x 

- 1*6 

10 

0*0094 

--0 0000 

. 0*0194 

~ 1-75 

10438 

- 0*0062 

0 0007 

- 0*0122 

-20 

1*1159 

- 0*0009 

- 0*0011 

- 0*0011 

- 2*2 

II 712 

0*0028 

- 0*0010 

0*0064 

•~ 2-545 

1*2566 

0*0082 

- 0*0000 

0*0165 


The values of Q on the inner and outer boundaries are 1-2194 and 
0-7659, so that we obtain Table VIII. 


Table VIII 



Internal 

radius 

External 

radius 

Thickness 

Length 

Right side out ... 

0-962 

1*219 

0*257 

1-0000 

Inside out . 

1-000 

1*257 

0*257 

1 0015 
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The percentage increase in external radius is about 3%, and this is approxi* 
mately verified by measurement. The measurement must, of course, be 
made at some distance from the ends which naturally turn outwards 
when the tube is inside out. This turning outwards of the ends is accom¬ 
panied by a narrowing of the tube near the ends. This is, of course, 
well known but is merely an end effect. 


8—Applications to Thin Shells 

When applied to thin shells, the foregoing theory is considerably 
simplified. Consider a spherical shell of radius a and small thickness d 
subjected to pressures p and p -f- on the inside and outside respectively. 
In equation (4.1) we have the result 


But 


so that 


rdK_ {(V + 1)*-1)2(1 - 2y)) 
Kdr " 27) +(1 - yi)(l + V)* 


R = 1 + 


a. 


2p 


3X + 2(i. ’ 


dK 


2pi 


3X + 2tx' 
dr — d. 


rdK _ 2pi .o 
R dr 3X + 2|i + 2p ’ 


say. 


( 8 . 1 ) 


( 8 . 2 ) 


Since the gradient of the graph in fig. 1 is bounded it follows that 
Pi/(3X + 2 ) 1 ) is small of the order dja. 

From equations (8.1) and (8.2) we obtain 


(1 + V)* -= 


2 (1 — 27)) — 2w7) 

2(1 — 27)) + w(l — 7))‘ 


(8.3) 


On eliminating (1 + V) between equations (8.3) and (3.42) and putting 
R — 1 + 2p/(3X + 2|i), we obtain the value of P, given by 


i.e.. 


p2 


.( 1 + , /l + ^ 1 

I ^ 3X + 2(ii ( ^2(1 - 27))!’ 


pa 1 4- 


2e. 


+ 


"El 


1 


3X + 2|Ji d(3X.+ 2(1) 1 - 27)' 


I (8.4) 


Since P =~ r' jr this equation gives the change in the radius of the shell 
due to the strain. 

The stress 00 (— <f^) may be obtained by substituting from equation 
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(8.4) into equation (3 73) or by consideration of the equilibrium of a 
portion of the shell and the result is 

00 ~ p ~ \p^ald. 

The limitations on the gradient of the graph in fig. 1 take the form 

2(1 — 2-r|) 2p^ a ^ 1 — 2r| 

1 - ■/) 3a + 2(1 + 2pd T) 

Consider the two cases (i) zero pressure inside and pressure 11 outside, 
and (ii) zero pressure outside and pressure FI inside. In case (i) the 
first part of the inequality gives no information but the second part leads 
to 

n < l" .. i ! i (3x + 2fi)-. (8.51) 

ZY) a 

In case (ii) the second part of the inequality gives no information, but the 
first part leads to 

ri dl -2^ 

3X + 2|i + 211 "" fl 1 - r, ’ 

or, since FI is small compared with 3X 4- 2(i, 

11 .r: i-Z_^(3X + 2(1) - (8.52) 

1 ~ Y) a. 


The solution for the cylindrical shell, in a state of plane strain, is very 
similar to the solution for the spherical shell. Again we suppose that the 
radius is a, the thickness d, the internal pressure p, and the external 
pressure p + Pi. We obtain the results 



X + (A 


4 - ^ Pi 

d "k -\- 



00 — p — jPj ajd. 


(8.61) 

(8.62) 


zz == Y) (66 + pp) — ~ Y) {2p + Pi ajd). (8.63) 


The limitations on the gradient (fig. 3) take the form 


1 - 2y) Pi a 1 — 2Yi 

l-Y)"^X+(i + pd'' V) 


Again, consider the two cases (i) zero pressure inside and pressure FT 
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outside, and (ii) zero pressure outside and pressure H inside. Case (i) 


leads to the condition 

n < ^ 2y) 

(X + H') "-1 

(8.71) 

and case (ii) leads to 


a 


n< 

\ Ti 

(X + |x) ^. 

(8.72) 


In conclusion, our thanks are due to Professor Filon, through whose 
interest in (he subject of finite strain we were led to undertake this 
work. 


On the Quantization of a Theory Arising from a 
Variational Principle for Multiple Integrals 
with Application to Born’s Electrodynamics 

By P. Weiss, Downing College, Cambridge 
(Communicated by P. A. M. Dirac, F.R.S.—Received 18 March, 1936) 

1—Introduction 

The transition from classical mechanics to quantum mechanics has 
been formulated in various ways. But all these ways have the common 
feature that they use as starting point mechanics not in its Newtonian 
form, but in the form which it was given by Lagrange and Hamilton. 
The essence of this form consists in the fact that the differential equations 
of motion for a dynamical system with v degrees of freedom can be and 
are represented as Euler equations of a variational principle for v functions, 
the generalized coordinates, of one variable, the time. 

In its purely mathematical aspect the quantization method may, 
therefore, be regarded as a mode of taking certain notions and certain 
relations arising from a variational principle for several dependent and 
one independent variable and of giving them a new meaning. 

The partial differential equations of an electromagnetic field, as formu¬ 
lated by Maxwell or as generalized by Micf and recently by Born,t can 

t ‘ Ann. Physik,’ vol. 37, p. 511; vol. 39, p. 1; vol. 40, p. I (1912-13). 

J Born, • Proc. Roy, Soc.,’ A, voJ. 143, p. 426 (1934), quoted as I. Born and 
Infeld, ‘ Proc. Roy. Soc.,’ A, vol. 144, p. 425 (1934), quoted as II. 
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f' 

tie represented as integrability conditions and Euler equations of a varia* 
tional principle for 4 functions, the electrodynamic potentials, of 4 
variables, the space-time coordinates. In Maxwell’s or Born’s case this 
can even be done in two different ways, dual to each other. It is a special 
feature characteristic of all electrodynamics that the derivatives of the 
potentials appear only in their antisymmetrical combinations. 

The general case consists of a variational principle for v functions of 
n variables without restriction as to which variables, functions, or deriva¬ 
tives appear. 

In order to obtain a quantization method for this and the Maxwellian 
electrodynamic case, Heisenberg and Paulif replaced the 3-dimensional 
space continuum by a lattice of discrete points and treated a dynamical 
system with an infinite number of degrees of freedom by considering a 
variational principle for an infinity of functions and one independent 
variable, the time. The artificial separation of space and time, inherent 
in this quantization method, has the disadvantage that the proof of the 
relativistic invariance of the result becomes very complicated. 

The same is true of the quantum electrodynamics which Born and 
InfeldJ obtained by generalizing Heisenberg and Pauli’s results from 
Maxwell’s to Born’s electrodynamics. 

It seems natural to look for a method of quantization of a variational 
principle involving several independent variables, which treats all these 
variables on the same footing and which coincides with the old method 
for one independent variable. The relativistic invariance .should then 
be obvious. Such an attempt has been made by Born.§ Its starting 
point was Hilbert’s Independent Integral of the calculus of variations 
allied with the Hamilton-Jacobi equation, which has been developed not 
only for one, but also for several independent variables.!! So far, how¬ 
ever, no quantum relations equal or similar to those of Heisenberg and 
Pauli have been obtained in this way. 

Here another attempt will be made. Its starting point will be the 
notion of conjugate variables in the calculus of variations with one 
independent variable treated in § 2. A generalization of this notion to 
several independent variables, suitable for our purpose, will be given in § 3. 

t Heisenberg and Pauli, ‘ Z. Physik,’ vol. 56, p. 1 (1929). 

t ‘ Proc. Roy. Soc.,' A, vol. 147, p. 522 (1934), quoted as III. ‘ Proc. Roy. Soc.,* 
A, vol. 150, p. 141 (1935), quoted as IV. 

§ Bom, I, p. 410. Another attempt has been made by Mie (‘ Ann. Physik,’ vol. 85, 
p. 711 (1928)) but has not been treated in invariant form. 

II Hilbert, ‘ G6tt. Nachr.’ p. 292 (1900); pp. 165, 174 (1905); Weyl, ‘ Phys. Rev.,* 
vol. 46, p. 505 (1934). 
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We shall first treat the general case with v dependent and n independen) t 
variables, and we shall discuss later how far the results obtained appl> ' 
to the more special case of electrodynamics. 

From the above it is clear that we place classical electrodynamics 
(whether Mie’s, Born’s, or Maxwell’s) on the same footing as classical 
mechanics, the former being only more general than the latter. It 
follows that in the same sense quantum electrodynamics is placed on the 
same footing as quantum mechanics. 

This corresponds to the “ Unitarian ” point of view adopted by Born 
and Infeld, and it differs from the “ dualistic ” point of view of most other 
authors; they, in order to stress the dualism between field and matter, 
treat geometrical optics on an equal footing with classical mechanics, 
wave optics with Schrbdinger’s wave mechanics, classical electrodynamics 
with Dirac’s waves of matter and finally quantum electrodynamics with 
the results of the “ second quantization ”, when applied to waves of 
matter. 


2—Conjugate Variables and TRANsmoN to Quantum Theory 
IN THE Case of One Independent Variable 


We consider a dynamical system of v degrees of freedom, with time x 
coordinates z‘, velocities Its classical equations of motion can be 
expressed by means of a Lagrangian function L (x, z\ 2 '“) as 


dz' dx 


(a ~ 1, 2, ..., v). 


( 21 ) 


or, after a Legendre transformation 


ik 

cz'" 


( 2 - 2 ) 


L (x, z‘, z'“) H (x. z", p.) =r L — z'^, 

by means of a Hamiltonian function H (x, z% p.) as 


dp^ _ 


0p, dx 


The conservation law reads 


^ ^ 0H 
dx dx 


(2-3)t 


(2-4) 


(2-5) 


and is a consequence of the equations of motion. 


t This Hamiltonian function differs from the usual one by a sign. Throughout 
this paper we use the summation convention, that when a suffix appears twice the 
sum is to be taken. 
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The equations (2-4) show a symmetry between the variables H and x, 
/>„ and 2 '' respectively. The pairs 

(H, .x); (/)„, z‘). (2-6) 

are usually called “ conjugate variables We shall distinguish between 
the “ independent ” pair (H, .v) and the v “ dependent ” pairs (/?., z'). 

The quantum theory of our system starts by taking the conjugate 
variables (2 -6), and then interprets the p., z‘ as non-commuting observ¬ 
ables and postulates between them the “ quantum conditions ” 

[Z’.. Pi>] = 0, [z\ z^] 0 

[Pa,2'’]-8/. (2-7) 

Jn (2-7) the symbol [ ] is defined by 

[a, h] {ab — ba). (2-8) 

S/ is the Kronecker symbol. 

The functional connexion H (.r, z\ p„) is maintained, and the quantum 
mechanical “ equations of motion ” 

^ HI, (2-9) 

are postulated. The time x, if appearing explicitly, is treated as a para¬ 
meter. 

The consequences of the postulates (2-7), (2-9) are well known. In 
particular the equations (2-4) and (2-5) follow from them, provided they 
are interpreted in the quantum-theoretical way. (2-7) and (2-9) show 
again a symmetry between the conjugate variables. 

From these considerations it will be seen that the definition of pairs 
of conjugate variables may be regarded as an essential preparatory step 
for the quantization, and therefore in order to be able to extend the 
quantization method, we have to look for such a definition of pairs of 
conjugate variables as is itself capable of extension. 

The Lagrangian equations of motion (2-1) are derived by the variational 
calculus as Euler equations from the integral 

I = f * L (x, r*, 2 '“) dx. (2 • 10) 

The method consists usually in calculating the first variation of I and 
equating it to zero, while the values of the 2 * at the end points Xi, X 2 
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are kept constant. But here we want to vary also the 2 * at the end points 
and even the end points Xi, Xj themselves and want to consider the corre¬ 
sponding “ complete variation ” of I. 

We define variations 5, by 

X = X -f e . 2‘ (X) = 2 “ (X) + C . YJ" (x), 

2 " (x) = 2 “ (x) -f e . 5^’ (x), (2 11) 


where e is an infinitesimal parameter. The variations are then connected 
by the relation 


( 212 ) 


The complete variation SI of (2-10) turns out to bef 


SI 


" r (- 


?L d _0L 
dx dz' 


1 Y)«dx + (H.C4-/>„.C% (2 13) 


where the second terra on the right-hand side is to be taken at the 
“ boundary ”, i.e., at the end points Xj, x*. 

The first term of SI in (2-13) contains the Euler expressions under the 
integral; the second term contains just the conjugates H,pa as coefficients 
of the variations of x, 2 “ respectively, taken at the boundary. More 
precisely: 

_ d _^\ 

? 2 ^' dx dz'"! 

are the functional derivativesj of I with respect to 2 * (x) at a point x of 
the interval Xi, < x < X 2 . 

H, /?„ are the derivatives of I, taken at the boundary, with respect to 
X, 2 “ respectively. The last property will be taken as the definition of 
pairs of conjugate variables. We shall see in the following section that 
this definition is capable of extension. 


3—Conjugate Variables and Transition to Quantum Theory 
IN THE Case of Several Independent Variables 

a—Conjugate Variables —We consider now v functions 2 * of « variables 
X* and denote their n. v derivatives by 2 <’.§ In order that n . v quantities 

t For a proof, see, for instance, Cartan, ** Lemons sur les invariants int^aux,” 
Paris, pp. 3,10 (1922). 1 have learned this method from lectures which Professor Bam 
gave in Cambridge in 1933. 

t cy. Volterra, “ Theory of functionals,” London, p. 23 (1930). 

§ In this and the following section Greek suffixes will be used for the dependent and 
Latin suffixes for the independent variables. 
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Zi“, given as functions of the x*, can be derivatives of v functions z‘ with 
respect to the they must satisfy the v . ” — ^ “ integrability 
conditions ” 

Iti! - ^ = 0 (a = 1, 2, v) ^ , 

bx'‘ bx‘ ‘ (i, k - 1 , 2 , . ^ 

We shall denote differentiation with respect to one of the n variables 
X* by and differentiation with respect to one of the /i 4- v + « . v 

? r ? 

variables x’, 22 ^ ' by — —, — . 

CX <‘Z cz^ 

Taking a Lagrangian function L (x', 2 *, 2 ^“), we form the //-fold integral 


1 = 



(3-2) 


Here dx stands for the product dx^. dx^ . dx”, and the integration is 

to be taken over a domain G of the //-dimensional x-space. G will be 
bounded by some (n — 1 )-dimensional closed surface in the x-space, 
say S, which we shall refer to // -- 1 parameters 
In complete analogy with the procedure at the end of the preceding 
section we now define variations t)*, by 


x‘ -= x‘ -I- t . I*, z‘ (x) = 2‘ (x) -i- e . y)“ (x), 

2“ (x) - 2“ (x) + £ . (X), (3-3) 

where s is again an infinitesimal parameter. These variations are con¬ 
nected by the relation 

(3-4) 


The corresponding “ complete variation ” 81 of (3-2) turns out to bef 


SI- 



b ai 

bx* dz,‘ 


] r)"rfx-f (j) 


(»-i) 


-f du. 


(3-5) 


where du stands for the product du ^. du^ .<///"“' and the <t„ 7t„ are 

determinants, built up in the following way; 

We put 


i 


U,* 


ik 

dzi“ 

L.8** 


* n ^ 


(3-6) 

(3-7) 


t This formula follows from (3.2), (3.3), and (3.4) by performing a partial integra¬ 
tion and using Gauss’s theorem in n dimensions. For the general mathematical 
theory qf. De Donder: “ Thdorie invariantive du calcul des variations,” Paris (1935). 
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If we define n (n — l)-rowed minors X< of the matrix 


by 


b.v’ 

/ bl/^ bw* 


b.v’ bjr® 

bw" 1 b«’* ^ 

a- 

b^i 

b«* bw* 



a” 

b.Y'* 

bw* 


o'X„ 


b.Y* 

bw"‘* 


b.Y^ 
bw" ■* 


b.Y" 

bw'*"* 


(3-8) 


(3-9) 


the a* being arbitrary symbols, then the cr, and 7t, can be expressed as 


a.=--U,'X, (3 10) 

Tr,=p.'Xj. (3 11) 

?L \ 

) under the «-fold integral sign in (3 • 5) 

C2i“. 

are the functional derivatives of I with respect to the functions 2 " (jf) 
at a point (jc*) of the domain G in the >:-space. If I is to be stationary, 
when the boundary S arid the boundary values of 2 ’ are kept fixed, they 
must vanish, and this gives the Euler equations 


The expressions 


?L 

02“ 


b 

b.Y‘ 


_ J_ik 

02“ bX* 02j“ 


(3 12) 


The expressions c<, tt. under the (« — l)-fold integral sign over the 
boundary S in (3-5) are the functional derivatives of I at a point («*■) 
of S with respect to the functions x* (w), 2“ («) constituting the boundary 
values of the 2“. By this property they are defined as conjugate variables 
to the X*, 2". We distinguish between the « “independent” pairs 
(o<, X*) and the v “ dependent ” pairs 2“) of conjugate variables. 

The Ufc*, defined by (3-7), satisfy the “conservation law” 

bU/ _ 0L 
bx‘ dx*' 

which is a consequence of the Euler equations (3*12). 


(3-13) 
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If the Lagrangian does not depend explicitly on the x\ i.e., if = 0, 
the conservation law (3 13) can be transformed into the integral form 

f (M-l j 

n,du^0. (3-14) 

?L 

If the Lagrangian does not depend explicitly on the 2 ’, i.e., if = 0, 
the Euler equations (3-12) can be transformed into the integral form 




(n-l) 


Tt. dit -- 0. 


(3 15) 


We can give the expression (3-5) a slightly different form, if we look 
at it from a more geometrical point of view. We first remark that the 
form a vector fieldf on S perpendicular to S in the A-spacc, for from 
(3-9) we get 

1).J (3-16) 


On the other hand, it follows from (3-7), (3 10), and (3-11) that 




LX, 


- |9 


(3-17) 


If we now choose a special coordinate system in the .x-space such that 
the first coordinate, say w, is normal to S, i.e., parallel to (X,) and that on 
S the other n — 1 coordinates are just the parameters and if, moreover, 
we adjust w so that 




bvv 


I, 


(3-18) 


we obtain, denoting the variations of w', by Sw, 8 m’' respectively, 

= (l - JTo + (- r/) 8 m% 

where we have written 2 / for ^ . 

bM' 

t More precisely: a vector-volume field, but this difference does not concern us 
here. C/ Eddington, “The Mathematical Theory of Relativity,” Cambridge, 
pp. 109, no, 2nd ed. (1924). 

{ We shall always uscl.k, I ,... from 1 ton, but ^,r, s,... from 1 ton — 1. 
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With the definitions 


we obtain 


K 

K 


biv 


ft 

Ttpr/, 


(3 •19) 
(3-20) 


(n—1) 


((Tf I* + Tt„ j;“) du 




(KSw + K Sm" + 7t« K‘) du. (3-21) 


The coordinate system {w, u\ which is adapted to the boundary 

surface S, will be called the “ natural coordinate system Since S is 
closed, it cannot be regular throughout the x-space. 

With the help of the natural coordinate system we can generalize the 
Hamiltonian form (2 ■4) of the equations of motion.t From (3-11) it 
will be seen that Tt„ is the component of the vector (/>.S /»«*, p.") 

perpendicular to S. Hence we get from (3-6) 


dL 

d (tz-jbw) ’ 


(3-22) 


This shows that by means of the Legendre transformation 


tz' 

bu’ 


L ( w, u\ z\ 



K (H-, t/% 2% 2/, rr.), (3-23) 


K can be expressed as a function of terms which are completely deter¬ 
mined by the boundary S and the boundary values of the 2 “ on S, and 
of the t:„. Differentiating (3 •19) we obtain 

“ s +1? + k <' ■ 


With the help of (3*24) we can replace the Euler equations (3*12) by 


US _ _L i!S _ J2ZE2 ^ 0 + 

02“ bu'' 02,“ bW ’ 071, bW 


(3-25) 


which are fairly symmetrical between the conjugate variables. We shall 
call them “canonical equations”. They are a generalization of (2-4). 

h— Quantization —From the preceding considerations two important 
features emerge: 

(i) We know now which variables are conjugate to each other. This 
fact is quite analogous to the case of mechanics. 


t Cf. Prangc, “ Die Hamilton-Jacobi Thcorie dcr Doppelintegrale,” ‘ Disserta¬ 
tion,’ Gbttingen, 1915, pp. 60, 88; Juvet, '* Sur une Equation aux derivdes fonction- 
nelles partielles, etc.,” ‘ Th6se,’ Paris, 1926, p. 15. 
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(ii) The closed boundary S turned out to be of importance and gave 
us a division of the «-dimensional x-space into the (« — l)-dimen- 
sional closed manifold S and a 1-dimensional manifold perpendi¬ 
cular to S. This fact is beyond analogy with the case of mechanics, 
in which the {n — l)-dimensional manifold had no extension, but 
consisted only of two points. 

For the quantization we can infer from the existing theories the follow¬ 
ing guiding principles; 

(a) Quantities of the classical theory become non-commuting observ¬ 
ables and have to be subjected to quantum conditions symmetrical 
between the conjugate variables. 

(/>) The functional dependence on the variable w, perpendicular to the 
boundary S, has to be replaced by quantum laws, 

( c ) The functional dependence on the variables i.e., on the boundary 

S, has to be maintained, at least “ in the small ”. The observables, 
therefore, become functions of the (n — 1) variables Differ¬ 
entiation and integration in the small with respect to the u^ has 
therefore a meaning. 

(d) Integration over the whole closed surface S shall either not occur 
in the theory at all or must be given a new meaning. (Such a 
meaning may perhaps be inferred from a quantum-theoretical inter¬ 
pretation of the integral laws (3 14) and (3‘15).) 

(a) and (h) serve to maintain the correspondence with the case of 
mechanics. 

(c) serves to maintain agreement with the existing quantum theories 
of a continuum of Heisenberg and Paulif and Born and Infeld, loc. cit.. 
Ill, IV; for the observables of these authors are functions of (n — 1) 
variables, the difference being only that they fix their (n — l)-dimensional 
domain from the beginning by putting one x\ say x*, equal to a constant, 
while we maintain a larger mobility in our considerations by not fixing 
the boundary S, but adapting the coordinate system to S. 

(d) serves again to maintain the strict correspondence with mechanics; 
for the closed boundary S reduces in mechanics to two points, while 
quantum mechanics is only concerned with one of them. This fact has 
been stressed by Weyl.J In this paper we shall comply with the first 
alternative of (d). 

t ‘ Z. Physik,’ vol. 56, p. 1 (1929). 
t ‘ Phys. Rev,,’ vof. 46, p. 505 (1934). 
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For the dependent pairs of conjugate variables (tt,, z‘) we postulate 
the quantum conditions of Heisenberg and Pauli, he. cit., p. II, 


fw), Ttp (u')] 0, [z- (i/), z^ («')] = 0| 

K(«),zn«')] - r ^ 

where denotes the Kronecker symbol and S(m - u) the product of 
the (n — I ) (5-functions S (»'' — u'^) of Dirac, u and ti' denote two points 
on S. 

By differentiating we obtain the relations 


[z“ («), z/ (m')] 0, 

[n„ (u), z/ (i/')] 


[z,“ (tf), z/ (u’)] 0l 

- 8 / 8 , («-«') 1 


(3-27) 


where 8 ,. (« — «') denotes the derivative of 8 (m — «') with respect to «■'. 
We further assume on S the integrability conditions 


^ ^ 0 . 

b«‘ bw*' 


(3-28) 


This is equivalent to assuming the commutability of continued differentia¬ 
tions with respect to the u'. 

We consider now the integral expressions 



(3-29) 


or, adapted to the natural coordinate system. 


Kd«] 

«(«') I 

/,+,== r 


(3*30) 


where S («') denotes a domain on S containing the point («') and K 
and \ are defined by {3-10), (3-19), (3-20). 

We can derive the commutators of the it,, z\ 2/ with the /j+,. We 
have 


[tt, (u'), .] ~ ’ [rt, (w')» (m) (m)] - 

[ 2 “ («'), /,+,] = - r ^ [z" (u'), TTp (m) 2/ (m)1 du == 2,* (w') 

J H(U') 

[2/ («'), /i+.] = - r ’ [2/ (m'), ’tp («) 2/ (m)] du = 


bv(«') 

“ b«'‘ ‘ 
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For the last step we used (3 -28). We get 


bw* 




bz^ 

hu* 


AI 




[z/./h.]. (3-31) 


It follows that for any function F («% 2 ", 2 ,% 
in a power series. 


bu* 


||+fF,/.,J. 


ir„) which can be expanded 
(3-32) 


We have now to postulate a quantum law, concerning the coordinate 
H’, perpendicular to S. it is determined from (3-31) by invariance 
considerations as 


bTt, 

bu' 


1 } 1 * 



(3-33) 


We further postulate the integrability conditions 


b 

W 




They are equivalent to 



IV, III 


0 . 


(3-34) 

(3-35) 


The functional dependence K (w, u', z\ z/, k„) is taken over from the 
classical theory, w is treated as a parameter, if it appears explicitly. 
From (3 •33) and (3'35) it follows that for any function F (h’, z“, 

V, «.). 


IE 

bw 




+ (F, /,]. 


(3-36) 


Equations (3-31)-(3'33), (3-36) are adapted to the natural coordinate 
system; we can replace them by the following relations, valid in the x- 
coordinate system: 


bx:* 




bz‘ 

bx' 


= [z\ J.]. 


(3-37) 


It follows that for any function F (x*, z% tt.) (but not depending on the 
derivatives z,“), 


iE 


aF 

dx* 


+ [F, s,l 


(3-38) 


The integrability conditions (3-28), (3-34) take in an x-coordinatc 
system the form (3 1), interpreted in the quantum-theoretical way. 
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They are certainly satisfied if the commute with each other, for one 
has 


jl 




b 

b..v‘ 


bz“'' 

bx' 


[[ 2 % Sf] - t[ 2 % -sj = [z‘ [i’,, Jj], (3-39) 


according to Jacobi’s identity. 

But the converse does not follow from (3 • 39). 

From (3 -26), (3-27), and (3-33) we obtain the canonical equations 
(3-25) in the quantum-theoretical interpretation. For one has at a 
point (u) of S 


(«), /i] = I K (u), K («')] c/u' ~ 

bH- J8,„, P2“ 

^ = [z“ («), /,] = f”""' [2* («), K («')] 
bH> Js(u) 


b dK 
bw’" C2/ 






(3-25a) 


4 — The Dual Case 

In view of later considerations about electrodynamics, we want to 
discuss here the special case where the integrability conditions (3-1) and 
the Euler equations (3 • 12) can be made to interchange their roles. This 
case will be called the “ dual ” case. Necessary conditions are obviously: 
(i) L does not depend on the 2 % i.e.. 


it 

dz‘ 


= 0. 


(4-1) 


(ii) The integrability conditions (3'1) and Euler equations (3-12) are 
equal in number. This gives 


n (n 


D^v. 


and the only positive solution is: 


n ~ 2, V arbitrary. 


(4-2) 


We shall now show that the conditions (4*1) and (4 -2) are also sufficient 
for the dual case, by constructing the dual theory. (3-1) and (3'12) 
take in our case the form 


bj;^ 



(4-3) 


bx^ ^ bx* 


= 0 . 


(44) 
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The last equation follows because of 


Pa 


SL 


We define dual quantities by 


1 


7 ^* 1 “ 




- Pa-, 

Then (4-3) and (4-4) go over into 


Pa^- 




bp*2“ _ b/>*t" 
bA"* b.v* 


— = 0 
bA-* ’ 

0 . 


We now define a “ Hamiltonian ” function H by 
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(3-6) 


(4-5) 

(4-6) 

(4-7) 

(4-8) 


H - L - 

= L + 


(/,/= 1,2). 


(4-9) 


By resolving (3 -6) with respect to the r<°, we can express H in terms of 
the p*p. It follows from (4-1), (3-6), and (4-5) , (4-6) that 


£H 


= 0 , 



(4 10) 


Equations (4-8) may bp regarded as integrability conditions for the 
existence of v functions p*“ such that 


P*i 


b/?" 


bA-‘ ’ 


(4*11) 


and equations (4'7) may then be regarded as Euler equations for the 
functions p*\ derived from the integral 

r(2) 

!•= Hdx. (412) 

Jo 

This is the dual theory. The function K of § 3 and the function H of this 
section are both generalizations of the function H of § 2. But they play 
a completely different role. 

The complete variation of I* becomes 

ai* = ri*‘ dx + (a,* V + Tt*.:;*-) du, (4-13) 
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where 7)*“, are the variations of p*“, defined analogously to (3-3), 
and where t:,* are given by 


UV=HS‘,-zVpV (4-14) 

(7*,= UVX, (4-15) 

7r*. = zVX,. (4-16) 

In the dual theory we obtain, therefore, the pairs of conjugate variables 

(4-17) 


On this basis a new quantization method, dual to the original one, can be 
obtained. But it turns out to be equivalent to the first. For we have 

- H - = L + z*//?V = L - 

u V = ~ = - W - UA 

and similarly for U*i*. Hence we get U*,.* = U*‘ and therefore 

= (4 18) 

Thus the quantum laws (3 •37) are the same in both theories. 

As to the quantum conditions (3-26), (3-27), we need, since the z*, p*' 
do not appear explicitly, only consider the following three; 

[p\%r/], 

Using a natural coordinate system, we obtain 

[k\, n%] = [zV, z%’] - [z,% z^] = [z/, z/] = 0 

[p*r% P*/] - [p\\ pV] = [p.\ P,'] = K. «.] = 0 

(u), p*/ («')] = {z\^ («), P\^ (u')] - [Z2“ («), p,^ («')] 

= [5/ (m), TTp («')] = V K («' — u)= — B/ 8, (m — m'). 

Here the suffix r assumes the one value 1 only. 

Therefore the equivalence of the two dual quantization methods is 
proved. 

Examples of the dual case are; 


(i) The Cauchy-Rieman equations in the theory of analytic functions 
with 

L = i((Za)» + (r8)*). 
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(ii) The theory of minimal surfaces with »• 

L - (1 + (zi)* + (z,)*)». 

(iii) Born’s electrostatics in two dimensions, recently treated by Prycet 
with 

L == (1 --- (2,)* - (Z,)*)». 

In all these cases we have v = I. 

5— Special Features of the Case of Electrodynamics 

a — Classical Considerations —So far we have, in agreement with the 
conception of general analysis, not introduced any connexion between 
the transformation properties of the dependent variables z‘ and those of 
the independent variables a-'. Now, in order that our quantities z' may 
have a significance in field physics, we introduce, according to the con¬ 
ception of tensor analysis, such a connexion, which consists, generally 
speaking, in the fact that any continuous transformation of the .v* induces 
a linear transformation of the 2 *. In particular, we shall now deal with 
a symmetrical covariant tensor ga. =- g*., representing the metrical field, 
and a covariant vector <f>i, representing the electromagnetic potentials, 
in n dimensions, and we consider a Lagrangian L which does not contain 
the derivatives of the g,*, nor the x' explicitly, i.e., 

Lig,„<^„-^). (5-1) 

We define its derivatives T'*' = T** and p*' by 

dl = f/g,, + 4- (5-2) 

c<j>i 

where we have written <i>u for txfij hxK 
The complete variation of the integral 

i'(«) 

1= Idx (5*3) 

Jo 

now reads 

81 == yii ) dx 4 - -h a' Hi) du, 

(5*4) 

t Pryce, * Proc* Camb. Phil, Soc.,* vol. 31, p, 50 (1935). 
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where the variations yn,, take the place of the former t)” and the varia¬ 
tions Bx*, 5 <f)i the place of the former 5*, The <i<, rr* are now given by 


CT, = U,'X, 






(5-5) 

(5-6) 

(5-7) 


Classical electrodynamics comes under this scheme, but is distinguished 
by the following features: 

(i) The Lagrangian L contains the derivatives of the <f>i only in their 
anti-symmetrical combinations 


fm 


__ txAi _ 


bx' b.v* ‘ 

This fact may be expressed by 

pik -j- pki ~ 0 

(ii) The T‘*, g,<., />'*,/« are connected by the relation 




at 


Because of (5 • 5), this may also be written 

From (5-9) and (5-11) we obtain the further relation 

_ b /Til I / j. \ 

bx‘ bv‘ ^ ^ '*' (b*«) 


(5-8) 


(5-9) 


5 10) 


(5-11) 


(512) 


bx*'* ' \d4>, bx‘ / 

The theory obtained herewith is Mie’s electrodynamicst in n dimensions. 

Its field equations consist of the ” • (” ~ 0 • .. (? ~ i) equations 

1*2* 3 


4- M. 1 4- = 0 

bx' ^ bx* ^ bx* ’ 


(5 13) 


t Cf. Mie, loc. cit. Weyl, “ Raum, Zeit, Materie, ” 5th ed., Berlin, pp. 210-218 
(1923). The tensor notation which we have used is due to Weyl. Mie himself used 
space-vector notation in 3-dimensionai space. 
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which form the integrability conditions in order that may be derived 
from <l>i by (5 • 8) and of the n Euler equations 


ik _ = 0 

d<f>, b.r‘ ’ 


(5-14) 


which make (5-3) stationary with respect to the 
The integrability conditions (5*13) are different from the integrability 
conditions (3 • 1) in form and in number. We can also form integrability 
conditions for the analogously to (3 • 1); but they do not interest us 
in the anti-symmetrical case (i). The Euler equations (5-14), however, 
correspond to the Euler equations (3-12) of the general case. 

The conservation law is a consequence of the field equations and may, 
because of (5 12), be expressed in the two alternative forms 


b.v‘ ^ b.Y* 

(5-15) 

and 


! 

H 

II 

p 

(5 16) 

where we have put, following the conventions in 

tensor analysis, 

T.' == T‘'g*,. 

(5-17) 


In a Euclidean space and Cartesian coordinate system the derivatives 
of gy vanish, of course. 

Mie’s electrodynamics does not agree with experience, since it depends 
on the absolute values of the potentials Therefore, we introduce the 
further restriction: 

(iii) The Lagrangian L does not contain the potentials, 


ik 


0 . 


(518) 


It remains a function L (g^, /«) and its differential reads 

dl^\V>‘dg,, + \p*'‘dU (5-19) 

(5*10) then goes over into 

T«gH=LV-P‘%. (5-20) 

The integrability conditions (5-13) and the conservation laws (5 15), 
(5*16) remain, but the Euler equations (5 14) reduce to 



(5-21) 


VOL. CLVI.—A, 


P 
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The theory now obtained is Born’s electrodynamics in n dimensions. 

(iv) For « = 4 it becomes Born’s electrodynamics in the space>time 
universe.f 

We now turn to the question as to which general principles can be 
taken to account for the special features of electrodynamics which we have 
summarized in (i), (ii), (iii), (iv). 

(i) and (ii) can be derived as consequences of the general invariance 
postulate, /.e., of the postulate that the integral (5-3) has to be invariant 
under the group of all continuous coordinate transformations in the 
x-space. This follows very elegantly by applying Klein’s method of 
infinitesimal coordinate transformations to {5-3), developed by Klein for 
Einstein’s theory of gravitation. J It follows that the quantities T**, p'* 
are contravariant tensor-densities. 

The postulate of general coordinate invariance leads, therefore, to 
Mie’s electrodynamics in « dimensions. 

If we now demand for Mie’s theory the “ duality ” property that the 
integrability conditions (5 13) and Euler equations (5-14) can be made to 
interchange their roles, we obtain as necessary conditions just (iii) and 
(iv). For the only positive solution of the equation 


» . (« — 1 ). (/> - 2 ) ^ 

6 

is n ~ 4. 

The postulate of duality, on top of the postulate of general coordinate 
invariance, leads, therefore, to Born’s electrodynamics in 4 dimensions. 
The difference from § 4, where we obtained n = 2, is due to the fact that 

t Bom and Infold (II, p. 431) have shown that in this case L must take the form 
L-(-|yft|)i.L'(F,G), 
where F and G are two invariants given by 

F - G* - - V. 

“■ l?rt| 

Any particular electrodynamics is characterized by the function L' (F, G), Maxwell’s 
electrodynamics by 

L' - IF, 

the “ New Field Theory ” by either of the two functions 

L'=v'rTF-], L'= Vl -f. f-G«- 1. 

The latter ones give statical singularities with finite self-energy. Maxwell's does not. 

t Klein, ‘ G6tt. Nachr.,’ p, 171 (1918), or “ Ges. Math. Abh.,” vol. 1, p. 568. We 
omit the proof here, (ii) has been derived by Weyl in “ Raum. Zeit. Materie,” pp. 
232-235. (i) can be derived in an analogous way. 
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the integrability conditions (5-13) of the anti-symmetrical case are not 
those of the general case. 

One sees easily that (iii) and (iv) are also sufficient for duality, by 
recalling the well-known construction of the dual theory, where the 
covariant tensor is replaced by the contravariant tensor-density /*** 
and the contravariant tensor-density />“ by the covariant tensor 
If one defines the “ Hamiltonian ” function 


= L - 

or 

H - L + 

and expresses H as a function of the g,*, p*,*, one obtains 

The field equations (5 13) and (5-21) go over into 

b.x‘ 

^ = 0 
bA-‘ bA-* bA*' 


(5-22) 

(5-23) 

(5-24) 

(5-25) 


Equations (5 -25) are integrability conditions for the existence of the 
anti-potentials 4'*< such thatj 



and equations (5 -24) are Euler equations for the integral 



•(*) 

I* = 

Hdx. 

(5-27) 

Its complete variation reads 






(5-28) 

where the o*<, 

<!>•' are given by 





^ bA* 

(5-29) 


or*.-=IJVX, 

(5-30) 


<!)*< 


(5-31) 


t Cf. Born and Infeld, II, p, 432. The only difference is that we include the factor 
■“ into our definition of the dual quantities/***, p*<t. 
t Bom and Infeld, II, p. 436. 


P 2 
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The relation (5-20) goes over intof 

(5-32) 

A comparison between (5-19) and (5-23) or between (5'20) and (5'32) 
shows that the T**' play a symmetrical role between the two dual theories. 

One may account for some of the features of electrodynamics in a 
different way; for Born’s electrodynamics has also the property of being 
.gauge invariant, i.e., of being invariant under the transformation 


where x is an arbitrary scalar. 

If we demand only gauge invariance from our general scheme, (5-1)- 
(5-3), we obtain (i) and (iii) as consequences, but not (ii) and (iv); in 
other words: 

The postulate of gauge invariance leads to Born’s electrodynamics in 
n dimensions, without the relation (5'20) and without dudity. 

If (5-20) does not hold, we can stilt define quantities, say T'-', by 

(5-33) 


but these T'^ will in general not be the same as the T'^ defined as deriva¬ 
tives of L with respect to the gtj. In consequence, the T*^ will in general 
not be symmetrical in the suflBxes i and j. This symmetry has, for instance, 
been used in Born and Infeld’sJ quantization of the new field theory. 
It cannot be explained by the gauge invariance alone, but only by the 
coordinate invariance of the integral (5-3). 

If we require only the general invariance of the field equations, the 
postulate of gauge invariance alone is sufficient, for its leads straight to 
equations (5 13) and (5 21), which arc invariant under all coordinate 
transformations. But if we require in addition that the field quantities 
/,* and /»<*' are connected by an invariant variational principle, we must 
have also the relation (5'20) and the postulate of gauge invariance alone 
is not sufficient. 


h—Conjugate Variables and Quantization —From the anti-symmetry (i) 
it follows that the conjugates n* of the potentials are no lon^ inde¬ 
pendent, but must satisfy the relation, obtained from (5*7) and (5*9), 

== 0. (5-34) 


t Born and Infeld, II, p. 436. 
t IV, pp. 146, 159. 
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The geometrical meaning of this relation is that the k* form a vector 
which is at any point tangential to S. 

In particular, in a natural coordinate system one gets 


Tri -= 0. 


(5-35) 


On the other hand, the canonical equations (3-25), formulated in a 
natural coordinate system, split up in the anti-symmetrical case into one 
equation, which can be written 


?K 


+ 


b7t>+* 

bw* 


- 0, 


(5-36) 


and into the set of 2 . (n — 1) equations 

_ilS-L = 0, -i- = 0. (5-37) 

9<^H r bw' bw 371'+'' bw 

Here 6, n,denotes . 

' bw* 

The peculiarity of (5-36) is that it contains no derivative with respect 
to w, but constitutes a condition on S itself. (5-35) and (5-36) lead to 
the well-known divergence difficulties. If we try to apply our general 
quantization method of § 3 to the anti-symmetrical case, it turns out that 
the component of the perpendicular to S and all its derivatives with 
respect to the commute with all our quantities, so that we can establish 
quantum conditions and quantum laws only for the <f>i+r , its derivatives 
and the ^ taken in a natural coordinate system. Such a theory leads 
to (5 •37), but not to (5 ■36). 

Moreover, one cannot in general assume (5-36) in addition without 
coming to a contradiction with the quantum conditions and all derived 

c)K 

conditions. Only in the case == 0 (5 -36) becomes compatible with the 

derived quantum conditions 


7:' + *] = 0, '^fc] = 0, [/l+,.l + r,/l+..l+«] = 0 I 

t7ri+'(M),/u..i+,(«)]== vs,(«-2)-VS.(«-ii).t ) ^ 

This is, incidentally, another argument against Mie’s general concept 
and in favour of restriction to Born’s electrodynamics. 

The quantum conditions (5-38) correspond to those of Heisenberg 
and Pauli, but they are more general so far as they do not single out one 

t From now we denote the two points on S by « and U, 
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fixed direction (time) in the x-space, but can be made to single out any 
given direction at one point by a suitable choice of the surface S. 

In the case n = 4 the dual theory exists and leads to the relations 

<D«X, = 0, (5-39) 

and in a natural coordinate system to 

a)« = 0; (5-40) 


the derived quantum conditions, corresponding to (5-38), read 

[d>*‘+’' (m), i+( («)] == S/ S, (u~u) ~ Se’’ S, (« — «) ' 

Just as in § 4 it follows that the conditions (5-38) and (5-41) are equivalent 
to each other. One need only transform the symbols with the help of 
the duality relations and using the special properties of a natural co¬ 
ordinate system. 

According to the quantization method of § 3, we should now have the 
relations, expressed in a general coordinate system: 


= W, s,], si); s, = ^'\clu, (5.42) 

and in the dual case 




[<l>*S A], 


^P*ik _ f„* T*l" v"" — r** a* 

bx^ M«) 


du. (5-43) 


But these relations are unsatisfactory for the following reasons: 

(1) The Ui‘, U*t‘; a*, or*, are neither gauge invariant nor coordinate 
invariant with respect to all continuous transformations, but only 
coordinate invariant with respect to affine transformations. 

(2) They contain not only the anti-symmetrical field quantities /«, 

but also the single derivatives , while the quantum 

conditions (5-28) and (5'41) contain only the field quantities. 
Therefore, we do not know the commutation rules for the single 
derivatives. 

(3) The dual quantities U*' and U*n‘, o, and are no longer equal to 
each other as they were in § 4. (5 -42) and (5 *43), therefore, seem 
not to be equivalent, and the notion of conjugates to the x* is 
ambiguous. 
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Apart from these reasons, there is the discrepancy with the usual 
quantum electrodynamics in which the play the role which we should 
assign to the U;t‘ and U**‘. And, indeed, if we define 

(5-44) 


f(S) 

'«(«) 


T^di/, 


(5-45) 


and replace (5-42) and (5-43) by the relations 


bTI* 

bx* 




bd)*< 

b-v* 


4], 


Mi 

b.v* 


b.v 


— [fiki 4 ] 
i - {P*ik, hi 


(5-46) 

(5-47) 


then the objections (1), (2), (3) no longer hold. For the Pjt and are 
gauge and coordinate invariant, contain only the field quantities, and are 
symmetrical between the two dual theories. The t, may be regarded as 
the conjugates to the a* without ambiguity. This revision in the formu¬ 
lation of the quantization method of §3 will be adopted now. 

We want to find out how far this change of form implies a real change 
in the method. Therefore, we calculate the commutators on the right- 
hand side of (5'46), (5'47) in a natural coordinate system. We can 
restrict ourselves to (5 -46), since (5’47) is equivalent to it. Denoting by 
?, the /( in a natural coordinate system, we obtain, taking account of 
(5-35), 



r tAdu, 

h{u) 


(5-48) 

h+r = J 

•(3) 

li^du, 

s(rf) 

(X,.= - 7t'1*. 

(5-49) 

Here M takes the place of K. It produces the “ Legendre transformation” 

/l.l tr-* "'■^4 L(^i/ 

b fl + r, I 

, l -i-*i) M (flit’s yi 4 r, 1^ )s 

(5-50) 


which replaces (3 -23). 

From (5-38) and (5 -49) one obtains by a calculation similar to that 
in § 3, which led to (3-31), 


[’'‘■*'4 4+.1 


br^*' 

bw' 


b«‘ 




(5-51) 




H-ff, I4rj 




1 4 r 




bw* 


4- 

b«« ^ bu' / ^ ^ 
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This shows that if we assume on S one integrability condition of (5’13) 
and the divergence equation (5-36) (with -r-p = = 0) we obtain 

d^pi c<Pf 

(5-46) on S, in agreement with §3, so far as the are concerned. 
Conversely, if we assume (5 46) on S, one integrability condition of 
(5-13) and the divergence equation (5-36) on S follow from it. 

As to ?i, we consider the difference 

M - K - :ri+‘44^. (5-53) 


Before, we obtained the result that <f>i and its derivatives commute with 
all quantities. If we assume that this is true also in the revised theory, 
we obtain 


7ci+^(i?), p (M- K) 

Js{«) 



|/„,.,+,(«),jp(M-K)<*/]-0. 

(5-54) 


In conclusion, we can say that the quantum conditions (5-38) or (5-41) 
and the quantum laws (5 -46) or (5-47) contain the divergence equation 
and integrability condition on S as a consequence, and the further 
assumption that the component of the potential vector or anti-potential 
vector perpendicular to S commutes with all quantities, leads to complete 
agreement with the quantization method of § 3. 


6—Quantum Electrodynamics in the Space-Time Continuum 

Given any closed 3-dimensional surface S in the 4-dimensional space- 
time continuum, we can, according to the theory of relativity, distinguish 
on S between regions, at least two in number, where the direction ortho¬ 
gonal to S is timelike, which we shall call “ spacelike regions ”, and other 
regions, in general of cylindric shape, where the direction orthogonal to 
S‘is spacelike, which we shall call “mixed regions”. Here the word 
“ orthogonal ” is to be understood in the metrical sense: dx* and dy* are 
orthogonal if gi^ dx* dy° — 0. 

Now let x^, X*, X® be the space coordinates and x* the time. Given 
any 3-dimensional spacelike region, we can transform it into a space 
region where x* == const. Then the x' form a natural coordinate system 
for this region, with the only difference that the coordinate w, perpen¬ 
dicular to the region, is now x*. By applying the results of § 5 to this 
region in this coordinate system we obtain precisely Heisenberg and 
Pauli’s quantum electrodynamics in Maxwell’s case and Born and Infeld’s 
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quantum electrodynamics in the more general case of Born’s electro¬ 
magnetic held. 

The considerations of § 5, if applied to a spacelike region, go further in 
three respects: 

(1) They reveal the vanishing of the conjugate of the electrostatic and 

magnetostatic potential as the result of a particular choice of 
coordinates. For, in general, in a spacelike region, the con¬ 
jugates 7T* of the and of the i];*, satisfy the relations (5-34) 
and (5-39), 

k‘X< = 0, <I)*‘X.. = 0. (6 1) 

But if the spacelike region is transformed into a space region, 
and only then we obtain 

Xi-Xj = X3-0, X,= \, (6-2) 

and the relations (6 • 1) reduce to 

n*==0, (!)♦<=-0. (6-3) 

(2) Since the quantum conditions (5 -38) or (5 -41) of § 5 are applicable 
to any spacelike region, as long as it is referred to a natural 
coordinate system, and since a spacelike region can always be 
transformed into a space region where the x* themselves form a 
natural coordinate system, the relativistic invariance of the 
quantum conditions is evident and needs no further proof. 

(3) The function M, defined by (5-48), goes over into T/, if the space¬ 
like region is transformed into a space region. This fact explains 
why Born and Infeldf had to treat T/ as the generating function 
before they could apply Heisenberg and Pauli’s quantization 
method to Born’s electrodynamics. It is now obvious that their 
procedure constitutes only in form, but not in fact, a breach of the 
relativistic invariance of classical electrodynamics. 

The quantization method of § 5 can also be applied to a mixed region. 
Let such a region be referred to 2 spatial parameters r*. i>* and to the time 
X*. This is always possible after a suitable transformation of the x*. The 
coordinate w perpendicular to the mixed region will then be a space 
coordinate. The coordinates w, v\ v\ x* form a natural coordinate 
system for the mixed region. If the 3-dimensional mixed region is in 
particular a cylinder, the coordinates w, v^, u* will be simply polar 

t ioc-c/t., Ill, p. 523. 
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coordinates in space. In any case, transition to the natural coordinate 
system affects only the space coordinates. 

In the x-coordinate system the X< take on the mixed region considered 
the particular form: 


^ d{v\x^)' * £/(pJ, t!®)’ 


Y -41^^ 

® dit^, r*) ’ 


X4 = 0. 


(6-4) 


The TT*, Tj therefore become on this region: 

= <J>*,^f*r*X,, t, = T/X,. (r=l,2,3) (6-5) 

The relations (5-34) and (5-39) become 

TT^X, = 0, «D*'X,-0, (6 -6) 

i.e., they hold in space alone, and tc*, are not affected by them. 

For our further considerations we want to express these relations in 
space-vector form. We have 

iULiJn) - B = (/«*,/*«/*“) ; 

(/»./* 4 ,/ 34 ) - E = (/**»,/•«./•“) 

= H = ~P\*, -P\*) ; 

{p^\ p^) = ~ D = (-p\„ -p*su - P*i^. 

and on the mixed region we obtain from (6-5) 

(Tr\ t:*, 71^) = (H X 0 ), Tc* = — (D . o), 

(Xi, X„ Xa) = 0 

(O*!, O)**) = (B X 0), o** = (B. 0), 

T, ■-= T/ o„ t 4 == (S .0), 8 = (D X B) . 

In a natural coordinate system (k', v\ tP, x*) we have 

Xi =1, Xa = Xa = X4 - 0. 

Therefore, equations (6*6) become 

„i = 0, <D« = 0, (6-10) 

and from (6*7) and (6-8) we obtain for/i+,,,+, and 

fat = Bi, fat “ Ea, fat — Ea 

= Ha, r:* = - H„ Tt* = - Dj 


(6-7) 


(6-8) 


(6*9) 


. ( 611 ) 
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All these quantities are to be taken in the natural coordinate system 
(w, D®, X*). If we apply now the quantum conditions (5-38) to the 

mixed region, we obtain, written in space-vector form, 

[Bi, Di] - 0, [E^, H,] - 0. [E„ Hs] - 0 

[B„ EJ =: [Di, HJ - 0, [Bi, E 3 ] = [Di, H,] = 0, 

[E„ E,] - [Hj, H,] - 0 

[B„ H*] - - [D„ E,] ^-±^B(v-~v)S(x*- x*), 

[B„ H 3 ] = - [Di. E.,] 

[E3, H3] - [H*, E3] ^ S (V - V) S (X* - X*) 

where ^ (v ~v) denotes the product S (y* — V). S — v^). By applying 
the dual quantum conditions (5-4!) we should have obtained the same 
formulae. 

These quantum conditions connect the field quantities for different 
times as well as for different space points. 

The commutation rules for the other 6 field quantities, i.e., Bj, Bs, Ej, 
Dj, D 3 , Hi, follow from the fact that these quantities are derivatives of 
M, given by 

dM = Hi dBj - Dg dEa - D3 dE^ + Ej dD^ - Bg dHg - B3 dH^. 

(613) 

This formula follows from (5-48), (5-50), ( 6 '7), and (6 11 ). 

Finally, we can also use the quantum conditions for the potential vector 


and the time component of its conjugate it*: 

[< i>i] = 8 (» - ») S (.V* - X*) (6 • 14) 

for these relations alone cannot lead to divergence difficulties. In the 
same way we obtain the dual relations 

[ «D**, <}/•,] = S * 8 (u - i;) 8 (x* - x*). (6 15) 

If we integrate (6-14) and (6 15) with respect to the t?*, i.e., round the 
space part, at constant x*, of the mixed region, we obtain, taking account 
of(6'5)or(6-8), 

[« (X*), (x*)] - 8 / 8 (X* - X*) (6 16) 

[m (X*), (X*)] = 8 ,* 8 (X* - X*), (6-17) 
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where e denotes the electric and m the magnetic charge, included by the 
mixed region. 

These relations have the following meaning: the electric and magnetic 
charge, taken at a time commutes with the space components of the 
potentials and anti-potentials respectively, taken at any space-time point, 
but their commutator with the time components, taken at a time 3c* and 
an arbitrary space point, equals the S-function 8 (jc* — x*). 

This holds in an arbitrary coordinate system, since the twofold sxuface 
integrals representing electric and magnetic charge are invariant in the 
sense of general relativity. 

Here we have treated electric and magnetic quantities on the same foot¬ 
ing, according to the concept of duality. If one wants to exclude magnetic 
poles, one has to introduce a special assumption for this purpose. 

My greatest thanks are due to Professor M. Born for introducing me 
to the subject of his research and offering me continuous guidance in ray 
work throughout two years, and to Professor P. A. M. Dirac for his 
very kind interest and help during the last period. I am also greatly 
indebted to Dr. L. Infeld, who has given me much helpful advice, and 
from whom I have learned a great deal. 

Summary 

With the help of a generalized notion of pairs of conjugate variables, 
a quantization method for field physics is developed, which is more 
general than Heisenberg and Pauli’s and is Lorentz invariant throughout. 
The particular features of the electrodynamic case are discussed and reduced 
to general principles such as coordinate-invariance, duality, and gauge- 
invariance. In electrodynamics a certain revision of the general 
quantization method is necessary, after which this method can be applied 
to Born’s electrodynamics (of which Maxwell's is a special case). Then 
Heisenberg and Pauli’s relations, in the generalized form of Born and 
Infeld, follow by using a special coordinate system. An explanation is 
given of the vanishing of the conjugate of the scalar potential and of the 
special role played by the energy density. New commutation relations 
are obtained, connecting field quantities at different times and leading 
to a commutation relation between total charge and potentials. 
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Spin Coupling in *>: States of PH and PD 

By M. IsHAQUE, M.A., M.Sc., and R. W. B. Pearse, A.R.C.S., Ph.D., 

F.R.A.S., Assistant Lecturer in Astrophysics, Imperial College of 
Science and Technology 

{Communicated by A. Fowler, F.R.S.—Received 20 March, 1936) 

Introductory 

The authors have already very briefly recorded* some observations on 
the spectrum of PD; in the present communication these results are 
described in more detail. The spectrum of phosphorus deuteride has 
been obtained from a large water-cooled discharge tube containing 
phosphorus in an atmosphere of deuterium. The tube was excited by a 
D.C. generator and carried a current of about 0*5 amperes at 1500 volts. 
Details of the experimental arrangements will be given in a later paper 
containing the complete analysis of the spectrum. The intensity obtained 
was such that exposures of from 1-2 hours gave satisfactory photographs 
in the 4th order of the 10-foot concave grating. 

The spectrum of PD, like that of PH, consists of one intense band near 
A 3400, which shades off in both directions and contains five maxima of 
intensity. The maxima are, however, much more sharply defined for 
PD. The X 3400 band of PH, which was described in an earlier com¬ 
munication,! was analysed from plates taken in the 2nd order of the 
grating. It has now been rephotographed in the 4th order for more 
accurate comparison with PD. 

This paper describes the effect of the substitution of deuterium for 
hydrogen on the spin fine structure of the rotational levels of the 
state of the molecule. 


Spin Coupung in *2 State 

Molecular states are classified according to the value of A, the quantum 
number referring to the component of the electronic angular momentum 
along the internuclear axis. They are designated 2, II, A, ..., for 
A == 0,1, 2,.... The states are further divided according to the behaviour 
of the resultant electronic spin. If S interacts strongly with the magnetic 
field associated with A the state is of the type referred to as Hand's case a, 
if S is not coupled strongly to A but interacts with the magnetic field 

* * Nature ’ vol. 137, p. 457 (1936). 
t Pearse, ‘ Proc. Roy. Soc.,’ A, voJ. 129, p. 328 (1930). 
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arising from the rotation of the nuclei, the state is of the type referred to 
as Hund's case b. Since A = 0 for 2 states these necessarily fall into 
case b. The rotational energy levels, neglecting spin, are given by 

F(K) = B, K(1C + 1) + D„K»(K + 1 )* + ... 

where K, the quantum number referring to the rotation of the nuclei, 
takes integral values 0, 1, 2, ... In triplet states the resultant electronic 
spin corresponds to S = 1. This interacts with the magnetic field 
associated with K to give a total resultant angular momentum repre¬ 
sented by the quantum number J. Thus J = K-}-l, K, K~l. If 
the interaction of S with K is assumed to obey the cosine law the energy 
of interaction is given by 

iY[J(J+ 1)-K(K + 1)-S(S+ 1 )], 

where y is the coupling constant. Each rotational level is thus split 
into three component levels designated F, — Fj, F 2 , F 3 , where F( corre¬ 
sponds to J == K -f 1, Fj to J == K, and F3 to J = K — 1. The dis¬ 
placements of these component levels from the original rotational energy 
levels are 

/x(K)=yK; /JK)=-y; /3(K)--y(K + 1). 

The components should thus diverge with increasing value of K, their 
separation increasing linearly with K. 

The splitting of the rotational levels of the ground state of the O* 
molecule, which has been classed as ®2 by Van Vleck* from considera¬ 
tion of the paramagnetism of Oj, and by Mullikenf from consideration of 
the gross structure of the atmospheric oxygen bands, is not, however, 
fully accounted for by these simple formulae. KramersJ showed that 
it was also necessary to take into consideration the interaction of the 
individual spins of the electrons and that this led to additional energy 
terms to be added to the three component levels. The new expressions 
obtained for the total displacements were 

/ 2 (K)=-b 2 «-Y . 

A (K) = - e [1 + 1)’ 

* ‘ Phys. Rev.,’ vot. 31, p. 587 (1928). 
t ‘ Phys. Rev.,’ vol. 32, p. 880 (1928). 
t • Z. Physik,’ vol. 53, p. 422 (1929). 
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where s is a constant. The intervals between the level F, and the other 
two levels, - 

A/„(K) = 3c - + 1) 

A/,3 (K) = 3e + + yK. 

can be observed directly fronj the spectrum. 

The values of these intervals for PH and PD observed from the various 
branches of the band are shown in Tables I-IV. Each interval occurs 
as the separation between six pairs of lines in the band. The branches 
used are indicated at the head of each column in the usual notation. 

The Evaluation of e and y 

The following procedure was adopted for the evaluation of the constant 
e. By addition of the equations 

A/33(K)==3e ++ yK, 

it follows that 

S A/= ^21 (K - 1) + A /33 (K) = 6e + ^ . 

It is evident from this equation that with increasing values of K the 
sum of these two intervals tends rapidly to 6 e. This is clearly seen in 
Table V. Taking an approximate value for 6 e the second term in the 
sum may be calculated and subtracted from the tabulated values. The 
new values obtained should all be equal and their mean should give a 
more accurate value for 6 e if the above equation is obeyed. This has 
been carried through in Table V for both PH and PD and, as will be 
seen, the values of 6 e obtained are as constant as could be expected from 
the accuracy of measurement. 

To obtain y» use has been made of the expressions 

- yK - a/3,(k - 1) - 3c + 

+ yK = A/,3(K) - 3c - 

From these equations values of yK havd been calculated, using the valu^f 
of e already obtained. In Tables VI and VII these quantities are sho^ 
as the observed values and are compared with those obtained by usi^g 
the values of y given at the foot. 
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Table V—Values of SA/for PH and PD .for the 
Determination of e 


PH 




S A/^-orr 

2 

4*69 

4*39 

3 

4*52 

4-39 

4 

4*46 

4-39 

5 

4*45 

4-41 

6 

4*40 

4*37 

7 

4*44 

4*42 

8 

4*44 

4*42 

9 

4*41 

4*40 
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4*44 

4*43 

n 

'4*39 
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12 

4*38 

4*37 

13 

4*39 

4*38 
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4*47 

15 

4*34 

4*33 

16 




Mean 6£ — 4*40 

e 0*733 cm ^ 


PD 


^ A/,bn 

S A/I>orr 

4*77 

4*47 

4*69 

4*58 

4*54 

4*47 

4*48 

4*44 

4*56 

4*53 

4*53 

4*51 

4*47 

4*45 

4*42 

4*41 

4*45 

4*44 

4*46 

4*45 

4-47 

4*46 

4*45 

4*44 

4*41 

4*40 

4*36 

4*36 

4*40 

4*40 


Mean 6e 4 *46 

t - 0*743 cm*' 


Table VI— Determination of y for PH 

A/n(K - 1) A/,,(K) 
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0 40 
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0*02 
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y - -- 0*077 

Mean r — “ 0 *078 cm ' 


Y - ^ 0 079 
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Table VII— Determination of y for PD 


K 


1) 

- tK 



A/«(K) 

- yK 



Cal. 

O 

! 

Obs. 

Cal. 

o - c 

1 




0*14 

0*04 

40*10 

2 

018 

008 

i 0*10 

0*16 

0*09 

40*07 

3 

018 

0*12 

1 0*06 

0 08 

0*13 

-0*05 

4 

017 

0*16 

40*01 

016 

0*17 

-0*01 

5 

018 

0*21 

-0*03 

0*21 

0*21 

0*00 

6 
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0*26 
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Table VIII— OH+ (0, 0) and (1, 0) Bands at X3565 and 

X3332 




A/„ (K) 



A/„{K) 


K 
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O C 

Obs. 
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o - c 

2 

2*71 

2*32 

40*39 

2*66 

2*56 

4 0’10 
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2*43 
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-0*11 
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40*06 
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2*69 

2*74 

005 
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-010 
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2*90 
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-^0*03 

1*52 
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-0*09 
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3*03 
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- 0*07 

1*45 
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-0*04 

7 

3*31 
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4 0*03 

1*20 
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3*47 
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-0*03 
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3*56 

3*61 

-0*05 
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3*67 

3*78 

-Oil 




J1 

3*96 

3*94 

40 02 
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3*85 

4*10 

-0*25 





6t 

4*31 


e 0*718 cnrr^ 





0*156 cm“^ 
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States of Other Molecules 

The type of fine structure described has been observed in few other 
molecules of which only two are hydrides. These are OH^ and NH. 
The data for OH+ are more complete and are derived from the *11 > 
bands recently observed by Loomis and Brandt.* We have recalculated 
the constants e and y for OH^ by our method, using the mean of all 
values of the intervals obtained from the (0, 0) and (1, 0) bands, but 
rejecting those individual values which depart widely from the mean. 
Our results are shown in Table VIII. The values obtained by Loomis and 
Brandt were e 0'763, y == 0-132 cm L The data for NH are 

very scanty, as only a few members of the satellite branches have been 
observed. The observations used for Table IX are due to Funke.f 

Table IX—NH Band at x336() 
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1 

7 
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007 

M3 
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1 -22 

-+ 0*01 

1-22 

M3 

i 0 09 

9 

1-21 

1*24 

003 

1 01 

MO 

009 

to 

1-19 

1 -26 

0 07 

103 

1 08 

-0 05 

11 

1-35 

1*28 

1 0*07 

1*27 

I *06 

f 0*21 

12 




1*00 

1*04 

0 04 


6c 

2*32 

r ™ 

c 0 * 
0*014 cm ^ 

387 cm ^ 



The constants have also been evaluated for two other molecules, for O 2 
by Lochte-Holtgreven and Dieke,t and for N^ by Naude.§ This type of 
fine structure has also been observed for Sa and SO, but the constants 
could not be evaluated for these molecules since the bands observedli 
were of the type and the effects in the two * 2 : levels could not be 

separated. The results are collected in Table X, in which our revised 
values are given for OH+. 

It may be seen from Table X that y is negative for all of the molecules 
observed, while e is positive for all except Nj. The substitution of 

* ‘ Phys. Rev.,’ vol. 49, p. 55 (1936). 
t ‘ Z. Physik,’ vol. 96, p. 787 (1935). 
t ‘ Ann. Physik,’ vol. 3, p. 937 (1929). 
ii ‘ Proc. Roy. Soc.,’ A, vol. 136, p. 114 (1932). 

11 Naudeand Christy, ‘ Phys. Rev.,’ vol. 37, p.490(1931), S,; Martin, ‘ Phys. Rev.,’ 
vol. 41, p. 167 (1932), SO. 
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Spin Coupling in *£ States of PH and PD 


Table X—Values of e and y for Various Molecules 


Molecule 

NH 

OH+ 

PH 

PD 

N, 

o. 

ccm“^. 

+0-387 

40-718 

f0-733 

40-743 

-0-433 

40-242 

y cm' ^. 

-0-014 

--0-156 

-0-078 

-0 042 

-0-003 

--0 025 


deuterium for hydrogen in tho molecule PH reduces y to little more than 
half its previous value, but changes s only slightly. The ratio of the value 
of Y for PD to that for PH is 0-54, which is in good agreement with the 

ratio of the corresponding rotational constants, , which has a 

“0 (• H) 

value of 0-519. 


The authors wish to thank Professor A. Fowler, F.R.S., and Assistant 
Professor H. Dingle, D.Sc., for the kind interest which they have taken 
in this work. 


Summary 

The bands of PD and PH near X 3400 have been photographed in the 
4th order of the 10-foot concave grating. 

The spin fine structure of the states of PH and PD has been com¬ 
pared with Kramers’s formulae and the constants c and y evaluated. 

The constant c remains almost unchanged by the substitution of deute¬ 
rium for hydrogen, while y is reduced to little more than half its former 
value. 

Values of e and y for other molecules are tabulated for comparison. 
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(Abstract) 

Photoelectric Measurements of the Luminous Efficiency 

of Daylight 

By W. R. G. Atkins, Sc.D., F.R.S., and H. H. Poole, Sc.D. 

Determinations of the ratio of the illumination to the total radiant 
energy have been made, using L. A. Jones’s special green filter to reduce 
the wave-length sensitivity curve of the selenium rectifier cell to a close 
agreement with that of the eye. The cells used were standardized for 
mean noon sunlight as previously described. The results for mixed 
sunlight and skylight are in good agreement with Kimball’s measurements 
on the visual scale both with the green filter, and for the selenium cell 
without it, and for the Burt sodium cell. The selenium cell without 
filter may overrate blue sky light by a few per cent, but the sodium cell 
overrates it considerably. In general, daylight gives rather over 100 
lumens/watt, sky light up to 158 for light blue, and down to 48 for heavy 
grey; sunlight may vary from 35, for low sun, to 120 lumens/watt for 
high altitude light in summer. These are mostly far higher than artificial 
sources of light, but data for animal light lead to a very high value, which 
is probably unreliable. 

(The full paper is published in ‘ Proc. Roy. Soc.,’ B, vol. 121, p. 1) 
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On the Thermal Decomposition of Acetaldehyde 
and Ethylene Oxide 

By R. V. Seddon, B.Sc., and Professor Morris W. Travers, F.R.S., 
Chemistry Department; The University, Bristol 

{Received 12 November, 1935 —Revised 24 March, 1936) 

1—Introduction 

The object of this investigation was as follows. It had been observed 
in this laboratory that the thermal decomposition of acetaldehyde, and 
of a number of other organic compounds, was, over a wide range of 
experimental conditions, associated with phenomena which are generally 
assumed to be criteria of the operation of chain mechanism. The rate of 
chemical change at any moment seemed to be determined rather by 
antecedent conditions than by conditions obtaining at the moment. 
It did not diminish with time during the earlier stages, as the classical 
theory of chemical reaction demands, and the rate graphs showed dis¬ 
continuities. Further, the reactions proceeded more slowly in packed 
than in empty vessels. The processes referred to differed only from those 
which are considered to be definitely influenced by the operation of chain 
mechanism, such as the oxides of chlorine, in that in the latter case the 
total energy change in the processes taking place between the formation of 
a primary centre, in accordance with the Maxwell-Boltzmann principle, 
and the completion of reaction, represented by the quantity (E + Q), is 
relatively large, while for such compounds as acetaldehyde it is relatively 
small. However, the dispersal of this energy must ultimately be by 
collision. In any process represented by 

2A A'A' B, 

dispersal of the energy, or part of it, in the second stage, by collision 
with a molecule of A will increase the probability of the formation of a 
new primary centre. Where (E -f Q) is large and the molecule is simple, 
the probability is large, and where (E + Q) is small and the molecule 
large, the probability is small. However, it is never zero. Something 
more seemed to be wanted to bring cases such as that of acetaldehyde 
into line with compounds such as the oxides of chlorine, but the idea 
furnished a basis for an attack on the problem. 

It seemed to be possible to test this view of the case by studying the 
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thermal decomposition of acetaldehyde, and ethylene oxide, both of 
which decompose mainly in accordance with the equation 

C 2 H 4 O = CH* + CO, 

the rates of decomposition being closely comparable at 400°, so that the 
neighbourhood of this temperature was selected for the investigation. 
The thermal decomposition of ethylene oxide has been studied by 
Heikert and Mack,* using the pressure difference method. According to 
Parks and Huffman,t the free energy of chemical change (AF) accom¬ 
panying the thermal decomposition of gaseous acetaldehyde to CH 4 and 
CO at 400° is —19 -6 k. cals. No definite data are available for ethylene 
oxide, but the total heat change (AH) in the process, 

(CH2)s,0 - CH3CHO, 

derived from the heats of combustion of the two compounds is —30*7 
k.cals. Since the thermal properties of the two compounds are very 
similar, the free energy of decomposition of ethylene oxide at 400° cannot 
be very far from —50 k. cals. It was therefore expected that the decom¬ 
position of acetaldehyde would proceed in a manner more closely in 
accord with the classical theory than would ethylene oxide; or if departure 
from the classical theory was observed, and could be accounted for by 
means of the chain theory, it would be the more marked for ethylene 
oxide. 

The first set of experiments, carried out at about 400° C, certainly 
confirmed the view that there was a very strong resemblance between the 
processes involved in the decomposition of acetaldehyde and of ethylene 
oxide, and that the phenomena accompanying thermal decomposition 
closely resembled those observed for compounds in which the chemical 
change is accompanied by a considerable energy change. In both 
cases the velocity of decomposition increased at first with time, over the 
initial period, and the rate at any moment seemed to be determined rather 
by pre-existing conditions than by the conditions obtaining at that 
moment. As had been anticipated, the phenomena were more marked 
for ethylene oxide, the graphs exhibiting for this substance what may be 
term<^ an induction period. Marked breaks occurred in the reaction 
graplis in both cases (sec figs. 3-7). The rate of reaction, that is the rate 
of formation of methane, which we considered to represent the rate of 
the main reaction, was retarded by packing the tube for acetaldehyde, 
but not for ethylene oxide. 

• * J. Amer. Chem. Soc.,’ vol. 5t p. 2706 (1929). 
t “ Free Energies of Organic Compounds ” (1932). 
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We had found that in each case two reactions seemed to operate. Both 
compounds, in empty tubes, decomposed mainly into carbon monoxide 
and methane; but there was with each what appeared to be a secondary 
reaction, which, for acetaldehyde, led to the formation of propylene, 
carbon monoxide, and water, and for ethylene oxide to ethylene, carbon 
monoxide, and hydrogen. We assumed that these were entirely different 
chemical processes. However, we observed that, with acetaldehyde, on 
packing the tube, the rate of formation of the main reaction diminished, 
while the rate of the secondary reaction increased. As an explanation 
we suggested that the main reaction was retarded by the destruction of 
primary centres at the walls of the vessel, and that the energy was not 
dispersed, but used in the formation of secondary or degenerate centres, 
from which the secondary reaction originated. 

However, at this stage, in order to determine the cause of the apparent 
discrepancies between our results and those of Hinshelwood and his co- 
workers, whose experiments with acetaldehyde covered a range of tempera¬ 
ture from 430” to 600” C, one of us (M. W. T.) carried out a further series of 
experiments with acetylene at 500°, with particular attention to the nature 
of the so-called secondary process, and the effect of packing the reaction 
tube. While these experiments led to the conclusion that propylene 
was formed at the higher, as at the lower temperature, a new and very 
important fact was observed, It was found that if experiments were 
carried out with an empty tube and with a packed tube, at the same 
temperature and initial concentration of acetaldehyde, the rate of decom¬ 
position of the acetaldehyde, calculated as the sum of the rates of the two 
processes, was the same, whether the process involving the formation of 
methane anc^ carbon monoxide predominated over that resulting in the 
formation of propylene, carbon monoxide, and, water, or vice versa. 
This discovery at once accounted for the apparent negative catalytic 
effect produced either by increasing the surface or restricting the dimen¬ 
sions of the reaction space, and removed a difficulty arising out of the 
fact that there were obvious objections to an explanation involving the 
assumption that the active nuclei in the gas, at upwards of an atmosphere 
pressure, could reach the walls of the vessels in very large numbers. The 
two processes must be initiated by the formation of one kind of primary 
nucleus, which passes through the transition state, and arrives at a state 
from which the probability of return, through the transition state to 
acetaldehyde, is very small. On the other hand, while the intermediate 
product is not a chemical compound, it has a life long enough to permit 
of a considerable proportion of the particles travelling to the surface, 
without undergoing change while still in the gaseous state. Such tran- 
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sition products are visualized by Semenoff, and their existence is required 
to account for many of the processes which he discusses. These changes 
involve the transformation of the energy (E + Q), and do not involve 
further activation of the intermediates, by collision, or otherwise. How¬ 
ever, while it may now appear that one of the criteria of chain mechanism 
has been eliminated, other facts have been observed which show how 
closely reactions such as those which we are studying resemble such 
processes as the decomposition of chlorine monoxide and the oxidation 
of hydrocarbons. 


2—Preparation of the Compounds 

Acetaldehyde was dried over anhydrous potassium sulphate, and then 
fractionated using a long column packed with glass tubes, the temperature 
of which was controlled by means of a water jacket. It was then distilled 
in vacuo in a manner previously described,* so as to condense the 
perfectly air-free liquid into a bulb sealed to the apparatus used for filling 
the reaction tubes (fig. 1). Several preparations of acetaldehyde were 
made, and on passing from one to the other in the same series of experi¬ 
ments no effect on the results was observed. 

Two samples of ethylene oxide were used, one a commercial product, 
and the other obtained from British Drug Houses, Ltd., the liquid being 
in each case condensed in a glass bulb. The product was purified in the 
following manner. The gaseous oxide was passed slowly through a 
saturated solution of sodium bisulphite to remove acetaldehyde, and 
condensed in a bulb cooled to —80“ C. It was evaporated at —50° C, 
passed through strong potash solution, and then condensed at liquid air 
temperature, and the apparatus exhausted to remove air. Finally, the 
liquid was allowed to evaporate below —50° C, the gas being taken off 
very slowly through the Tdpler pump, and collected in tubes over 
mercury. The gas was completely absorbed on addition of a few drops of 
a solution of dinitrophenylhydrazine in acetic acid. Five preparations 
of the gas were made, and check experiments failed to detect any differ¬ 
ence in their rates of decomposition. 

3—Method of Investigation 

The method of investigation which we have worked out involves the 
introduction of an accurately measured quantity of a substance into a 
silica reaction tube, which is then sealed. The tube is then heated for a 
definite time to a definite temperature, and chilled with a water spray. 

• ‘ Trans. Faraday Soc.,’ vol. 32, p. 246 (1936). 
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The contents are then analysed completely. A weak point in the method 
may be connected with the method of heating the reaction tubes, which 
may introduce an error due to the delay in establishing thermal equili¬ 
brium. Our practice is to raise the temperature of the furnace, which 
consists of a cylinder of heat-resisting steel, pierced with holes for the 
reception of the tubes, and heated electrically, to a temperature just so 
much above the reaction temperature that the temperature of the whole 
mass falls to the reaction temperature within a few seconds after intro¬ 
ducing the reaction tube. Any tendency for the temperature to rise 
above the reaction temperature can be checked immediately by intro¬ 
ducing a cold iron rod into a hole in the steel cylinder, and a tendency for 
the temperature to fall can be corrected by means of a heating coil filling 
a hole through the axis of the block. By hand adjustment the tempera¬ 
ture of the reaction tube can be kept very close to the reaction tempera¬ 
ture. However, using plain silica tubes the shortest period of reaction 
was, except in experiments at 500° C, rarely less than 10 and usually 
not less than 15 minutes; but in such experiments, even when the rate of 
a process was represented by a practically linear graph, no error due to 
temperature lag was observed. 

For the series of experiments between 360° and 420° C an apparatus 
was used by means of which the pure air-free acetaldehyde from a bulb 
in which it was condensed was admitted to a space which could be sealed 
at the entry and exit by raising and lowering the mercury in U-tubes, 
which served as stopcocks. The volume, and temperature, and the 
pressure of the aldehyde vapour after raising the mercury being deter¬ 
mined, its mass was known from the measurements, combined with actual 
determinations of the volume of carbon dioxide obtained by the complete 
combustion of measured quantities of the vapour. The measured 
volume of vapour, which could be the same or different as was desired, 
was then allowed to condense in the exhausted silica reaction tube, cooled 
with liquid air, which was then sealed. The method was somewhat 
cumbersome, and for the experiments at 500° C an apparatus was used 
which is shown diagrammatically in fig. 1. It was found that there was 
no disadvantage in using stopcocks, which were greased with an ordinary 
rubber-vaseline tap grease. The aldehyde was condensed in the bulb A, 
which was kept in a thermos fiask containing ice. It communicated with 
the measuring vessel C through the stopcock B. C was arranged so that 
its volume could be adjusted by admitting or withdrawing mercury 
through the stopcock D. Between C and the rest of the apparatus were 
two stopcocks, E and F, so as to minimize the chance of air or hydrogen 
leaking into C. The stopcocks B, E, F, and G were diagonally bored. 
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and were sealed above and below with mercury. The reaction tube was 
connected at H, and the apparatus for exhausting and introducing hydro* 
gen, which has been described elsewhere,* is connected on the right-hand 
side of G. In these experiments, space between the stopcocks B and E and 
the vessel C were enclosed in a cardboard casing, for as the temperature 
of the laboratory was always very close to 20° C, the temperature correc¬ 
tion was small. In other experiments this part of the apparatus was 
immersed in a water bath. 



Fio. 1. 


The silica reaction tube was connected with the apparatus, exhausted, 
filled with hydrogen, and heated by means of a portable electric furnace 
overnight to 600° C. In the morning the tube was exhausted, cooled 
with liquid oxygen, and filled with the reagent. Three minutes were 
allowed for equilibrium to be established after opening the stopcock B, 
which was then closed, and the stopcock E was allowed to remain open 
for half a minute, while the acetaldehyde condensed in the reaction tube. 

It was very important to observe the pre-treatment routine so as to 
remove oxygen from the walls of the reaction tube. In the early stages 
of our work, we found that the rate of formation of methane, for any 

• • Proc. Roy. Soc.,’ A, vol. 135, p. 3, fig. 2 (1932). 
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stated conditions, depended on the nianner of pre-treating the tubes, and 
this was an additional reason for observing the routine. 

The ethylene oxide was stored in glass tubes over mercury, and as it 
boils at 10-7” C, it is not easy to handle in a measuring burette in cold 
weather, as some of the compound may be condensed to a liquid when 
transferring from the burette to a storage tube or vice versa. However, 
the gas was measured in a measuring burette with a two-way stopcock, 
so that it could be taken directly into the burette through a syphon; and 
when the exact quantity was contained in the burette it could be con¬ 
nected directly with the exhausted and cooled reaction tube, in which 
it condensed. The reaction tube was then sealed. 

The silica reaction tubes for the study of the decomposition of ethylene 
oxide, like those used in the experiments with acetaldehyde, were filled 
with hydrogen and heated overnight. 

Since the progress of the reactions was followed by measuring both the 
volume of the methane and that of the carbon monoxide, and as these 
were determined as carbon dioxide, it was necessary to know how much 
carbon dioxide was produced when quantities of ethylene oxide and 
acetaldehyde, measured by the methods which we have described, were 
completely oxidized. This was done by sealing up a measured quantity 
in a silica tube, heating for a day to 600” C, pumping off the carbon 
monoxide and methane while the tube was cooled in liquid air, resealing 
the tube after filling with oxygen, again heating to 600° C, and collecting 
the carbon dioxide produced. The whole of the gas was then oxidized 
to carbon dioxide and its volume was measured. 

After cooling a reaction tube with liquid air, and pumping off the 
methane and carbon monoxide, special methods had to be adopted for 
the analysis of the remaining contents as both acetaldehyde and ethylene 
oxide are slightly volatile at —80° C. Acetaldehyde is completely 
absorbed by a strong solution of sodium bisulphite, with formation of a 
compound. Ethylene oxide does not form a stable compound with the 
bisulphite; but when the gas is condensed in the tube containing the 
bisulphite solution cooled to —80° C, it is completely absorbed. In a 
number of experiments the apparatus shown in fig. 2 was used. A is the 
apparatus used for breaking the point off the reaction tube, after cooling 
it with liquid air, and exhausting the air from the free space. The 
apparatus was connected to the Tdpler pump through a cock B, and, to a 
side tube, a tube containing some reagent, generally with a stopcock C, 
could be attached. In the following experiments, the bulb D contained 
about 1 cc of water with excess of solid sodium bisulphite. 

After removing the carbon monoxide and methane, the whole apparatus 
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being exhausted, the cock B was closed, the cock C opened, the bulb D 
cooled with liquid air, and the reaction tube was then allowed to heat up 
to air temperature, when any volatile products condensed in D. The cock 
C was then closed, and the bulb allowed to heat up to air temperature, 
when residual ethylene oxide or acetaldehyde combined with the bi¬ 



sulphite, or dissolved in the water. The bulb was then cooled to —80'° C, 
and the gases, if any, were pumped off and collected. 

4—^The Nature of the Chemical Changes which Take Place 
WHEN Acetaldehyde and Ethylene Oxide are Decomposed 

The main product, when the reaction tube is not packed, is generally a 
mixture of carbon monoxide and methane, the former being always in 
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slight excess of the latter. As has already been stated, we completed a 
considerable proportion of the experimental work assuming that the 
formation of carbon monoxide and methane represented in each case a 
process, indicated by the equation, 

C 2 H 4 O ^ CO + CHi, id) 

which was quite distinct from the secondary process, or processes, which 
take place in either case. That view seems to be no longer tenable. 

For acetaldehyde, it appears that part of the compound also undergoes 
change, in accordance with the equations, 

2 C 2 H 4 O - CHa: CH . CH* . CHO + HjO 

-> CHj,: CH . CH 3 + CO + HA (d) 

The quantity of methane formed is a measure of the rate of the first 
process (a), and the difference (CO — CH 4 ) is a measure of the second 
process (h)‘ Some of the propylene is condensed to higher hydrocarbons, 
and, as was anticipated from the results of work on the ethane-ethylene- 
hydrogen system,* more condensation takes place than when the hydro¬ 
carbon propylene is itself heated. Also, hydrogen is liberated in the 
condensation process, but most of it is taken up by the propylene, with 
formation of propane. 

The quantity 3(CO — CH,) in gram atoms carbon per litre is equal to 
the quantity (propylene + condensation products) in the same imits, 
and the quantity 4(CO — CH 4 ) is equal to the corresponding quantity 
of acetaldehyde involved. The quantity of acetaldehyde involved in the 
two processes in gram atoms of carbon per litre is g^ven by, 

2 CH 4 + 4(CO - CH 4 ) = 4CO - 2 CH 4 

in the same units. 

No free hydrogen could be detected in the gas at 4(X)° C, and only 
small quantities at 500® C. It does not seem likely, therefore, that ketene, 
CHaiCO, is an intermediate in these reactions. The question of the 
enol-keto change will be dealt with later. 

With ethylene oxide we have only been able to detect ethane, ethylene, 
hydrogen, and a little acetaldehyde as products of side reactions. The 
reaction which results in the formation of ethylene, as a secondary product, 
and of ethane as a tertiary product, and which appears to take place in 
the gas phase, may probably be represented by the equation, 

2 C 2 H 4 O = 2CO -h 2H, -I- C,H*. 

* ‘ Trans. Faraday Soc.,’ vol. 32, p. 236 (1936). 
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From analogy with the behaviour of acetaldehyde, it may be assumed that 
here again we have a single primary process yielding two sets of products, 
and that the total amount of ethylene oxide decomposed in any time 
interval is given by the sum (CO + CH 4 ) in the same units. 

It is possible that dioxan is a product of a side reaction, but, as the 
following experiment shows, only to a small extent. A quantity of 
ethylene oxide, equivalent to 0 03134 gram atoms of carbon per litre, was 
heated for 1 hour at 400° C. The gases were removed in the usual manner, 
using an apparatus, similar to that shown in fig. 2 , in which two tubes, 
E and F, replaced the tube D. The ethylene oxide was allowed to evapor¬ 
ate into a tube E, which contained chromic acid, and was cooled with 
liquid air, while the reaction tube was maintained at —50° C. The tube 
E was then sealed. The reaction tube was then heated to air temperature, 
and the contents allowed to evaporate into a second similar tube F, which 
was also sealed. The two tubes were then heated to oxidize the contents, 
and the carbon dioxide in them was determined. The result of the 
experiment is given in Table I. 


Table 1 


Ethylene oxide taken 

CH, . 

CO . 

COj from tube D .. 


Unaccounted for 


gm atoms C 
0 03134 
0 00251 
0 00300 
0-02533 
0 00025 
0 00025 


The amount of high-boiling product, which is very small, is probably 
condensate from the ethylene. 

When considering the mechanism of the decomposition of acetaldehyde 
and ethylene oxide, we had to enquire into the validity of a statement 
which occurs in a paper by Bone, Haffner, and Ranee.* They state 
that in the process of oxidizing ethylene there is formed “ vinyl alcohol, 
any accumulation of which in the medium is immediately transformed 
into an equilibrium mixture of the isomers, in proportions dependent 
upon temperature and pressure. In experiments at 300°, and at atmo¬ 
spheric pressure, such equilibrium ratios were approximately 4 vinyl 
alcohol, 10 ethylene oxide, and 1 acetaldehyde”. Thermodynamic con¬ 
siderations suggest that if equilibrium exists between ethylene oxide and 
acetaldehyde at 400° C, the concentration of the former, under the con- 


• ' Proc. Roy. Soc.,’ A, vol. 143, p. 10 (1933). 
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ditions of our experiments must be very small. We will deal with this 
point first. 

A method based upon the Schilf reaction was used. In the first place 
a measured quantity of aldehyde vapour was condensed in a glass tube 
replacing the reaction tube in fig. 1, containing about 30 cc of water, 
and was cooled with liquid air. The tube was sealed, warmed to melt the 
ice, and thoroughly shaken. The liquid was then transferred to a flask 
already containing 3 cc of a saturated solution of sodium bisulphite and 
2 or 3 drops of a 0-2% solution of phenol phthalein, which had been 
decolorized by addition of a saturated solution of sulphur dioxide. On 
addition of the solution of aldehyde the pink colour was restored, and 
after cooling to near the ice point, the solution was titrated with standard 
sulphuric acid, the almost complete disappearance of the pink colour 
indicating the end point, which was not, however, very sharp. In 
Table II, series I, the figures in column e are the quantities of sulphuric 
acid which should have been added, if the compound (NaHSOg. CsH 40 ) 
had been formed. The quantities in column / are the quantities of acid 
actually used; and the quantities in column h are obtained from the 
formula, h—f x ejb. Column g is the theoretical quantity of acid re- 


quired. 

Table 11 — Temperature 400° Tube N.T. 

1 

a 

b 

c 

d e 

/ 

g h 

Time 

minutes 

Initial 

CgH^O 

CO 

CH« Final 

C,H«0 

Standard H|SO« solution 

0 

0 04183 

0*00 

Series I 

0 00 0 04183 

11*75 

1314 11-75 


0 04215 

0 00514 

0 00471 0 03598 

10*10 

— 9-80 

0 

0*04195 

0*00 

Series U 

0 00 0 04195 

11*51 

12-28 11-51 

15 

0*04226 

0*00129 

0 00120 0 04088 

10*12 

— 11-14 

30 

0*04225 

0*00531 

0 00405 0 03565 

lOQO 

— 9-72 

50 

0*04230 

0 00779 

0 00654 0 03326 

9*10 

— 9-06 

60 

0*04249 

0*00882 

0 00713 0 03188 

9*00 

— 8-64 


Quantities of acetaldehyde were now heated for varying periods, and at 
the end of each experiment the contents of the reaction tube were dis¬ 
tilled into a tube containing water, using the apparatus shown in fig. 2, 
and analysed in the manner described. The figures in column f (series 
II) are now the actual experimental results obtained by titration, and 
those in column h the values arrived at by calculation. It appears that. 
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within the limits of experimental error, the acetaldehyde which is not 
decomposed into the gaseous products remains as acetaldehyde. 

Similar experiments carried out with ethylene oxide showed that the 
compound which had not been heated did not restore the pink colour to 
the saturated bisulphite solution containing phenol phthalein, which had 
been neutralized with sulphurous acid. The residue after heating did, 
however, contain a very small quantity of a substance reacting similarly 
to acetaldehyde, certainly not more than 2 %. 

The problem of the keto-enol change has been the subject of a large 
number of investigations, and its nature is still uncertain. However, 
it is clear that though the process may be represented by the equation 

—CO . CH 2 — = —C(OH): CH—, 

the enol form does not contain an alcoholic hydroxy! group,* but cer-. 
tainly contains a —C: C— bond. 

In a footnote to the paper by Bone, Haffner, and Ranee (he. cit.), 
reference is made to the determination of vinyl alcohol, and we are 
informed that the method used is that of Poleck and ThiimmeKt These 
authors give the following description of the method. 4-5 volumes of a 
saturated solution of potassium bicarbonate are mixed with 1 volume of 
a saturated solution of mercuric chloride, and the solution is shaken with 
an ethereal solution containing vinyl alcohol, such as commercial ether, 
for 2 minutes, when a white precipitate is formed. The water fraction is 
then removed and boiled, when the white precipitate turns yellow. This 
was found to happen as described, and when the ether was again treated 
with the mercury solution no precipitate formed. In this way ether can 
be freed from the substance which gives this reaction, and this can also 
be effected by shaking the ether with potash solution (P. and T.). It is 
necessary to allow the solution to stand for a few hours before the pre¬ 
cipitation of the mercury compound is complete. This suggests the 
possibility of the completion of the process involving keto-enol conversion. 

Two samples of acetaldehyde vapour were measured out in the usual 
way, and one was condensed directly into a tube containing 10 cc of 
purified ether, while the other was heated in a silica reaction tube for 
half an hour to 400" before transferring to a tube containing pure ether. 
Both quantities of ether were transferred to flasks containing the mercury 
solution, the mixtures were thoroughly shaken and allowed to stand over- 

* Sidgwick, ‘ J. Chem. Soc,,* vol. 127, p. 907 (1925); Venkatiswaran and Bhagavan- 
tam, ‘ Ind. J. Phys.,’ vol. 5, p. 129 (1930); Bawn, ‘ J. Chem. Soc.,’ p. 1189 (1932). 

t ‘ Ber. deuts. chem. Ges.,’ vol. 11, p. 2863 (1889). 
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night. In both cases, contrary to the statement of Poleck and Thtimmel, 
a white precipitate was formed. A sample of aldehyde vapour dissolved 
in water gave the same result. However, if a considerable quantity of 
aldehyde, about 1 cc, was shaken up with the mercury solution, no pre¬ 
cipitate was formed. All these experiments were repeated, and carefully 
checked. 

There is certainly some evidence to the effect that only compounds 
which can assume an enol form give the mercury reaction; and on general 
grounds, considering the easy reversibility of the keto-enol change, one 
would not select such a process for the estimation of the enol content of a 
mixture, but rather one coming very quickly to an end. It seems clear 
that the method cannot be used as means of estimating the enol form of 
acetaldehyde, vinyl alcohol, but it seems reasonably certain that the 
enol form exists, and may play an important part in the processes which 
we are considering. 

Several attempts were made to estimate the acetaldehyde (or vinyl 
alcohol) content of a sample of the gas by the mercury oxide method, 
gravimetrically. However, it is not to be expected that a compound 
supposed to have the formula, C 2 H 4 O, Hg 20 , HgClj, would be precipi¬ 
tated pure. The result was always 10 to 15% too high. 

Gaseous ethylene oxide dissolved in ether or in water does not give 
a precipitate with the mercury solution. However, when the ethylene 
oxide has been heated it certainly contains a very small quantity of a 
compound which gives a positive result with the mercury test and also 
with Schiff’s reagent. In an experiment at 4(X)° C, with an initial con¬ 
centration of 0-04220 gram mols per litre of ethylene oxide, the quantities 
of acetaldehyde (or vinyl alcohol) shown in Table III were detected by 
determining the quantity of mercury precipitated. 


Table III 

Time, minutes .... 30 40J 57 65 

Aldehyde. 0-00090 0-00095 0-00028 0-00062 


The maximum quantity of acetaldehyde found was of the order of 2% 
of the ethylene oxide taken. This confirms the result obtained by the 
Schiff method. From these experiments it appears that acetaldehyde 
cannot be a product of the thermal decomposition of ethylene oxide. 
Acetaldehyde is formed in small quantity by the thermal decomposition 
of ethylene oxide. The important question as to whether acetaldehyde 
exists in the enol or keto form remains unanswered. 
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5— The Rates of Decomposition of Acetaldehyde and Ethylene 

Oxide 

While we were under the impression that the formation of methane and 
carbon monoxide represented in each case a definite process, we were 
much troubled by the fact that it was difficult to obtain consistent results 
for the rate of decomposition of acetaldehyde. It was only possible to do 
so by using a single reaction tube for a whole series of experiments, and 
pretreating it in exactly the same way before each experiment. 

We may observe that Hinshelwood has stated that the results obtained 
in his experiments are independent of the tube used. It will be shown 
later that this is because the pressure-difference method which he used 
does not bring out the fact that different tubes give the products in different 
proportions. Writing the equations for the two processes involved in the 
decomposition of acetaldehyde, 

2CaH40 = 2CO + 2 CH 4 , 

2C,H40 = CO + HjO + CgHg, 

we see that the ratio of the corresponding changes of pressure is 4/3, so 
that for small variations in the rates of the two reactions the difference 
may not be obvious as it is when the actual amounts of methane and 
carbon monoxide formed are measured. 

To test the effect of using different tubes, two series of experiments were 
carried out at 400” C with different silica tubes, the one a little smaller 
than the other. The quantities of acetaldehyde introduced into the tubes 
were so adjusted that the initial concentration was the same in each series 
of experiments. The results are set down in Table IV and are plotted in 
fig. 3. It will be noticed that with the larger tube, the wall reaction pro¬ 
ceeds three or four times as fast as in the smaller tube. However, the total 
rate of decomposition of the acetaldehyde is the same in both cases as far 
as the break point, and the real difference in the behaviour of the two 
tubes lies in the fact that the break occurs later in one set of experiments 
than in the other. After the break the graphs are sensibly parallel. It 
must be pointed out at once that in all the experiments near to 400° C, the 
first break point at least, occurs when less than half the acetaldehyde has 
been decomposed ; but at 500° C and at four different concentrations the 
break point, and the points corresponding to the half-life periods, appear 
to coincide (fig. 6 ). In this respect, the process of decomposition of 
acetaldehyde resembles the processes involved in the decomposition of 
chlorine monoxide, and the oxidation of methane and ethane,* 

• Semenoff, “ Chemical Kinetics and Chain Reactions 
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In the experiments carried out between 360° and 420° C on acetaldehyde, 
we were guided by the idea that it was important to obtain such data as 
would enable us to follow the course of the decomposition of that com¬ 
pound into methane and carbon monoxide by observing the rate of forma¬ 
tion of methane. Had we been aware of the relation between the two 
apparently different decomposition processes, and of the fact brought to 



Fig. 3—Decomposition of acetaldehyde at 400" C, and initial concentration of 
0-03987. X tube NT; © = tube NT 1. 

light by the experiment just described, and confirmed by other data given 
in this paper, we should have paid much more attention to the exact 
investigation of the initial parts of the x — / graphs, for it is from such data 
that information as to the exact nature of these processes will be forth¬ 
coming. 

The data in Table V and Table VI suggest that at 400° C the 
rate of decomposition of acetaldehyde is, at least in the initial stages, 
almost directly proportional to the initial concentration, and the data in 
Table VIIl suggest a similar conclusion regarding ethylene oxide. How- 
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ever,, the data only give the general forni of the graphs, which are shnilar 
to those in figs. 4 and 5, The data in Tables VI and IX, plotted in figs. 
4 and 5, show that the temperature coefficient of decomposition of ethylene 



Fio. 4—Decomposition of acetaldehyde between 360° and 420” C; initial concentra¬ 
tion O'02507. 

oxide is very much greater than that of acetaldehyde. The form of the 
graphs does not permit the calculation of exact numerical relationships. 

The experiments at 500° C were carried out after the rest of the investi¬ 
gation had been completed, so as to allow the range of temperature in our 
investigation to overlap that covered by Hinshelwood and his co-workers. 









Total CtH^O decomposed gram atoms of carbon 
per litre 
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These experiments {see Table VII and fig. 6) cover a range of five con¬ 
centrations between 1799 and 223 mm, and the graphs for the rates of 
decomposition of acetaldehyde (total) have the same general form as those 
for the rates of reaction at the lower temperatures. There is no essential 
difference in their general character in passing from one end of the series 
to the other. 

Table VII contains a good deal of information which was not gathered 
so systematically in the earlier part of the research. It was the result of 
an attempt to obtain an exact chemical balance in the process. It shows 
that, as would be expected, some of the propylene undergoes condensation. 



Minutes 

Fio. 5—Decomposition of ethylene oxide between 420° and 380° C at initial con¬ 
centration of 0-02835. 


very largely to a Cg-hydrocarbon, and partly to a product non-volatile at 
the air temperature which remains in the reaction tube. The extent to 
which the propylene undergoes condensation is considerably greater than 
would happen if it were not a product of a reaction occurring in the 
apparatus. The analogous case of the condensation of nascent ethylene 
has been discussed by one of us in a recent paper.* 

It has already been pointed out that the half-life of the acetaldehyde and 
the incidence of the breaks in the graphs coincide at the four concen¬ 
trations at which it is possible to make the comparison. The relationship 
is indicated by circles on the graphs (fig. 6). The data are given in Table 


• ‘ Trans. Faraday Soc.,’ vol. 32, p. 236 (1935). 
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The data for the lowest concentration are not sufficient to allow of 
accurate estimation of the half-life. 

It is obvious that there is no connexion between the initial rate of 
reaction and the half-life, and that any attempt to estimate the order of 
%e initial process from the half-life periods would be useless. 

Ut would appear that the rate graphs could be represented by a formula 
such as the general formula of Semenoff, 



Minutes 

Fig. 6—Decomposition of acetaldehyde at 500“ C. © half-life. 


but for the moment we prefer to leave the quantitative treatment of the 
problem of the thermal decomposition of the.se compounds till more 
numerous and more accurate data are available. Plans are being made 
to carry out a more detailed investigation on the lines and by methods 
indicated by this survey. 

6—Influence of Surface Area and of Tube Dimensions on 
THE Rates of Reaction 

Hinshelwood and Hutchinson* showed that the result of packing a 
silica tube with powdered silica, which increased the surface 200 times, 
increased the rate of decomposition of acetaldehyde at 518® C and at 

• ‘ Proc. Roy. Soc.,’ A, vol. 111, p. 380 (1926). 
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Table X— Experiments with Acetaldehyde at 500" C 


Initial concentration 

Initial pressure 
mm 

Half-life 

min 

0*07464 

1799 

5 

5008 

1207 

7 

2592 

577 

9*5 

1463 

353* 

11*25 


pressures between 290 and 360 mm by one-third. Fletcher and Hinshel- 
wood* packed a silica bulb with silica capillary tubes, and found that the 
rate of reaction at 560° C diminished slightly. Winckler and Hinshel- 
woodt measured the rates of decomposition of acetaldehyde in those 
bulbs which had been used for earlier experiments, and which were, a 
empty, b packed with tubes, and c packed with silica spheres, but which 
were otherwise subjected to the same conditions. They carried out experi¬ 
ments at 562° C, and at 240 mm pressure. They found that the final 
pressure was in the order given above in proportion 230, 220, and 185. 
Assuming that the pressure difference was constant, and replotting the 
data to the same end point, they found no evidence of acceleration or 
retardation in the main reaction. We have shown that since the pressure 
changes resulting from the two processes are relatively little diCFcrent, the 
difference of 25% in the ultimate volume is far from being negligible. 

We have already shown that in experiments at 400" C (p. 247), in the 
case of two tubes in which the rate of what we have called the secondary 
decomposition of acetaldehyde is very different, under identical conditions 
of temperature and concentration, the total rate of decomposition is the 
same up to the break point. This shows that though the surface may 
influence the nature of the products profoundly, it does not influence the 
initial rate of change of the acetaldehyde. We have also carried out 
experiments with packed and empty bulbs, though our present technique 
has not enabled us to investigate the rates of change in heavily packed 
bulbs over short time intervals, on account of the difficulty of eliminating 
temperature lag. The amounts of reactant decomposed for short time 
intervals in packed bulbs may be a little low. 

In the experiments at 400° and 500“ C the same reaction tube was used, 
packed with nearly the same amount of silica in the form of thin rods, so 
as to increase the surface in the ratio of about 1 to 5, and to reduce the 
volume in the ratio of about 1 • 0 to 0 • 6. At 400° C (Table XI), the rate of 
the so-called main reaction is reduced to about one-half, and the so-called 

• ‘ Proc. Roy. Soc.,’ A, vol. 141, p. 41 (1933). 

t ‘ Proc. Roy. Soc.,* A, vol. 144, p. 355 (1934). 



The Thermal Decomposition of Acetaldehyde 261 
Table XI— Decomposition of Acetaldehyde in Empty and 


Packed Tube at 400“ 

C. Initial C 2 H 4 O 0*02607 



Time 

CO 

CH4 

C5 

hydro* 

carbon 

CO -- CH4 

Total 

C.H4O 

f 

15 

0 00175 

0*00167 

— 

0 00008 

0 00366 

Empty 37-7 cc ] 

20 

210 

197 

—. 

13 

446 

{ 

26*5 

237 

218 

0 00005 

19 

512 

Packed 230 cc | 

20 

0 00143 

93 

36 

■ 50 

386 

30 

215 

143 

47 

72 

574 


secondary reaction is increased on the average by nearly four times. The 
rate of the secondary process then becomes sensibly equal to that of the 
primary process. Data for comparison at 500° C are set down in Table 
VII, Series I, and in Table XII. From these data it is again seen that the 
rate of the primary reaction is reduced to about one-half, and that of the 
secondary reaction is increased by about four times. 

From these experiments it would appear that in each series the rate of 
decomposition of acetaldehyde (total) for the shortest time interval is 
lower with the packed tube. The results in general show a close identity 
between the rates in the two sets of experiments and, taking the whole of 
these experiments in conjunction with the experiments with different empty 
tubes, we believe that we are justified in the conclusion that both the 
so-called primary and secondary methods of decomposition of acetalde¬ 
hyde originate in a common activation process. 

With ethylene oxide, experiments at 400° C indicated that the effect of 
packing the tube was practically negligible. The results of the experiments 
are given in Table XIII. 


7—The Influence of Hydrogen, Methane, etc., on the Rates 

OF Decomposition 

Hinshelwood and Hutchinson* state that the products of reaction have 
no influence on the rate of decomposition of acetaldehyde. Hinshelwood 
and Askeyt found that hydrogen had some effect in increasing the rate of 
decomposition, and suggested that the bimolecular process was unaffected, 
but only the unimolecular process (low pressure), which occurred simul¬ 
taneously. At the Discussion of the Royal Society in May, 1935, we 


• • Proc. Roy. Soc.,’ A. vol. Ill, p. 380 (1926). 
t ‘ Proc. Roy. Soc.,’ A, vol. 116, p. 163 (1927). 
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called attention to the phenomenon which is now discussed. Since then 
Hinshelwood and Fletcher have published further observations on the 
influence of hydrogen in relation to the suggested different states of 
activation which, according to Hinshelwood’s theory, initiate the decom¬ 
position process.* 

Table XIII— Ethylene Oxide in Empty and Packed Tube 

c. 



Time 

CO 

CH. 

hydro¬ 

carbon 

H. 

CO + CH, 

Empty. 

39 

0 00434 

0*00354 

0 00031 

0* 00076 

0*00788 


25 

216 

179 

15 

52 

385 

Packed . 

26 

'225 

191 

20 

31 

416 


38 

443 

370 

35 

62 

813 


It seems clear from the following experiments that the effect of hydrogen 
and methane is intimately associated with surface conditions. A very 
large number of experiments was carried out, but very few of them will 
be described. 

The influence of hydrogen on the rate of decomposition of acetaldehyde 
at 400° is well illustrated by the experiments of which the data are set down 
in Table XIV and are plotted in fig. 7. It will be seen on reference to the 
figure that a number of points lie on the graph abed, which has the 
normal form of the graph representing the initial stage of this process. 
However, there are three practically parallel graphs, less steeply inclined, 
about which the remaining points lie. We will now follow through the 
experiment. 

In the first place, the experiments in Series A were carried out without 
adding hydrogen. The points lie on the graph abef. Then four experi¬ 
ments (Series B) were carried out adding hydrogen, with the result that 
the break point was depressed, and the four points lie on a graph bg. The 
addition of more hydrogen (Series C) had at first no effect, but the de¬ 
composition corresponding to the last two points in the series was very 
large. At this stage the tube seemed to settle down into a state such that 
the points representing the rate of decomposition of acetaldehyde lay on 
the graph abode, whether hydrogen were added or not (Series D, E, F). 

It will be noticed that the first addition of hydrogen seemed to eliminate 
the secondary process (Series B), the second addition (Series D) seemed to 
enhance it. 

• ‘ Trans. Faraday Soc.,’ vol. 30, p. 614 (1934). 
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In the following experiments a definite quantity of acetaldehyde was 
heated with varying quantities of hydrogen or methane for a definite 
time and at a definite temperature, the conditions being such that the 
resulting point on an x — t diagram would lie to the right of the break 
point, on the flatter part of the graph. 

The double series of experiments recorded in Table XV show that under 
identical conditions hydrogen and methane may affect the decomposition 



Minu^ 

Fig. 7—Decomposition of acetaldehyde in presence of hydrogen, at 400° C; initial 
concentration of CeH^O 0 03270. x series A; + series B; □ series C; © series 
D; A series E; O series F. 

of acetaldehyde to the same extent, though more propylene is produced in 
one case than in the other. This being so, the idea arose that other mole* 
cules present in the gas had a similar influence. The quantity S, which is 
the mean of the total number of molecules of carbon monoxide, methane, 
water vapour, propylene, and undecomposed acetaldehyde present in the 
gas between zero time and 30 minutes, was calculated for each experiment. 
The points on the graph in fig. 8 are obtained by plotting the total acetalde¬ 
hyde decomposed in 30 minutes against the corresponding value of S. 
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Table XIV —Effect of Hydrogen on the Decomposition of Acetalde¬ 
hyde AT 400“ C, and Initial Concentration 0-03270 for Varying 
Time Intervals. Tube N.T. 








Total 


Series 

t added 

CO 

CH4 

CO -- CH4 

CHsCHO 

S 

A 1 

15 

00000 

00165 

00139 

00026 

00382 

01730 

2 

31 

00000 

316 

274 

41 

712 

1813 

3 

45 

00000 

395 

357 

38 

866 

1851 

4 

60 

00000 

530 

489 

41 

1142 

1921 

B 1 

15 

00565 

00129 

00127 

00002 

00262 

01983 

2 

30 

557 

220 

216 

4 

448 

2025 

3 

45 

559 

292 

278 

14 

612 

2067 

4 

60 

574 

451 

423 

28 

958 

2161 

C i 

15 

00960 

00159 

00133 

00026 

00350 

02212 

2 

30 

970 

181 

178 

3 

365 

2213 

3 

45 

957 

523 

316 

7 

660 

2378 

4 

60 

953 

704 

527 

177 

1662 

2577 

D 1 

12 

00000 

00142 

00115 

00027 

00238 

01745 

2 

22'5 

00000 

313 

256 

57 

00740 

1820 

3 

37'5 

00000 

486 

393 

93 

1158 

1925 

4 

60 5 

00000 

753 

546 

107 

1520 

2065 

5 

50 

00000 

593 

469 

126 

1442 

1994 

6 

27 

00000 

362 

276 

84 

888 

1828 

E 1 

15-5 

00970 

00168 

00150 

OOOIB 

00372 

02213 

2 

30*5 

970 

411 

339 

72 

906 

2362 

3 

45 

972 

533 

433 

100 

1266 

2437 

4 

64 

964 

673 

553 

120 

1586 

2513 

F 1 

25 

01634 

00316 

00264 

00052 

00736 

02638 

2 

47 

1618 

512 

427 

85 

1194 

02742 

Table XV — Action of Hydrogen and or Methane on Aceialdehyde 

at 400 

“ C. Initial C 2 H 4 O 0 02505; 

Time of Heating 30 

min; 




Tube G.T. 1 







Hydrogen experiments 




H, 

H. 




Total 


Serial 

added 

found 

CO 

CH4 

CO ~ CH4 CH3CHO 

s 

A 1 

00000 

00000 

00272 

00266 

00006 

00556 

01391 

2 

536 

534 

400 

404 

4 

824 

1721 

3 

758 

765 

812 

804 

8 

1640 

2043 

4 

854 

857 

603 

603 

0 

1206 

1981 

5 

1051 

1064 

286 

285 

I 

572 

2424 

B 1 

617 

618 

297 

292 

5 

604 

1711 

2 

680 

686 

251 

245 

6 

514 

1720 


Experiments in Series B were carried out after the methane experiments. 
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s 

Fra. 8—Influence of hydrogen and methane on the decomposition of acetaldrfiyde 
at 400" C. Initial concentration CiH^O 0-02505. x hydrogen; 0 methane. 


Table XVI—Effect of Methane on the Decomposition of Acetalde¬ 
hyde. Temperature 400° C; Time of Heating 30 min; Initial 


CH 3 CHO 0 03873 


CH, 

CO 

CH« 


Total 


added 

formed 

8 

1 

3 

CH.CHO 

S 

00000 

00484 

00416 

00068 

01104 

02212 

787 

566 

425 

141 

1314 

02608 

920 

614 

485 

129 

1456 

2767 

1033 

910 

721 

184 

2198 

2994 

1115 

749 

652 

97 

1692 

2916 

1324 

649 

512 

137 

1572 

2992 

1809 

612 

433 

179 

1582 

3146 
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Table XVI contains data for another set of experiments with methane at 
a higher concentration. The data are plotted in fig. 9. 

In all cases the rate of increase of the amount of decomposition with 
the value of S increases very rapidly, and it may be considered significant 



Fig. 9 —Influence of methane on the decomposition of acetaldehyde at 400“ C. Initial 
concentration of C,H«0 0 03873. 

that the graphs become practically indeterminate close to the position 
corresponding to the decomposition of half of the acetaldehyde, which is 
marked x. At this point very high and very low results correspond to 
approximately the same value of S. 

It would have been interesting to have ascertained whether the addition 
of hydrogen or of methane increases the rate of reaction at 500“ C. This 
must await future investigation. 

The effect of the addition of methane on the rate of decomposition of 
ethylene oxide at 400° C was also studied. The effect both on the 
primary and secondary reactions appeared to be negligible. 

In conclusion, we have to convey our thanks to the University of Bristol, 
Irom which one of us held a research scholarship, and to Imperial Chemical 
Industries, Limited, for contributing to the cost of the investigation. We 
liave also to acknowledge many helpful discussions with Professor E. W. 
Garner. 
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Summary and Conclusions « 

The thermal decomposition of acetaldehyde has been studied between 
360° and 500° C, and that of ethylene oxide between 380° and 420° C. 
The processes have been followed by heating measured quantities of the 
vapours for definite time intervals in silica apparatus, and making detailed 
analyses of the products. 

In each case, in empty tubes, the main product is methane and carbon 
dioxide, the latter always in excess of the former. With acetaldehyde a 
second reaction gives rise to propylene, water vapour, and carbon monoxide, 
and with ethylene oxide a second reaction gives rise to ethylene, hydrogen, 
and carbon monoxide. Condensation products are formed in both cases 
by the hydrocarbons. 

With acetaldehyde the rate of the first reaction is diminished when the 
reaction tube is packed, and that of the second reaction is increased. The 
rate of decrease in the rate of decomposition of the acetaldehyde associ¬ 
ated with the first reaction is, however, equivalent to the increase in 
decomposition associated with the second. The rate of decomposition of 
the acetaldehyde is therefore independent of the nature of the reaction 
vessel, whichever product predominates. It seems to be probable, there¬ 
fore, that the single initiation process must operate in either case. With¬ 
out making any assumption as to the method of formation of initial active 
centres, it would appear that a transition state must be passed through, 
and a state reached which is sufficiently stable to permit of a proportion of 
the particles reaching the walls, even when the density of the gas phase is 
high, without undergoing change. Those which reach the walls within 
the lifetime of a particle are adsorbed, and form propylene, water vapour, 
and carbon monoxide, while a proportion decompose in the gas phase 
into methane and carbon monoxide. The particles may be radicals, or 
may be single or double CjH 40 -complexes. The existence of such 
“ intermediates ” is assumed for many processes in which chain mechan¬ 
isms operate (Semenoff, loc. cit.). 

The surface appears to have no influence on the rate of decomposition 
of ethylene oxide, and it is assumed that two processes operate in the gas 
phase, also having a common origin. 

With both substances, the rate of reaction does not diminish with time 
over the initial period. With ethylene oxide the curvature of the x — i 
graphs towards the x-axis is very marked, while for acetaldehyde the 
graphs are nearly linear. In each case the velocity suddenly slows down 
alter a time. 

The temperature coefficient of thermal decomposition is considerably 
greater for ethylene oxide than for acetaldehyde. 
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For acetaldehyde, the nature of the phenomena associated with the 
break point has been the subject of a considerable amount of investigation. 
Its position has been found to be determined by the surface of the reaction 
vessel, the gas in the vessel, and the temperature. At 500° C it appears to 
coincide exactly with the point at which half of the acetaldehyde has been 
decomposed. At lower temperatures it occurs spontaneously at a point 
at which less than half of the acetaldehyde has been decomposed, and 
varying in position with different reaction vessels. It can be raised to a 
position in the neighbourhood of that corresponding to the decomposition 
of half of the acetaldehyde by adding methane or hydrogen, which appear 
to have the same influence quantitatively. It would appear that that 
portion of the x — t graph which represents the decomposition of acetalde¬ 
hyde as taking place with accelerated velocity also represents a condition 
in which not more than one out of each pair of molecules of acetaldehyde 
present in the apparatus undergoes chemical change. We cannot put 
forward any suggestion of a mechanism to explain this phenomenon; but 
we may point out that it may in some way account for the fact that the 
decomposition process has characteristics which are usually associated 
with processes involving a very much larger energy change. 

We have not attempted to deal with any of the phenomena numerically, 
for before this is done a more accurate study of them should be made over 
a fairly wide range of temperature and concentration, particularly directed 
to determining the exact form of the initial portions of the x ~ t graphs. 
It is hoped to be able to carry out this work in the near future. For the 
present it suffices to state that the decomposition of these compounds is 
associated with phenomena which make it necessary to include them 
amongst processes in which the rate of change at any moment is not 
determined by conditions obtaining at the moment, as the classical theory 
demands, but at some earlier time. 
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On the Energy Losses of Electrons in Molecular 

Nitrogen 

By J. E. Roberts, Ph.D., R. Whiddington, F.R.S., and 

E. G. WooDROOFE, Ph.D., Physics Laboratories, University of Leeds 

(Received 15 April, 1936) 

[Plate 3] 

Introduction 

Very numerous critical potential determinations of atoms have been 
made, but there is a distinct lack of such data regarding molecules. The 
work to be described is a contribution to remedying this deficiency for 
nitrogen. 

It will be useful here to state the kind of molecular processes which our 
apparatus will recognize. There is first of all molecular excitation and 
ionization—as in the case of the atom—complicated, however, in excita¬ 
tion by the fact that there is not only the possibility of a change of electronic 
energy, but also of vibrational and rotational energies. In these experi¬ 
ments the resolving power of the apparatus is only adequate in the 
recognition of electronic and vibrational energy changes. So that only 
excitations from the lowest vibrational level of the normal electronic 
state to vibrational levels of higher electronic states will, in this paper, 
be considered. 

Molecular behaviour in excitation of this type is well described in 
terms of the Franck-Condon principle as modified in the light of the 
new mechanics, so that in these electron impact experiments molecular 
excitation of this kind will appear in the photographs, not as a sharp line, 
but as a band the breadth of which is determined by the range of vibra¬ 
tional levels involved. 

Apparatus 

The apparatus has already been adequately described elsewhere.* It 
suffices to state that impacting electrons from a hot wire are given the 
required energy in the usual way and then passed through a chamber 
containing pure nitrogen at a low pressure, serious contamination from 
impurity being avoided by arranging a continuous slow flow of the gas. 

• Roberts and Whiddington, ‘ Phil. Mag.,’ vol. 12, p. 962 (1931). 
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After passing through the gas the originally homogeneous beam is 
analysed by passage through a magnetic field and recording on a photo¬ 
graphic film (fig. 5, Plate 3). 

In addition to the line on the film corresponding to those electrons 
which have made no inelastic impacts, there may be found lines and bands 
corresponding to definite energy losses. 

Considerable accuracy in the measurement of these losses is possible 
with this apparatus. 

RESULT.S 

Incident Electron Energy 120 Volts ~Tht results of twenty-four deter¬ 
minations gave the following values for the energy losses in volts of 120- 
volt electrons in collision with nitrogen molecules:— 

8-95 ±012 ; 12-89 ± 0 07 ; 13-81 ±0-09 ; 15-91 ±0-10 

(21 values) (24 values) (24 values) (22 values) 

The errors quoted are the mean deviations from the arithmetic mean 
value. 

As can be seen from fig. 1, which shows the photographic density curve 
across the energy spectrum, the 8 -95 volt loss line is broad, indicating that 
lines corresponding to a number of excitations of small energy difference 
are present. The estimated range of voltage involved in these excitations 
was 1 - 0 ± 0 -15 volt. The two lines, 12-89, 13-81 volts, however, seem 
to be little broader than atomic excitation lines. The highest energy loss, 
15*91 volts, is also a sharp peak with a gradual decay on the high loss 
side of a similar nature to that attributed to ionization in atomic energy 
spectra. 

It was impossible with this apparatus to make a photometric comparison 
of the relative intensities of the peaks without making assumptions regard¬ 
ing their shapes, owing to the lack of resolution necessary to .separate 
adequately the peaks 12-89 and 13-81 volts. 

On a number of very dense films a faint line corres-ponding to an 
energy loss of 22-8 volts was also sometimes observed. This value is 
accurate only to about ±0-2 volt. Above this at 26-0 volts appeared a 
diffuse and somewhat fainter band which continued to about 30 volts, 
beyond which it could not be detected. These two bands can be seen on 
Plate 3 which is a reproduction of one of the more heavily exposed films. 

Rudberg* has determined the energy losses of electrons in collision 
with nitrogen molecules, using the electrostatic method of energy analysis. 

• ‘ Nature,’ vol. 126, p. 165 (1930); ‘ Proc. Roy. Soc.,’ A. vol. 129, p. 628 (1930). 
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He employed bombarding voltages of 80-600 volts and his results are 
tabulated along with the present ones at 120 volts. 

In agreement with Rudberg we ascribe the losses II, IV, V, and VI to 
nitrogen, and for these agreement between the two sets of values is fair. 
The peak 1 is attributed to losses in the platinum and copper of the slits, 
but no explanation was forthcoming for III and VII. 


Position on film (mm.) 

Fig. 1-11, 8-95 ± 012 volts; IV, 12-89 ± 0-07 volts; V, 13-81 ±0-09 volts; 

VI, 1,5-91 ± 0-10 volts. 

Table I— Energy Losses of Electrons in Nitrogen 

I II 111 IV V VI VII VIII IX 

Rudhero < >2-78 13-93 15-82 18-03 — ~ 

* .... i^o-24 ±0-17 ±0-28 ±0-13 ±0-15 ±0-19 ±0-42 — — 

Present \ — 8-95 — 12-89 13-81 15-91 — 22-8 26-30 

experiments ( — ±0-12 — ±0-07 ±0 09 ±0-10 — ±0-2 — 

Incident Electron Energy 16-25 Volts —Fifteen films were obtained 
showing energy spectra produced by electrons of 16-25 volts. The 
electrons were accelerated after collision, the gas pressure in the region of 
acceleration being maintained very low in order to TninimiTe the possi- 
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bility of collisions occurring at the higher voltage. These low voltage 
spectra exhibited an intensity weakening in the 12-89 and 13-81 volt 
lines and a remarkable enhancement of the 8 -95 volt line. The intensity of 
the latter fluctuated rapidly with the voltage of the bombarding electrons. 
Lines were also observed, which did not appear on the higher voltage 
spectra, namely at 7-8 and 11-2 volts* (the range of error being about 
±0-2), of these the latter was the strongest. In addition a broad band 
extended from about 6 • 2 volts to the 7 ■ 8 volt line. 

Interpretation of Results 

The accepted energy level diagram, drawn from the relevant band 
spectra data, appears in fig. 2. The ground state is a ^2^ and the elec¬ 
tronic levels are divided into a singlet and a triplet system. The position 
of the former has been known accurately Ibr many years, but that of the 
latter has been subject to doubt until quite recently. Observations of 
the second positive bands in controlled excitation experiments yielded 
values differing by as much as 4 volts. Vegardf and Kaplan^ have 
observed the bands produced by the triplet-singlet transition A — 
and their observations lead to values of 6-18 and 6-14 volts 
respectively for the height of the “ A ” level. It is these values which have 
been used to fix the positions of the triplet levels in fig. 2, the configura¬ 
tions and types of term, however, are not known for certain in these 
levels. 

Our band II corresponds to the transition X — a ^n„. Observations 
of the Lyman bands, due to the reverse transition, indicate that the non- 
vibrating “d” level lies 8-51 volts above the “X”. The broadness of the 
line we obtain in these experiments indicates that excitations having a 
range of energy change from about 8-5 to 9-5 volts are occurring, corre¬ 
sponding to transitions to a number of vibrational levels of this state. 
Since the separations of the vibrational levels of the “ a ” state are approxi¬ 
mately 0-2 volt, the experimental range indicates that the first five levels or 
so are excited. Now the most intense of the Lyman bands are those having 
initial vibrational quantum numbers of 3, 4, and 5, and Rudberg quotes 
this as evidence that excitations to these levels would be most probable 
in his experiment. This argument, however, is not sound, for it is a 
consequence of the Franck-Condon Principle that the most probable 
transition in emission is not the same as that in absorption, unless the 

* Triplet levels shown by dotted lines in fig. 2. 
t ‘ Z. Physik,* vol. 75, p. 43 (1932); ‘ Nature,’ vol. 134, p. 697 (1934). 
t ‘ Phys. Rev.,’ vol. 45, pp. 675, 898 (1934). 
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Experimental 

values 

Singlet in Triplet 

levels volts levels 



— - -0 —--^Ground. 

7 st&te 

Heavy lines indicate an experimental value (Table I) at 120 volts ; 
dotted lines indicate an experimental value (p. 273) at 16-23 volts 


Fig. 2, 
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normal separations of the nuclei in the two states happen to be the same, 
in which case the most probable transition in both emission and absorp¬ 
tion is between the zero vibrational states. This is clearly not so for the 
“ a ” and " X ” states of nitrogen. These are the only singlet states for 
which the potential energy functions are known and so at present for the 
“ a " state alone is it possible to calculate the mean energy loss in excita¬ 
tion. On p. 277 et seq. it is shown that this calculated value may be made 
to agree very closely indeed with that experimentally observed. 

The peaks IV and V are apparently due to excitations to the singlet 
levels b’, c, and h, whose zero vibrational levels lie at (12-79, 12-88) and 
(13- 88) volts above the normal state. The sharp rise of the line IV on the 
low loss side excludes all possibility of excitation to the lowest vibrational 
levels of the h state having occurred and excitation to higher levels would 
almost certainly result in dissociation. No experimental discrimination 
can be made in our apparatus between the levels b' and c. The former has 
been recently established as a *ri„ level, but there is no evidence yet as to 
the nature of c. 

It is only within the last year that a number of levels higher than c have 
been known, although their existence was indicated both by theoretical 
considerations* and experimental observations.f Watson and KoontzJ 
have observed more than 150 emission bands of neutral nitrogen in the 
region 900-1300 A. They have isolated a number of ground state pro¬ 
gressions from these and deduced the positions of the initial states, which 
they have called d, e,f, g, and h, continuing the singlet notation originated 
by Birge and Hopfield. The value of V lies between the levels/ and h at 
13-60 and 13-88 volts respectively, but the sharpness of this peak indicates 
that only one level is strongly excited, i.e., the h level. If excitations to 
the other levels occur, they must be very weak. 

The energy loss VI has a value of a fraction of a volt higher than the 
ionization potential. The latter has been carefully determined by Tate, 
Smith, and Vaughan,§ who obtained a value 15-65 ±0-02 volts. In 
previous experiments of this nature ionization effects have appeared as 
a shading to the high loss side of the spectrum, corresponding to the 
ejection of electrons, having a continuous range of velocity, the “ decay ” 
curve being a measure of the variation of the probability of ionization 
with the velocity of the ejected electron. There are signs of such an effect 

* Recknagel, ‘ Z. Physik,’ vol. 87, p. 375 (1934). 

t Birge and Hopfield, ‘Nature,’ vol. 114, p. 642 (1924); vol. 116, p. 15 (1925); 
■ Astrophys. J.,’ vol. 68, p. 257 (1928). 

t ‘ Phya. Rev.,’ vol. 46, p. 32 (1934). 

§ ‘ Phys. Rev.,’ vol. 43, p. 1054 (1933). 
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in the nitrogen spectrum, but the sharp peak does not appear to be of this 
nature, since it is of approximately the same width as IV and V. It 
suggests that the process involved in the production of this peak is 
excitation, probably with subsequent ionization, the balance of energy, 
0-26 volt, being given to the ejected electrons.* 

The losses VIII and IX are much higher than the ionization potential 
and might be due to a number of electrons having made successive 
inelastic collisions. The examination of such a possibility leads to the 
conclusion that these electrons would produce a band in the energy 
spectrum, rising sharply to maxima at about 23 and 26 volts and steadily 
decreasing to zero at about 32 volts. This is the most likely explanation 
of VIII and IX, although it is rather surprising in view of the fact that the 
pressures used were of the order of 0-01 mm of mercury. In this con¬ 
nexion it should be pointed out that we have always found loss lines of 
this kind in helium, there being no question of their origin from successive 
inelastic collisions of the same electron with two different helium atoms. 

VIII being a sharp line must be due to some single excitation. Losses 
higher than that due to ionization can arise in a number of ways, the 
molecule may be excited and return directly to the normal state with the 
production of a line in the ultra-violet. Hopfieldf has observed a series 
of such lines in both the emission and absorption spectrum of nitrogen. 
There is also the possibility of spontaneous ionization or dissociation of 
the molecule after excitation, and of two of the outer electrons of the 
molecule being excited, a process which has been observed for the helium 
atom.J No differentiation between these processes can be made as the 
precise energy values are unknown. 

The additional lines which appear in the energy spectra produced by 
the lower velocity bombarding electrons, correspond to transitions from 
the normal to triplet levels, such intercombination lines being expected 
at these velocities. Maier-Leibnitz and Sponer§ have determined the 
lowest critical potentials of the nitrogen molecule. They observed an 
indistinct feeble potential at 6 • 7 volts, which quickly passed over into one 
at 7-2 as the voltage was increased. These appear on our films as a 
diffuse band extending from 6 -2 volts to the base of the 7 - 8 volt line and 
clearly correspond to excitations to a number of vibrational levels of the 
metastable A *2+ state and perhaps the lower levels of B®!!,. The 7‘8 

• It is hoped to get further experimental evidence on this point using an apparatus 
of higher resolving power and which is nowl n active commission. 

t ‘ Phys. Rev.,’ vol. 36. p. 789 (1930). 

t Whiddington and Priestley, ‘ Proc. Roy. Soc.,’ A, vol. 145, p. 462 (1934). 

§ ‘ Z. Physik,’ vol. 89, p. 431 (1934). 
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volt loss, which appeared as a comparatively sharp peak and which can 


be associated with the 8-0 volt loss observed by the above workers, is 
due to excitations to higher vibrational levels of the B state at 7 -31 volts, 
the peak value indicating the most probable one as that having vibrational 


Table 11 


Energy Losses of 

Electrons in Molecular Nitrogen and 


THEIR Interpretations 


Energy loss 

Spectroscopic 

Spectroscopic value 

(volts) 

assignation 

(volts) 

8 95 ± 0*12 


8 *51 (zero vibrational level) 

(8 -45 -- 9-45) 

(Vib. qu. nos. 0 to 5) 


12*89 4: 0*07 


12*79 ( „ ) 



oo 

00 

13*81 1 0*09 

-A 

13*88 ( „ ,, ) 

15*91 i 010 

Excitation with 

15*65 (ionization potential) 


subsequent ionization ? 


22*8 ±0*2 

Successive collisions ? 


Band 



26*0 30 

Successive collisions ? 

25*8-31*8 

Additional Energy Losses which Appear at Low Voltages 

Diffuse band 


6*14 

6*2-7*8 

(Vib. qu. nos. 0-^ ) 

(zero vibrational level) 

7*8 


7*31 


(Vib. qu. nos. 0-4) 

(zero vibrational level) 

11*2 


11*0 


(Vib. qu. nos, 0-1) 

(zero vibrational level) 


quantum number 3. The other loss at 11-2 volts was almost as sharp as 
an atomic line so that no more than two vibrational levels are likely to 
have been excited. The line occurs 0-2 volt above the C (110 volts) 
state, so that the transition to the first vibrational level of this state must 
be the most probable. 


Theoretical Considerations 

On p. 275 it was pointed out that it is important to consider the relative 
probabilities of excitation of the vibrational levels associated with an 
electronic level. The data necessary for such calculations for nitrogen 
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are only available for the X ^13 and a ^11 levels among the singlet states, so 
that this is the only transition which can be considered in detail. 

Following Condon and Morse,* the probability of any molecular 
transition can be estimated by computing the component of the electric 
moment of the molecule corresponding to the transition in question. If 
only one electronic transition is considered, this moment is given by the 
integral 

f +00 

(r) . R(r,n,) (O • W dr. 


In this equation (r), and R(,,n.)(/‘) are the wave functions for the 
vibrational motion of two states in question. According to Condont 
(r), which is an effective electric moment of the electron jump in 
question, can be regarded as constant over a reasonable range of r, at 
least for spontaneous transitions. We have therefore to choose some 
approximation to the nuclear motion which will give a calculable wave 
function, and for practical purposes harmonic vibrations can be assumed. 
We then have+ 


n* 


where 


R, (r) = a -/•,)], 

4n^mb>,\* 


N 


f_!_y 

V2» . (n !) 


and 


H, [a (r - ro)\ 


2» . (n !) 

the Hermitian polynomial of order n. 


The integral then becomes 


M 




= CNiN* f H„. [a, (r-ri)] H„. [a, (r-r,)] e" . e" T<'->Wr, 


the suffixes 1 and 2 referring to the two states involved. A measure of 
the probability of the transition Wj n, is given by the square of this 
integral. 

For the calculation of transition probabilities we require, then, the 
equilibrium vibration frequencies a>, and the equilibrium nuclear separa¬ 
tions r, for the two electronic states. For the X’S and states of 
nitrogen the values of w, are 2345 and 1679 respectively.! The values of r. 


* “ Quantum Mechanics,” p, 168. 
t ‘ Phys. Rev.,’ vol. 32, p. 858 (1928). 
t “Quantum Mechanics,” loc. clt., p. 51. 
g Jevons, ‘ Report on Band Spectra of Diatomic Molecules,’ p. 284. 
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are, however, somewhat uncertain, and as a first approximation we have 
recourse to the empirical formula of Douglas Clark* 

= 9550, 

where n is the periodic group number of the molecule. For the 
state this gives r, — 1 *09 A. On the basis of experimental results, how¬ 
ever, Langstrothf suggests the rather higher value 1 *096 A, and this has 
been used throughout in the present calculations. For the state 
the formula gives r, 1 -21 A. No direct experimental test of this value 
is available, but Birge and HopfieldJ have made a number of intensity 
measurements on the ultra-violet bands due to the Oo X transitions 
which are shown in column 6 of Table III. Using the formula given 
above, and assuming r, = 1 -21 A for the 0*11 state, these intensities 
have been calculated and are given in column 5, Table I. The integrations 
were carried out graphically. It is clear that the observed and calculated 
intensities do not agree, and that to improve the agreement a lower 
value of r, for the o ’fl state must be assumed. Calculations have therefore 
been made for r,~ 1-18, 1'19, and 1-20 A, and the results also given 
in Table III. 

Table III 

Calculated relative intensities 


Band 

ri - 118 A 

ri - M9 A 

ri — 1 * 20 A rj 

- 1*21 A 

Expen menti 
intensities 

<7o Xo 

12*5 

10*2 

7*5 

5*8 

3 


15 

15 

15 

15 

15 

<7(1 Xj 

14-2 

16-5 

16*6 

19*1 

12 

<lo “*■ Xj 

10*4 

14*2 

150 

20-9 

12 

X 4 

3*2 

5-8 

9*7 

13*7 

7 

«0-Xo 

— 

2*9 

7*6 


4 


As the experimental intensities are only visual estimates, very good 
agreement with the calculated values is hardly to be expected so that it is 
no surprise that in all cases the calculated value for the Oq Xo transition 
appears to be relatively too high. Apart from this band, the agreement 
between theory and experiment is reasonably good for rj — 1 • 19 A. 

Excitation Probabilities —Using the values r^ — 1-096 A for the X*2 
state and 1 • 19 A for the o *0 state, the relative probabilities of transition 
to the first five vibrational levels of the a *n state from the non-vibrating 

• * Phil. Mag.,’ vol. 18, p. 459 (1934). 
t ‘ Proc. Roy. Soc.,’ A, vol. 146, p. 166 (1934). 
t ‘ Astrophys. J.,’ vol. 68, p. 257 (1928). 
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level of the ground state have been calculated front the foftnula given 
and the results shown in Table IV, The theory outlinoij ^ Condon and 
Morse applies strictly to spontaneous transitions, and some differences 
might possibly be expected as a result of the presence of the exciting 
electron in the experiments described. Such an effect would be to alter 
the value of the effective moment M,,,, (r) for the electronic transition, 
and this might be changed to a new constant value, or to a value variable 
over the range of r considered. In the first case the relative probabilities 
of the vibrational excitations would remain unaltered. If a variable 
value of M,,f, (r) is introduced we might reasonably expect changes in 

Table IV 

Relative probabilities (arbitrary units) 


Energy 

loss 

volts 

Transitions 

rg- M9A 

rg- 1-20 A 

HIT- 1 

fa - 1-21 

8-51 

Xo Oq 

9-9 

6*5 

3-9 

8/71 

Xo di 

18-9 

16-7 

120 

8‘91 

^0 

17*9 

IS 5 

161 

9-11 

Xo ct^ 

9-4 

12-8 

13‘8 

9-31 

Xq <l4 

2-2 

5'4 

9-4 

9-51 

Xo 

01 

10 

4*2 

Mean energy loss, volts .... 

8-8, 

8'8o 

8 ■9. 


the excitation phenomena as the electron voltage was changed. This 
would result in (a) a variation with exciting electron voltage of the dis¬ 
tribution of intensities in an emission band system, and (b) a variation in 
the electron energy loss due to a given electronic transition with change in 
electron velocity. Langstroth* has investigated the former problem and 
finds that when the electron voltage is well above the critical potential of 
the molecule the band intensity distribution remains constant. Further, 
no evidence has so far been adduced to show that the electron energy loss 
value in a molecular excitation depends on the exciting voltage. In view 
of these results we may assume, therefore, that the transition theory given 
above may fairly explain the distribution of probabilities of electronic 
excitation. 

It is clear that from these calculated relative probabilities may be 
estimated the mean energy loss in the impact experiments. It will be 
seen that the value calculated, S-Sj volts is rather less than the experi¬ 
mental value; this may be due to the assumption of too low a value for 
the equilibrium separation of the state. Sinular calculations have 
* ‘ Proc. Roy. Soc.,’ A, vol. 146, p, 166 (1934). 
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theref^ been carried out assuming r,~ i -20 and r, == 1 *21 A for the 
a state, and it will be seen that the value 1 -21 A shows the best agree¬ 
ment with the experimental results. The present experiments, tiien, 
suggest a value of r,= 1 -21 A for the a^fl state rather than the lower 
value 1-19 A obtained from the ultra-violet spectrum intensities. It is 
interesting to note that the value r, = 1 • 21 A is supported by the Douglas- 
Clark empirical formula, which has widespread applicability. 

Width of ZoAV Jonrf—The calculated probabilities assuming r, = 1 -21 A 
are shown graphically in fig. 3. From this curve an approximate estimate 



8-4 8-6 8-8 9-0 9-2 9*4 9-6 

Energy toss in volts 

Fio. 3—Energy loss in transition X«—a assuming — I 096, rt = I ‘21 A. 

of the probable extent of the energy loss can be made, the value obtained 
^ing about 1 0 volts. This is again in reasonably good agreement with 
our experiments. It will be seen also that the probability of a loss of 
^‘25 volts as found by Rudb»g* is .much less than the maximum, and to 
account for such a value it vwMdd be necessary to assume a considerably 
greater value for r, for the a W state. ' 

• * Proc. Roy. Soc,,’ A, vol. 129, p. 628 (1930). 
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Other Transitions —^The spectroscopic data available for the singlet 
excited states of nitrogen other than are not sufficiently extensive to 
be used in the foregoing type of calculations. It is interesting, however, 
to consider the energy losses found when low voltage electrons were 
used, and attributed to the excitation of the A state. The vibration 
constants for this state are given by Kaplan* as 


w, =-1446-5 to,r-=13-9. 



Jevonsf gives for this state:— 

1-29 A. 

Using the potential function of MorseJ 
E = A + 

where 

D ~ and o — 0-2454-\/M<«»,x, 

the potential energy curve for this state has been obtained and is shown 
in fig. 4. It can be seen immediately that the most probable transition 

• ‘ Phys. Rev.,’ vol. 45, p. 898 (1934). 
t * Report on Band Spectra of Diatomic Molecules,’ p. 284. 

J ‘ Phys. Rev.,’ vol. 34. p. 57 (1929). 
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from the ground state would result in an energy loss of approximately 
7-6 volts, which is in the region of the dissociation energy for this state. 
Calculations of excitation probabilities in this region cannot be made. 
According to the theory, however, the probability of a transition depends 
on the overlapping of the vibrational wave functions of the lower and upper 
states. Absorption of energy will therefore take place over the range in 
which the wave function of the non-vibrating ground level has an appreci¬ 
able value. This function, given by 

R„ (r) = NoHo [a (r - r,)] 

is also plotted in fig. 4. it can be seen then that a rough idea of the extent 
of the energy loss may be obtained by reflecting this curve in the potential 
energy curve of the upper state, as shown in the figure. For this transition, 
therefore, we might expect energy losses extending from about 6-5 volts 
to the dissociation limit of the A®S state at 7-4 volts, and probably 
further losses up to about 10 -5 volts, resulting in the dissociation of the 
molecule. This appears to be in agreement with the observations made 
on electron energy losses of electrons in the range 16-25 volts. 

It is a pleasure to acknowledge our indebtedness to the Government 
Grant Committee of the Royal Society for grants out of which were 
purchased some of the apparatus used, in particular the Cambridge 
recording photometer. 


Summary 

The energy losses suffered by electrons in collision with nitrogen 
molecules have been determined by means of a method described pre¬ 
viously. The bombarding voltages employed were 120 volts and 16-25 
volts and the interpretation of the results (see Table II) is discussed. It is 
shown, inter alia, that for the transition X —a ‘11, a nuclear separation 
of 1-21 A (rather than the value 1-19 A deduced spectroscopically) 
fits the facts well. 
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The Catalytic Combination of Hydrogen and Oxygen 
at the Surface, of Platinum 

By D. L. Chapman, M.A., P.R.S., and P. W. Reynolds, B.A., B.Sc. 

{Received 4 May, 1936) 

Research on the catalysis by metals of the combination of hydrogen and 
oxygen at low pressures was commenced in these laboratories by Cooper 
in 1923. Investigating the catalytic properties of a short platinum fila¬ 
ment subjected to various pre-treatments by heating it electrically in 
hydrogen or oxygen or in vacuo, he found that the metallic surface thus 
cleaned became so active at room temperature as to render the quantita¬ 
tive measurement of the catalysed reaction impossible. It was discovered 
also that mercury vapour is a very potent poison of the surface, the 
enormously active clean platinum surface being rendered completely 
inactive by exposure to mercury vapour for a few minutes: a fact noted but 
apparently insufficiently emphasized in a paper published by Chapman 
and Hall in 1929.* 

Owing to the difficulties involved in working with a catalyst of such 
high activity, the research was discontinued in favour of an investigation 
of the same reaction using silver instead of platinum, a clean surface of 
this metal having been found to catalyse the reaction at a convenient 
rate at room temperature. The following facts were established:— 

(1) At the temperature of the laboratory a surface of metallic silver 
adsorbs completely a quantity of gaseous oxygen sufficient to form 
a complete unimolecular layer ctf silver oxide. This adsorbed 
oxygen cannot, of course, be rembved by evacuation. 

(2) A film of oxide is also formed on the surface when metallic silver 
is heated to redness in oxygen and allowed to cool. 

(3) The oxide formed at the low temperature is reduced by hydrogen at 
the temperature of the laboratory and its formation docs not 
diminish the catalytic activity of the surface. The oxide formed at 
higher temperatures, however, is not reduced below about 150® C., 
and below this temperature the surface is catalytically inactive 
toward the combination of hydrogen and oxygen. 

The present research was undertaken with the object of discovering 
whether or not parallel phenomena are exhibited by metallic platinum. 

* ‘ Proc. Roy. Soc.,’ A, vol. 124, p. 492 (1929). 
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It may be stated immediately that a very passive platinum can indeed be 
produced by heating the metal, after suitable pre-treatment, to a sufficiently 
high temperature in oxygen gas. Though the phenomena observed are 
more complicated than for silver, platinum, like silver, can be covered 
with a coating of difficultly reducible oxide, and there is strong evidence, 
as we shall show, that this oxide which covers the passive platinum in 
question is an oxide of a base metal present as an impurity in minute 
quantity in the “ pure platinum Moreover, it now seems probable 
that the passivity of silver after it has been heated at a high temperature 
in oxygen is also caused by a similar impurity in the metal. 



Fig. 1. 


Our experiments have a direct bearing on the question of the thermionic 
emission of platinum which is known to be much higher for a filament of 
the metal previously subjected to long heating in hydrogen than it is for 
one previously heated in oxygen. In fact, the difference observed in the 
two cases has been attributed by Cassel and Gliickauf* to the presence of 
a layer of a very stable oxide of platinum on the latter surface. 

Experimental 

The apparatus (fig. 1), designed for use at low pressures only, consisted 
essentially of a quartz reaction vessel connected through traps cooled 
with liquid oxygen, and through mercury seals to a series of five gas 

• ‘ Z. phys. Caicm.,’ B, vol. 18, p. 347 (1932). 
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reservoirs, sources of pure hydrogen and pure oxygen, a McLeod gauge 
and pressure adjuster, and the pumping system. The latter consisted of 
a mercury diffusion pump backed by an automatically actuated Sprengel 
pump, a tube containing phosphorus pentoxide being inserted between 
the two pumps. 

The reaction vessel consisted of a thick-walled quartz tube, of approxi¬ 
mately 100 cc. capacity, with a long neck bent to form a trap which could 
be conveniently cooled in liquid oxygen. The vessel was connected to a 
second glass liquid oxygen trap and to the rest of the apparatus by means 
of a ground quartz-glass joint lubricated with a mixture of three parts of 
metaphosphoric and one part of ortho-phosphoric acid. This lubricant— 
protected from atmospheric moisture by a mercury jacket—^was solid at 
room temperature and soft at about 90° C. Heating of the reaction 
vessel at any temperature up to 1000° C. was effected by means of a 
Gallenkamp electric furnace mounted on a rail-guided trolley, the mouth 
of the furnace being closed by an asbestos bung wound on to the neck of 
the reaction vessel. 

The oxygen was prepared by heating recrystallized potassium per¬ 
manganate and purified by its being allowed to stand over solid caustic 
potash. It was admitted to the apparatus through the U-tube C cooled 
in liquid oxygen. The hydrogen was obtained from arsenic-free zinc 
and sulphuric acid, washed by a solution of caustic soda and separated 
from impurities by diffusion through a palladium osmosis tube. 

During the whole of the investigation the two traps A and B were 
cooled continuously by their being surrounded with Dewar vessels con¬ 
taining liquid oxygen. This precaution was necessary. The far trap B 
served to condense mercury vapour and impurities which would otherwise 
poison the catalytic surface, while the near trap A served to condense any 
vapours which might get past B together with water derived from the 
phosphoric lubricant* and that produced in the reaction. 

As a preliminary to an investigation of the sorption by platinum of 
hydrogen and oxygen, Westcott, working in these laboratories in 1932, 
studied the permeability of quartz to these gases and to air at 1000° C. 
He found that an almost perfect vacuum could be maintained in the 
vessel at 1000° C. while exposed to the atmosphere, so that neither nitrogen 
nor oxygen diffuses through quartz-glass at this temperature. He con¬ 
firmed the work of Williams and Fergussonf who had found that silica 
was permeable to hydrogen above 300° C., and diat the permeability was 
proportional to the gas pressure and to an exponential function of the 

* The vapour pressure of the lubricant is extremely low. 

t ‘ J. Amer. Chem. Soc.,’ vol. 44, p. 2160 (1922). 
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temperature. In Westcott’s experiments hydrogen at a pressure of 1-5 
mm. was admitted to the quartz vessel at 1000'’C. Absorption was rapid 
until saturation of the quartz was attained, after which the rate of fall of 
pressure reached a small steady value corresponding to the rate of diffusion 
through the quartz. Assuming the rate of diffusion to be proportional to 
the pressure, the value at 1000° C. for 1 sq. cm. of surface 1 mm. in thick¬ 
ness for a pressure difference of 1 atmosphere was found to be 36 x 10~‘ 
cc. per hour, a value in good agreement with determinations made with 
quartz from the same source (the Thermal Syndicate, Ltd.) by Williams 
and Fergusson (loc. cit.) and by Steacie and Johnson.* Owing to the 
comparatively low pressure at which the determination was made, this 
result affords strong support to the contention of the above authors and 
of the earlier workers Bodenstein and Kranendieckt and Wustner^ that 
the rate of diffusion is proportional to the pre.ssure and that the dissolved 
hydrogen is in the molecular form. 

In the preliminary sorption experiments 119 gm. of the purest procurable 
platinum was employed in the form of 109 metres of wire of 0-2548 mm. 
diameter, having a total surface area of 872 -5 sq. cm. After it had been 
cleansed with boiling hydrochloric acid and with hot distilled water the 
wire was introduced into the reaction vessel, heated for several hours at 
1000“ C. in oxygen to remove carbon and in a vacuum at the same tempera¬ 
ture to remove dissolved oxygen. The determination of the sorption of 
hydrogen by this oxidized platinum at 1000° C. was complicated by diffu¬ 
sion of the gas through the quartz and by the formation of active hydrogen. 
The latter condensed in the liquid oxygen traps as it was formed and could 
be recovered as ordinary hydrogen when the cooling vessels were removed. 
Diffusion through the quartz and the formation of active hydrogen, how¬ 
ever. accounted for but a small fraction of the fall in pressure observed 
when the platinum was heated in hydrogen. Of the rest, but a very small 
proportion was required to saturate the platinum with the gas under the 
stated conditions of temperature and pressure. It was, therefore, con¬ 
cluded that the lost hydrogen had combined with oxygen retained in the 
oxidized platinum in spite of the preliminary complete exhaustion at 
1000° C. 

After thorough reduction the metal was heated at 1000“ C. in vacuo 
until gas ceased to be evolved. On its being heated at the same tempera¬ 
ture in successive portions of oxygen at 3 mm. pressure this reduced metal 
absorbed 3693 c.mm. of the gas. Of this amount of oxygen required to 

• ‘ Proc. Roy. Soc.,’ A, vol. 117, p. 652 (1928). 

t ‘ Nernst Festschrift,’ p. 100 (1912). 

J ‘ Ann. Phys., Paris,’ vol. 46, p. 1095 (1915). 
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saturate the metal, however, only about 25 c.mm. could be recovered by 
exhaustion at 1000“ C. Therefore, of the total 3693 c-ntm. of oxygen 
required to saturate the reduced metal, only 25 c.mm. was occluded or 
adsorbed in a condition such that it could be removed at 1000“ C.; the 
remainder was firmly combined with the platinum or with some impurity 
contained in it. Considering also the results of the absorption of hydrogen 
by the oxidized metal, it was concluded that the platinum contained a 
small proportion of a readily oxidizable base metal, the oxide of which was 
readily r^uced by hydrogen at 1000“ C. The presence of 0-02% of 
copper in the platinum would be sufficient to account for the above results 
and a contamination of this order was later established. 

Attempts to procure a purer platinum sample met with no success; a 
second specimen of wire drawn from the purest metal then procurable 
behaved in the same manner: the reduced metal absorbed at 1000“C. a 
considerable quantity of oxygen which could not be recovered by ex¬ 
haustion at a high temperature. On account of this impossibility of pro¬ 
curing a platinum wire of a higher degree of purity the sorption experi¬ 
ments were continued with the existing specimen in the hope that the 
results, while being of doubtful quantitative value* might yet throw light 
on the mechanism of the catalytic combination of hydrogen and oxygen 
at the surface. 


The Adsorption of Hydrogen and Oxygen by Platinum 

The amounts of these gases adsorbed on unit surface of the platinum 
at the temperature of the laboratory were found to depend largely on the 
pre-treatment of the metal, being much greater for the reduced metal than 
for the same specimen after subsequent oxidation. The adsorptions on a 
mercury-poisoned surface are small. 

On admitting oxygen at a pressure of 1 mm. to the clean reduced surface, 
adsorption occurred rapidly at first and continued more slowly during 
several hours, so that the adsorption was incomplete even after 12 hours’ 
exposure to the gas. Only a minute fraction of this adsorbed oxygen 
could be removed by evacuation except at a high temperature, so that it 
must have been retained in combination with the platinum in the form of 
a surface oxide-layer. The mean of 15 determinations of the total oxygen 
adsorption was 12-4 x 10“^ gm. atoms, the individual values varying 
between 11 ‘6 x 10"'^ and 13-4 x 10~^ gm. atoms. Assuming the area of 
the active surface to be approximately equal to the geometrical surface 
area, this amount of adsorbed oxygen is greater than that required to form 
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a monomolecular layer of an oxide Pt,0 (9’5 x 10“^ gm. atoms) and less 
than that required to form a complete layer of the oxide PtO. 

Hydrogen rapidly combines with this adsorbed oxygen at room tempera¬ 
ture and is itself adsorbed to a smaller extent. The small amount of 
adsorbed hydrogen could readily be removed from the surface by exhaus¬ 
tion for two hours at the temperature of the laboratory or by admitting 
oxygen to the reaction vessel. The individual values for the hydrogen 
adsorbed in eight determinations varied between 2-1 x 10“’’ gm. molecules 
and 2-9 X 10“^ gm. molecules, giving a mean value of 2-44 x 10“’^ gm. 
molecules. 

These results indicate that the catalysis by platinum of the hydrogeo¬ 
oxygen combination involves the alternate oxidation and reduction of the 
metallic surface, a mechanism originally suggested by A. de la Rive and 
Harcet in 1828 and established for copper by Pease and Taylor,* for 
nickel by Hughes and Bevan,t and for silver by Chapman and Hall (he. 
cit.). 

Catalysis by Platinum of the Combination of Hydrogen and 

Oxygen 

The investigation of the catalytic recombination of electrolytic gas was 
continued by Morgan in 1933 and by Corkhill in 1934, using as their 
catalyst a short length of " spectroscopically pure ” platinum wire, having 
a surface area of 8 sq. mm. These workers investigated the effect of pre- 
treatment of the catalyst, Westcott having found already that this factor 
was of great importance in determining the catalytic activity of the 
specimen. Though their results were greatly influenced by the presence 
in the reaction vessel of a film of volatilized metal (vide infra), it was 
correctly concluded that:— 

(a) The catalyst may be activated by alternate oxidation and exhaustion 
at 1000" C. 

(h) Reduction of such an activated catalyst by heating at 1000" C. in 
hydrogen produces a profound modification in its properties, for 
such a reduced specimen is no longer activated by oxidation at 
1000" C., but is thereby rendered inactive. 

In the present work all pi»e-treatments of the catalyst were effected at 
1000® C. in hydrogen or oxygen at a pressure of 3 mm. or in vacuo (with the 
pumps in action). After the required pre-treatment, the reaction vessel was 

• * J. Amer. chem. Soc.,’ vol. 43, p. 2179 (1921). 
t ‘ Proc. Roy. Soc.,’ A, vol. 117, p. 100 (1927). 



290 


D. L. Chapman and P. W. Reynolds 


cooled rapidly to room temperature with cold distilled water and thoroughly 
evacuated. Electrolytic gas drawn from the reservoirs was then stored in 
the leads at such a pressure that when expanded into the reaction vessel 
its pressure fell to about 0 • 1 mm. The progress of the reaction was 
followed by pressure measurements made at three-minute intervals, the 
rate of reaction being given by the rate of fall in pressure attending the 
almost immediate condensation of the synthesized water in the liquid- 
oxygen traps. The pressure measurements were made to the nearest 
0-5 mm. on the McLeod scale, corresponding to 0-0001 mm. pressure. 
As all initial pressures were sensibly equal, the activity of the surface 
could be conveniently represented by the fall in pressure between the 
first and twelfth minutes; a value which we .shall call the “ activity ” of 
the specimen. 

During the pre-treatment of the catalyst at 1000° C., a minute amount of 
platinum is volatilized from the specimen and deposited as a dark, visible 
film in that portion of the neck of the reaction vessel which is within the 
asbestos furnace-bung during the pre-treatments. This film was observed 
by Corkhill and its possible catalytic activity investigated by removal of 
the platinum wire from the reaction vessel followed by an endeavour to 
activate the film by alternate oxidation and exhaustion. The activity 
of the film was found to be exceedingly small and was therefore neglected. 
Reinvestigation by the authors, however, showed that this film might 
become highly active, its activity being frequently incomparably greater 
than that of the specimen under consideration. This discovery vitiated 
many of the conclusions of the previous workers and rendered essential 
a modification of technique in order that the effects due to the film might 
be eliminated from those due to the platinum specimen under investiga¬ 
tion. 

The activity of this film was investigated by cooling the platinum speci¬ 
men in liquid-oxygen prior to the admission of electrolytic gas, the film 
being maintained at room temperature. This cooling was effected by 
means of liquid oxygen contained in a Dewar vessel arranged as shown in 
fig. 2. Under these conditions the film only was reactive, the specimen 
being inactive at the temperature of liquid-oxygen. Reaction ceased 
entirely when the film also was cooled to the same temperature, while by 
allowing either the film or the specimen to warm to room temperature the 
activity of each could be investigated separately. To eliminate the film 
activity from the results of the present investigation it has been necessary 
always to cool the film prior to the admission of electrolytic gas by means 
of a pad of cotton-wool wound on to the neck of the reaction vessel and 
kept soaked with liquid oxygen. By working in a regular manner small 
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pressure variations due to unequal cooling in the vicinity of the pad were 
avoided. 

Activation of the Catalyst 

The surface of a new platinum specimen is highly poisoned by various 
impurities and is therefore catalytically inactive at room temperature. 
After boiling separately for two hours each with pure concentrated nitric 
and hydrochloric acids and with pure water between and after the acid 
washings, the catalyst still remained inactive. Activation was readily 
effected, however, by heating at 1000'“ C. in oxygen, the process being 
generally facilitated by alternate heatings in vacuo. Table I contains the 
results, for example, for a catalyst consisting of 1 cm. of Heraeus’s purest 



platinum wire of 0-25 mm. diameter, in which case heating at lOOO” C. 
for three hours in 3 mm. of oxygen produced almost the maximum 
activity. 

Table 1 

Surface area of catalyst = 8 sq. mm. 


Pressure in 10"* mm. at times: 

Pre-treatment ..------ Activity 

1 min. 3 min. 6 min. 9 min. 12 min. 

(As introduced) . 72 6 72-6 72-6 72-6 72-6 0 

Oxygen 3 hr. 74-2 66-3 57-4 49-3 41-5 32-7 

yacuoZibr . 76 0 72-9 68-8 65-4 62-2 13-8 

Oxygen 2 hr. 67-4 59-2 49-3 40-9 33-4 34 0 


The activation of a platinum catalyst which has been badly poisoned 
by contact with mercury vapour requires a very prolonged treatment at 
1000° C.; with a palladium catalyst mercury is much less firmly retained, 
activation being readily effected by treatment at 700° C. 
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For a given surface area, the maximum activity of a catalyst was found 
to depend largely on the purity of the metal. With a comparatively pure 
platinum specimen, such as that of Heraeus above, the activity was 
greater after oxygen pre-treatment than after heating in vacuo. For a 
specimen containing appreciable copper, however, the reverse was the 
case: the figures given in Table II refer to the extreme case of a specimen 
containing 0 05% of copper. The activity after heating in vacuo was 
very great while that after heating in oxygen was small, as shown in 
Table II. 

Table II 


^ - 

Pre-treatment 

Activation 

Oxygen 1 hr. 

Vacuo 1 hr. 

Oxygen 1 hr. 

Vacuo 2 hr. 


Surface area of catalyst: 21 sq. mm. 

Pressure in lO * mm. at times: 


0 min. 

1 min. 

3 min. 

. 75-0 

72*6 

68-6 

. 78-4 

43-1 

13-6 

. 77-3 

74*5 

68*3 

. 74*0 

15*2 

0 


6 min. 

9 min. 

12 min. 

63 1 

570 

52*2 

2-3 

0 

— 

611 

531 

46 8 


The Effect of Reduction 

As we have already noted, reduction of an activated platinum catalyst 
produces a profound modification in its properties, since subsequent 
oxidation, so far from activating the surface, renders it almost completely 
inactive. An examination of 19 specimens of platinum obtained from 
different sources by widely different methods has shown that the pheno¬ 
menon is quite general for all platinum specimens of normal purity. 
The figures given in Table III refer to a specimen of the wire used by 
Morgan and Corkhill, the purest then procurable from Johnson, Matthey 
& Co., Ltd. After activation by alternate oxidation and exhaustion, the 
catalyst was reduced by heating for 2 hours at 1000° C. in hydrogen at 
a pressure of 3 mm. After determining the activity of the specimen at 
room temperature and exhausting the reaction vessel in 1000° C. to remove 
the bulk of the absorbed hydrogen, the specimen was now heated for 2 
hours at 1000° C. in 3 mm. of oxygen. After cooling to room tempera¬ 
ture the activity was again determined and the specimen found to be almost 
inactive. 

This deactivation due to reduction is permanent. Very prolonged 
oxidation and exhaustion at 1000° C. has no appreciable effect on the 
activity. Table IV contains the figures recorded for a catalyst consisting 
of the purest wire obtainable from Heraeus. 
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Table III 

Dimensions: 1 cm. of wire, 0-25 mm, diameter, surface area 8 sq. mm. 


z' 

Pre-treatment 

Activation 

Oxygen 12 hr. 

Vacuo 2i hr. 

Hydrogen 2 hr. 

Vacuo i hr. 

Oxygen 2 hr. 


Pressure in 10^* mm. at times: 


1 min. 3 min, 

74-2 70-6 

72- 6 68-3 

73- 3 72-0 

*r 75-6 75-6 


6 min. 9 min. 

65-8 61-5 

62-2 56-5 

70-1 68-6 

75-5 75-4 


V Activity 


12 min. 


57'9 

16*3 

51*5 

2M 

67*0 

6*3 

75*3 

0*3 


After a total of 134 hours’ oxidation at 1000° C. the specimen was still 
as inactive as at the start of this process. Oxidation at the higher tempera¬ 
ture of 1200° C. did not facilitate the reactivation; on the contrary, the 
activity was thereby slightly decreased. 


Table IV 

Dimensions: 1 cm. of wire, 0-25 mm. diameter, surface area 8 sq. mm. 


Pressure in 10’* mm. at times; 

Pre-treatment --—^ Activity 

1 min. 3 min. 6 min. 9 min. 12 min. 

Activation 

Oxygen 2 hr. 67 4 59-2 49-3 40-9 33-4 34 0 

Reduction and oxygen 2 hr. 68 3 68-1 67-9 67-6 67-4 0-9 

Oxygen 63 hr. 72-6 72-2 71-7 71-3 71 1 1-5 

Vacuo 2hr . 72 2 71-7 71-5 71-3 71 1 1 1 

Oxygen 14hr. 738 73-5 73 1 72-9 72-5 1-3 

Oxygen 30 hr. 74-2 73 8 73 5 73 -3 72-9 1-3 

Oxygen 25 hr. 75-8 75-6 75 1 74-9 74 5 1-3 


It was difficult to see how this deactivation after reduction could be 
due to the platinum itself, but it was readily seen that the phenomenon 
might be interpreted with the aid of the same assumption of the presence 
in the platinum of a small percentage of readily oxidizable base metal 
demanded by the results of Westcott’s sorption experiments. The 
following explanation is suggested. The base metal present as impurity 
in the reduc^ platinum can diffuse readily to the surface of the metal, but 
its oxide is immobile. The processes of manufacture of the platinum 
specimen leave the metal in an oxidized state, and therefore the postulated 
impurity is present as oxide, embedded in the metal with little, if any, 
tendency to migrate to the surface even at 1000° C., so that the process 
of activation described above produces an unpoisoned surface compara- 
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lively free from the oxide of the base metal and therefore cataiytically 
active. During reduction of the specimen by its being heated at 1000“ C. 
in hydrogen, however, the impurity will be reduced to the metal, in which 
state it is capable of diffusion through the platinum at 1000“ C. When 
such a reduced specimen is heated at this temperature in oxygen, any 
base metal on the surface will be oxidized and so retained there, while at 
the same time the free base metal will diffuse to the surface from the body 
of the specimen, become oxidized, and so be prevented from returning 
whence it came. Subsequent oxidation of a reduced specimen, therefore, 
will produce a platinum surface covered more or less completely with a 
permanent layer of the oxide which will render it cataiytically inactive. 

Spectroscopic analysis showed the presence of copper to an extent of 
0 01 to 0 001% in all the platinum specimens investigated. It was 
reasonable to conclude, therefore, that this copper constituted at least 
part of the metallic impurity responsible for the above results. Minute 
amounts of other base metals causing a similar effect might have been 
present, but copper was certainly there. These conclusions were sup- 


Table V 


Pre-treatment 

Activation 

Oxygen 2 hr. 

Vacuo 2 hr. 

Hydrogen 2 hr. 

Vacuo li hr. 

Oxygen 2 hr. 

Hydrogen 4 hr. 

Vacuo 1^ hr. 

Oxygen 2 hr. 


Dimensions: (same catalyst as in Table IV) 


Pressure in 10"* mm. at times: 


9 min. 12 min. 


Activity 


1 min. 

3 min. 

6 min. 

67-4 

59-2 

49'3 

72-4 

69 0 

64-2 

72-4 

64-9 

56*5 

72*6 

69-2 

64-9 

77-6 

75-6 

73-1 

76-5 

76-5 

76*3 


40*9 

33*4 

34 0 

60*4 

56 5 

15*9 

49*0 

43*1 

29*3 

60*8 

57*0 

15*6 

70-6 

68*8 

8*8 

76*1 

76*0 

0*5 


ported by the fact that the deactivation by oxidation after reduction 
became less pronounced as the copper content of the catalyst decreased. 
Thus while all the specimens were eventually rendered inactive by reduc¬ 
tion and subsequent oxidation, a very much longer treatment was required 
to effect the deactivation of the purer specimens, the order of decreasing 
ease of deactivation corresponding with that of decreasing copper content. 
Thus, for a specimen of the purest platinum wire obtainable from Heracus 
in 1935, the deactivation proceeded as shown in Table V, from which it is 
seen that the first reduction and oxidation left the surface active, though 
a second, longer reduction and oxidation, deactivated it. The activity of 
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the Heraeus wire fell from 34-0 to 15-6 by its being heated for two hours 
in hydrogen and then in oxygen, while the corresponding fall for the less 
pure wire was from 16-3 to 0-3, being some 30 times as great. This 
result was in agreement with the theory since the copper content of the 
Heraeus wire was much lower than that of the other specimen. 

The ability of copper to produce this deactivation phenomenon was 
finally proved by the deliberate addition of 0-05% of copper to a very 
pure platinum sample. A bead was prepared by fusion in the electric 
arc {i^ide infra) from a practically pure platinum sponge to which had been 
added 0 05% of copper in the form of pure copper oxide, the latter being 
produced in situ by the evaporation of the required amount of a solution 


Table VI 


Catalyst: bead of surface area 21 -4 sq. mm., containing 0 05% of Cu 


Pre-treatment 

Activation 

Vacuo 2 hr. 

Hydrogen 2 hr. 

Vacuo j hr. 

Oxygen 2 hr. .. 
Hydrogen 4 hr. 

Vacuo 1 hr. 

Oxygen 2 hr. .. 


Pressure in 10“* mm. at times; 


Activity 


0 min. 

1 min. 

3 min. 

6 min. 

9 min. 

12 min. 

(0-6 min.) 

72*6 

15-2 

0 

..... 

— 

— 

(very great) 

79*5 

79-4 

790 

78-8 

78-5 

78-1 

0-7 

73*8 

620 

37-7 

13-6 

2-3 

0 

60-2 

70-4 

70-3 

69-9 

69-7 

69-2 

69 0 

0*7 


of pure copper nitrate followed by gentle ignition. The resulting bead, 
having a surface area of 21 sq. mm., was subjected to activation, reduction, 
and subsequent oxidation as recorded in Table VI, while the correspond¬ 
ing results for a smaller bead (8 sq. mm. surface) prepared in the same way 
from the same platinum sponge but without the addition of copper are 
given in Table VII. 

The comparative ease with which the copper-containing specimen was 
rendered inactive by reduction and subsequent oxidation showed that the 
copper was able to exert the influence on the catalytic properties of the 
specimen required of it by the theory advanced. 


Reactivation of a Specimen Deactivated bv Reduction 

Attempts were now made to reactivate an inactive, oxide-coated surface 
by its removal from the apparatus and pickling in nitric and hydrochloric 
acids as in the cleaning of a new specinien. After thorough washing the 
specimen was returned to the apparatus, subjected to a short oxidation at 
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1000® C. to remove poisons from the surface, and its activity at room 
temperature determined. Preliminary experiments with a bead of 
platinum showed that partial reactivation could thus be obtained, but 
that even after 163 hours of oxidation, with four intermediate washings, 
the activity still decreased on further oxidation of the specimen. It 
appeared, therefore, that the oxide was removed from the surface by 
acid pickling but that the oxidation of the specimen was incomplete, so 
that on further oxidation more oxide of the base metal was formed on the 
surface. 

Table Vll 

Dimensions: bead of 8 sq. mm. surface 


Pressure in 10' * mm. at times: 


Pre-treatment 

Activation 

1 min. 

3 min. 

6 min. 

9 rran. 

12 min. 

Activity 

Vacuo 1 i hr. 

Hydrogen 2 hr. 

.. 69-9 

60-4 

48 I 

38-4 

300 

39-9 

Vacuo i hr. 

Oxygen 2* hr. 

' 77-2 

. J 

75*6 

72*6 

69 5 

67*4 

9-8 

Hydrogen 4 hr. 

.. 71-5 

62-4 

520 

43-4 

35*2 

36-3 

Vacuo U hr. 

.. 68*6 

60-2 

49*9 

41-3 

33*1 

35-5 

Oxygen 2 hr. 

... 75*1 

73*5 

7M 

69-2 

67*0 

81 


It was a necessary consequence of the theory advanced above that a 
reduced, inactive specimen should be capable of complete and permanent 
reactivation by complete oxidation and acid washing unless the inactive 
oxide was only partially removed from the surface by acid pickling. A 
very prolonged experiment was therefore undertaken, using as catalyst 
1 cm. of the very pure wire of Heraeus of 0-25 mm. diameter. The 
specimen was activated, reduced, and rendered inactive by subsequent 
oxidation. The oxidation was continued for 135 hours, being interrupted 
occasionally in order that the catalyst might be cooled to the temperature 
of the laboratory and its activity determined. At the end of this time the 
catalyst was removed from the apparatus and boiled successively for two 
hours each time in pure concentrated nitric acid and pure hydrochloric 
acid, being thoroughly washed with distilled water between and after the 
acid picklings. The catalyst was then returned to the apparatus and 
subjected to a short oxidation to remove poisons from the surface. The 
activity measured after half an hour of oxidation was about half of the 
original value before reduction, but on further oxidation the activity 
decreased to a limiting value which, though small, was much greater 
than the activity before the acid treatment. The oxidation and subse- 
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quent acid picklings were therefore repeated. The complete series of 
results are given in Table Vlll. 

Table VIII 

Dimensions of catalyst: 1 cm. of wire, 0-25 mm. diameter, surface area 8 sq, mm. 


Pressure in 10 ^ mm. at times: 


Pre-treatment 

1. _ 




- 

Activity 


1 min. 

3 min. 

6 min. 

9 min. 

12 min. 


Activation 







Oxygen 2 hr. 

67-4 

59*2 

49*3 

40*9 

33*4 

34*0 

Hydrogen 18 hr. 

j 






Vacuo 2 hr. 

t 68*3 

68*1 

67*9 

67*6 

67*4 

0*9 

Oxygen 2 hr. 

) 






Oxygen 76 hr. 

73*8 

73*5 

73*1 

72*9 

72*5 

1*3 

Oxygen 32 hr. 

74'2 

73*8 

73*5 

73*3 

72*9 

1*3 

Oxygen 25 hr. 

75-8 

75*6 

75*1 

74*9 

74*5 

1*3 

Total oxidation 135 hr. 

Wire removed and pickled in ; 

acids 


Oxygen J hr. 

71-3 

67*2 

61 '7 

56*8 

52*2 

19*1 

Oxygen 1 hr. 

73! 

69*2 

64*5 

60*2 

56*1 

17*0 

Oxygen 2 hr. 

74*5 

70*8 

65*8 

61 3 

57*2 

17*3 

Oxygen 8i hr. 

75*8 

72*6 

68-8 

65*4 

62*2 

13*6 

Oxygen 25 hr. 

73*5 

71*5 

68*6 

66*1 

63*6 

9*9 

Oxygen 40 hr. 

74*5 

72*9 

90*1 

67*9 

• 

66*1 

8*4 

Total oxidation 212 hr. 

Removed and pickled 2nd time 


Oxygen i hr. 

70*6 

68*6 

64 9 

61*5 

58*6 

12*0 

Oxygen i hr. 

74*0 

68*8 

62-7 

57*2 

52*2 

21*8 

Oxygen 1 hr. 

76*3 

71*3 

65*4 

60*2 

55*4 

20*9 

Oxygen 4 hr. 

74*0 

69*5 

63*3 

57*7 

52*7 

21*3 

Oxygen 4 hr. 

71*7 

67*4 

62*0 

56*5 

51*5 

20*2 

Oxygen 36 hr. 

74*7 

70*6 

65*1 

60*8 

56*8 

17*9 

Oxygen 45 hr. 

74*7 

7M 

66-5 

62*7 

59*0 

15*7 

Total oxidation 303 hr. 


Removed and pickled 3rd time 


Oxygen i hr. 

75*8 

72*2 

67*5 

63*6 

59*9 

15*9 

Oxygen 1 hr. 

73*3 

681 

61-7 

65*8 

50*4 

22*9 

Oxygen 3 hr. 

72*2 

65*8 

57-7 

50*8 

45*2 

270 

Oxygen 16 hr. 

74-0 

68*3 

61-7 

65*6 

50*2 

23*8 

Oxygen 46 hr. 

72*0 

67 0 

60-8 

65*8 

50*8 

21 *2 

Oxygen 132 hr. 

73-5 

68*6 

62*2 

56*8 

520 

21*5 

Total oxidation 502 hr. 


Removed and pickled 4th time 


Oxygen i hr. 

71-5 

65-4 

581 

51*5 

45-9 

25*6 

Oxygen i hr. 

70-1 

66-3 

60*8 

65-8 

50*4 

19*7 

Oxygen 1 hr. 

70*1 

63-3 

' 54-9 

47*7 

41*3 

28*8 

Oxygen 19 hr. 

71-7 

64*9 

57*2 

50*2 

44*0 

27*7 

Oxygen 24 hr. 

72-4 

66*3 

58! 

5M 

44*9 

27*5 
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These results, illustrated graphically in fig. 3, show that even after heat¬ 
ing in 3 mm. of oxygen for 550 hours at 1000° C. oxidation of the speci¬ 
men was not quite complete. By this time, however, the activity had very 
nearly regained its value before reduction and did not fall appreciably 
on further oxidation. Finally the specimen was subjected to a long 
reduction and subsequent oxidation, when it was once more rendered 
inactive as at the first, so that the prolonged oxidation and acid picklings 
had effectively restored the reduced specimen to its original condition. 
Thus it was shown that the above described deactivation phenomenon 



Before 

reduction 


After 
4th wash 


After 
3rd wash 

After 
2nd wash 


After 
1st wash 


After 

reduction 


could not be due to the platinum itself, since the inactive surface could be 
removed from the platinum by acid pickling. 

Experiments were then conducted to determine the minimum tempera¬ 
ture at which the diffusion of the base metal within the platinum became 
appreciable. A specimen of wire, which was known to contain copper, 
was activated by alternate oxidation and exhaustion and then reduced in 
the usual manner by heating for two hours at 1000° C. in 3 mm. of hydro¬ 
gen. It was known that subsequent heating for two hours in oxygen at 
1000° C. would have rendered the surface completely inactive. Heating 
in oxygen at 650° C., however, was attended by no such deactivation. 
On raising the temperature of pre-treatment to 700° C.,the activity slowly 
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decreased, while at 1000“ C. the deactivation was rapid and complete, as 
recorded in Table IX. 

It was clear, therefore, that the base metal did not begin to diffuse 
appreciably within the platinum below about 650° C., while at 1000° C. 
the diffusion was rapid. 

Table IX 


Dimensions; 1 -3 cm. of wire, 0-25 mm. diameter, surface area 10-3 sq. mm. 




Pressure in 10 ® mm. 

at times 


N 

Pre-treatment 

.. 


, 



Activity 







1 min. 

3 min. 

6 min. 

9 min. 

12 min. 


Oxygen 36 hr, at 1000^ C.. 

71-3 

69 0 

65*8 

62-4 

59*5 

11*8 

Vacuo 3 hr. „ 

68*8 

620 

54-5 

47-2 

41*1 

27*7 

Oxygen 5 hr. 

Vacuo 2 hr. ,, 

73-5 

66 1 

58-3 

50-8 

44*3 

29*2 

Hydrogen 2 hr. 

Vacuo 2 hr. 

i7,., 

76-3 

74-7 

73-1 

71*5 

6-4 

Oxygen 3i hr. at 650^ C. .. 

760 

73-3 

70*1 

66-7 

64*5 

11*5 

Oxygen 2 hr. „ 

740 

71-5 

67-9 

64*7 

62-4 

11*6 

Vacuo 2 hr. ,, 

760 

75*4 

731 

71*5 

69*9 

6*4 

Oxygen 2 hr. „ 

750 

72*0 

68-1 

64*7 

61*7 

13*4 

Oxygen 2 hr. at 700" C. .. 

74-5 

720 

69*0 

65-8 

63-1 

11*4 

Oxygen 2 hr. „ 

74*2 

72 0 

68-8 

66*3 

63-6 

10*6 

Oxygen 7 hr. 

77-2 

75*8 

72-9 

70-8 

68-8 

8*4 

Oxygen 12 hr. 

75-4 

74-2 

73* 1 

71*7 

70*6 

4*8 

Oxygen 22 hr. 

76-7 

76*0 

75*4 

74-9 

74-5 

2*2 

And finally: 

Oxygen 2 hr. at 1000" C. .. 

76*7 

76*7 

76-7 

76*7 

76*7 

0 


The inactive wire was now removed from the apparatus and boiled for 
a few minutes each time with hydrochloric acid and with nitric acid. 
After thorough washing the specimen was returned to the apparatus and 
subjected to oxidation at 650° C., whereby the surface was rendered highly 
active, as recorded in Table X. 


Table X 


Oxygen 5 hr. at 650“ C. 
Oxygen 5 hr. 

Oxygen 12 hr. 

And finally: 

Oxygen 2 hr. at 1000“ C. 


71*5 

64-2 

54-7 

77*2 

65-8 

54-5 

67*6 

58-6 

47 0 

75*4 

74-5 

72-9 


46-5 

39*3 

32*2 

44-3 

34*7 

42*5 

37-2 

28*1 

39*5 

71-3 

69*9 

5*5 


Thus it appeared that the inactive oxide was completely removable by 
acid pickling, the small activities observed after heating in oxygen at 


X 2 
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1000° C. subsequent to such washing being due to the formation on the 
surface of fresh inactive oxide derived from base metal which had diffused 
to the surface from the interior. 


The Preparation of a Purer Platinum Specimen 

In order to eliminate conclusively the possibility that the above de¬ 
activation phenomenon was due to the platinum itself, a large amount of 
work has been devoted to the production of a pure platinum catalyst. 
The problem consists firstly in the preparation of pure platinum and, 
secondly, in the conversion of the pure sponge to the compact metallic 
form in such a manner as to prevent contamination. The commercially 
pure platinum wire employed as our starting material contained approxi¬ 
mately 0 T% of total impurity, consisting principally of palladium, iridium, 
copper, silver, and gold, together with traces of lead and iron and of the 
other platinum metals. The complete removal from platinum of the 
other platinum metals is not so difiicult a process as it is frequently con¬ 
sidered to be, but the removal of the last traces of base metals, particularly 
of copper, is an extremely difficult task. According to Heraeus, the 
German platinum .specialist, no platinum has yet been obtained in which 
the presence of copper is not readily detectable by spectroscopic analysis. 

The convenient method of purification* involving the formation and 
subsequent decomposition of the volatile compounds of Schutzenbcrgerf 
PtCl 2 . CO, PtClj. 2CO, and 2 PtCl 2 .3CO, while removing all other 
detectable impurities, failed to remove copper on account of the volatility 
of the chlorides of this metal at 250° C., so a method involving the re- 
crystallization of ammonium chloroplatinate was finally employed. 

As a preliminary purification the metal was dissolved in aqua regia, 
freed from nitric acid, and heated on the water bath for four hours with a 
small excess of dilute caustic soda. The product was acidified with 
hydrochloric acid, filtered from a small amount of black residue con¬ 
taining rhodium, and precipitated by the addition of ammonium chloride 
and alcohol. The ammonium chloroplatinate was twice recrystallized 
from boiling water and ignited to platinum sponge. Spectroscopic 
analysisj of this metal showed it to be free from appreciable noble- 
metallic impurity but to contain a considerable amount of copper. 

* Reerink, ‘ Z. anorg. Chem.,’ vol. 173, p. 45 (1928). 

t • Ann. diim. Phys.,’ (4), vol. 15, p. 100 (1868); (4), vol. 21, pp. 325, 350 (1870). 

I The authors are indebted to Professor Soddy for his kindness in placing at their 
disposal a Hilger spectrograph, and to Mr. Brewer for his valuable assistance and 
instruction in the use of the instrument. 
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In the final purification the greatest care was taken to avoid the entrance 
of impurity through the reagents or the vessels employed or from the 
atmosphere of the laboratory. The use of open dishes was completely 
avoided, all the work being conducted in closed vessels of resistance glass. 
An apparatus (fig. 4) was constructed in which to effect the solution of the 
metal in aqua regia and the succeeding acid evaporations. It consisted 
of a litre flask of resistance glass into which was ground the headpiece 
shown; the side-limb S, fitted with a ground-glass stopper, facilitated the 
addition of acids to the flask. Readily controllable evaporation was 



effected by aspirating over the surface of the liquid at 100'’ C. a stream of 
air purified from suspended material by passage through the cotton-wool 
filter shown. Tailing at the surface was effectively avoided, while all 
acid fumes were absorbed in the water pump used as aspirator. The 
reagents used in the work were carefully purified: the laboratory distilled 
water, the purest obtainable hydrochloric acid and nitric acid redistilled 
from silver were each subjected to two redistillations in an all-glass 
apparatus. All filtrations were conducted in glass crucibles with a 
sintered-glass base and ignitions were effected in crucibles of Berlin 
porcelain. 

The purified sponge, in 10 gm. portions, was dissolved in aqua regta and 
taken to dryness six times with hydrochloric acid to remove nitric acid. 
In order the more effectively to separate remaining traces of the other 
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platinum metals, the latter were reduced to their lower valency states by a 
modification of the Seubert* process before precipitation of the platinum 
as ammonium chloroplatinate. The solution of chloroplatinic acid was 
neutralized by sodium hydroxide and heated on the water bath with 
successive portions of 5 cc. of 4N caustic soda until the reaction of the 
solution remained alkaline even after long digestion at lOO"' C. By this 
process almost the whole of the platinum was precipitated as yellow sodium 
platinate which was filtered, washed with a little pure water, and dissolved 
in hydrochloric acid. Excess of a saturated solution of ammonium 
chloride was now added and the precipitated ammonium chloroplatinate 
filtered in a sintered glass crucible, stirred up with four successive portions 
of saturated ammonium chloride solution to remove possible palladium 
salts, washed with a little pure water, and well drained at the pump. The 
product was twice recrystallized from pure water containing a little 
ammonium chloride and finally from water alone, the pure ammonium 
chloroplatinate being then converted to platinum sponge by very gentle 
ignition in a crucible of Berlin porcelain. 

This sponge was the purest yet obtained, the spectrum excited by intro¬ 
ducing the sponge into an arc struck between pure graphite electrodes 
revealing no trace of impurity. A more sensitive spectro-analysisf in 
which the spectrum excited by an interrupted arc struck between electrodes 
of the compact metal was employed, however, revealed the presence of a 
minute amount of copper by the ultimate lines 3347*5 A and 3374*0 A. 
No other impurity was detected. The compact metal for this purpose 
was obtained by fusion of the sponge to a ^d which was then beaten 
into a plate between clean glass surfaces and cut up to form the rapidly 
vibrating electrodes of the interrupted arc. The above procedure was 
found to be the only trustworthy method of spectral excitation for the 
detection of impurity in such minute concentrations (less than 0*001%). 

Two methods were employed in the conversion of the purified sponge 
into a bead, viz., fusion on lime in the oxy-hydrogen flame and fusion in 
an electric arc struck between pure graphite electrodes. In the first 
method, the required amount of sponge was placed iq a shallow depression 
in a block of pure lime and fused in an oxy-hydrogen flame from a quartz 
blowpipe. A large excess of oxygen was employ^ in order to minimize 
the contamination by calcium which, acdording to E. Wichers,t may thus 
be reduced to 0*0001%. Contamination to such an extent by calcium, it 
was anticipated, would not affect the catalytic properties under con- 

• ‘ Liebigs Ann.,’ vol, 207, p. 1 (1881). 

t Gerlach and Riedl, * Z. Physik.,’ vol. 34, p. 516 (1933). 

t ‘ J. Amer. chem. Soc.,’ vol. 43, p. 1268 (1921). 
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sideration, since the oxide is not reducible by hydrogen at 1000° C. This 
expectation was apparently justified, since a bead thus prepared from the 
pure sponge was less readily deactivated by reduction and subsequent 
oxidation than any other specimen investigated up to this time (as shown 
by the results recorded in Table XI). 

Table XI 

Dimensions; bead of 8 sq. mm. surface area. 

" . ' ... . ." " . .. 

Pressure in 10 “ mm. at times: 


Pre-treatment ---^ Activity 



I min. 

3 min. 

6 min. 

9 min. 

12 min. 


Activation 

Oxygen i j hr. 

... 68-8 

62 2 

53-8 

46-1 

39-3 

29*5 

Hydrogen 2 hr. 

Vacuo 1J hr. 

... 74-7 

...» 

68‘6 

60 6 

53*3 

46*5 

28*2 

Oxygen 2 hr. 

j 73-5 

69*2 

63-6 

58*8 

54*3 

19*2 

Hydrogen 4 hr. 

... 74^3 

70*8 

66 * I 

61*7 

57*9 

16-4 

Vacuo 2 hr. \ 

Oxygen 3 hr. 

Hydrogen 11 hr. 

j 74-5 

... j 

73*5 

72*2 

7M 

69-9 

4-6 

Vacuo li hr. 

Oxygen 2 hr. 

... - 75-6 

...i 

74*9 

74 0 

73*1 

72*4 

3*2 


Thus the reduction effect was less pronounced than with any previous 
specimen, the first reduction and subsequent oxidation only causing the 
activity to fall from 29-5 to 19-2, in comparison with the fall from 34-0 
to 15 • 6 for the Heraeus wire, or 16 • 3 to 0 • 3 for the less pure wire. Even 
after a further eleven hours’ reduction, the activity after heating for two 
hours in oxygen only fell to 3 -2. 

In the second method of fusion the required amount of sponge was 
fused to a bead in an arc struck between vertical electrodes (i cm. in 
diameter) of the purest graphite supplied by Messrs. Adam Hilgcr, Ltd. 
The sponge was heaped up in a smooth, shallow depression in the lower 
positive electrode. A momentary arc was then struck by lowering the 
upper pointed electrode just to touch the top of the heap of sponge, the 
I'esistance in the arc circuit being adjusted so that the current was about 
3 amps, at 100 volts. The sponge was thus immediately fused down to a 
small bead on the lower electrode. As the arc was automatically dis¬ 
continued almost immediately after it had been struck, the only impurity 
which could have been introduced, except in the most minute quantity, 
during the process was a small amount of carbon, and this was removed 
in the course of the activation of the bead by oxidation at 1000° C. 
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A bead, having a surface area of 16 sq. mm., was prepared by this 
method from the purest platinum described above. Hie bead was 
activated by oxidation in the usual way and subjected to reduction by 
heating for two hours at 1000° C. in hydrogen at a pressure of 3 mm. 
Subsequent oxidation showed that the surface possessed properties 
different from any before observed, as shown by the results recorded in 
Table XIL 

Table XII 



Rate: 

: pressure in I0~* 

mm. 

Fall in 

Pre-treatment 


at times: 


pressure 



— 

-- 

- ^ 

between the 1st 


1 min. 

3 min. 

6 min. 

9 min. 

and 6th min. 

Activation 






Oxygen 1 hr. 

.. 66-3 

53'8 

37-9 


28-4 

yiacuo 1 hr. 

60-4 

431 

191 

3-6 

41-3 

Hydrogen 2 hr. 

.. 69-9 

59 0 

44-9 

33*6 

250 

Facuo 1 hr. 

.. ) 





Oxygen 2 hr. 

1 61-3 

32-7 

4-3 

0 

570 

(Consecutive). 

.. 55-4 

17-7 

0 

— 

>57 

(Consecutive). 

.. 49-9 

13-4 

0 

— 

>57 


Contrary to the results for all previous specimens, the two hours’ 
reduction and subsequent oxidation actually increased the activity of the 
bead from 28 -4 to 57-0. The latter high activity was twice confirmed by 
admitting fresh quantities of electrolytic gas at the same initial pressure, 
when it was found that the activity rose even above the previous value of 
57-0. 

Table XUI 



Rate 

: pressure in 10’'* 

mm. 

Fall in 

Pre-treatment 


at times: 


pressure 



-- 

-- 

-- 

between the 1st 


1 min. 

3 min. 

6 min. 

9 min. 

and 6th min. 

Hydrogen 5 hr. 

.... 70-4 

64-9 

59 0 

540 

11-4 

Facuo 2 hr. 

.... 690 

59-5 

46‘8 

370 

22-2 

Hydrogen 3^ hr. 

....) 





Facuo i hr. 

.... - 68-1 

45-9 

22-2 

7-3 

45-9 

Oxygen 2 hr. 

....) 





(Consecutive). 

.... 65-1 

37-7 

12*3 

11 

52-8 


The bead was now subjected to a second, longer reduction and sub¬ 
sequent oxidation, by which treatment the activity was slightly decreased, 
though it remained far above the value before reduction, as recorded in 
Table XIII. 
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The bead was now removed from the apparatus, washed with acids, and 
returned in order to determine the effect of a still longer reduction treat¬ 
ment. The results are given in Table XIV, 


Table XIV 



Rate; 

: pressure in 10"® mm. 

Fall in 

Pre-treatment 


at times: 


pressure 



-- 

- - 


between the 1st 


1 min. 

3 min. 

6 min. 

9 min. 

and 6th min. 

Oxygen 2 hr. 

... 63*1 

37-5 

12-7 

1*1 

50*4 

Vacuo 2 hr. 

.... ) 





Oxygen 2 hr. 

1 56* 1 

27 0 

1*8 

0 

54*3 

Hydrogen 2 hr. 






Vacuo i hr. 

... 67‘6 

51*3 

31*3 

16*8 

36*3 

Oxygen 2 hr. 

...) 





Hydrogen 11 hr. 

... 74‘5 

69*9 

63*8 

58-6 

10*7 

Vacuo 1 i hr. 

... 75-6 

7M 

64-5 

57*2 

IM 

Oxygen 2 hr. 

... 790 

77-4 

74-9 

72*6 

4*1 


This gradual decrease in activity after a prolonged treatment of alter¬ 
nate reduction and oxidation was to be expected, since the platinum of 
the bead was known to contain a very minute amount of copper and 
possibly traces of other base metals having a similar effect, which would 
gradually find their way to the surface of the bead and there provide a 
covering of catalytically inactive oxide. Since, however, the platinum 
was exceptionally pure and its activity was at first actually doubled by 
reduction and subsequent oxidation, we have further evidence that the 
deactivation phenomenon discussed above is caused by an impurity in the 
metal and cannot be attributed to a property of the platinum itself. 
Moreover, there is considerable evidence that copper is at any rate the 
chief impurity concerned. 


Summary 

The activity of platinum as a catalyst for the union of hydrogen and 
oxygen is, in general, dependent on its pre-treatment. 

An active surface can be rendered almost completely inactive by reduc¬ 
tion in hydrogen at 1000° C., and subsequent oxidation at the same ternpera- 
ture. The inactive surface thus produced cannot again be activated by 
heating in oxygen alone, but the original high activity can be restored 
by a very prolonged oxidation of the specimen and subsequent pickling 
in hydrochloric acid. A surface thus reactivated remains active unless 
it is again reduced by its being heated in hydrogen. 
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The theory we put forward to account for the above behaviour is that 
all platinum, even the purest hitherto prepared, contains traces of base 
metals, especially copper, either as oxide or in the reduced metallic state. 
In the reduced condition the atoms of metal can, at a high temperature 
(above about 700° C.), diffuse to the surface where they will, if the sur¬ 
rounding gas is oxygen, be oxidized with the resulting formation of a 
permanent inactive coating. To account for the results it must also be 
assumed that the metal oxide embedded in an oxidized specimen of 
platinum is immobile and therefore incapable of travelling to and de¬ 
activating the surface. 

Confirmation of the theory has been obtained by showing that platinum 
which has been heated in hydrogen for a long time and from which the 
dissolved hydrogen has been removed in a vacuum, will, on its being 
heated in oxygen, absorb a quantity of the gas in enormous excess of that 
required to saturate the platinum. 

We have shown also that deactivation of a platinum catalyst by reduc¬ 
tion and subsequent oxidation is greatly facilitated by the addition of a 
minute amount of copper to the specimen, whereas with a very pure 
specimen of platinum this deactivation does not readily occur. 

It is probable that our results have a direct bearing on the subject of 
the thermionic emission from platinum filaments, and it is possible that 
the discordant results obtained in this field can be attributed to a similar 
phenomenon. 
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V—Effect of Turbulence on Boundary Layer 
Theoretical Discussion of Relationship Between Scale of 
Turbulence and Critical Resistance of Spheres 

By G. I. Taylor, F.R.S. 

{Received 5 May, 1936) 

The breakdown of the laminar boundary layer at the surface of a solid 
body owing to turbulence in the fluid through which the body is moving 
has not yet been subjected to any theoretical analysis. The boundary 
layer equations seem to be incapable, at any rate in the form in which 
they have hitherto been used, of giving a definite value of Reynolds 
number at which the laminar boundary layer may be expected to become 
turbulent When the solid surface is simply a flat plate placed edgewise 
in the wind the Reynolds number corresponding with the position where 
the change from laminar to turbulent boundary layer takes place depends 
on the amount of turbulence present. The boundary layer equations give 
a perfectly regular solution (the Blasius regime) which indicates that in the 
absence of any external disturbance the regime will continue for an infinite 
distance down the plate. 

The stability of the Blasius flow has been analysed by Tollmien by an 
approximate method which is open to some analytical criticism. He finds 
that flow becomes unstable for a disturbance of definite wave-length when 
xU 

= 6 X 10*, X being the distance from the leading edge of the plate and 

H the velocity of the air stream. Experiments with flat plates in air with 
little turbulence, however, show that the flow may remain steady till xU/v 
exceeds 3 x 10". This fact constitutes a serious criticism of Tollmien’s 
criterion, because in the one case where the stability has been investigated 
by methods which are not open to the criticism which can be levelled at 
Tollmien’s analysis (e.g., the case of flow between concentric rotating 
cylinders), the calculated unstable disturbances immediately make their 
appemnee as soon as the critical Reynolds number of the motion is 
exceeded. The experimental work so far carried out suggests that in the 
case of the flat plate the Reynolds number corresponding with the change 
point from steady to turbulent flow depends only on the turbulence of the 
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t 

stream, just as the highest Reynolds number for streamline flow in a pipe 
seems to depend on how smoothly the fluid can be led into the pipe. 

On the other hand, the thicker the boundary layer, the more readily can 
it be disturbed, so that a given amount of disturbance in the air stream only 
becomes capable of disturbing a laminar boundary layer at a certain 
distance downstream from the leading edge of the plate. 

It seems that the way in which turbulence is most likely to affect the 
boundary layer is through the action of local pressure gradients which 
necessarily accompany turbulent flow. If these are sufficiently great, for 
instance, and directed oppositely to the flow, a reversal of flow at the 
surface, or separation, will occur; but it may be that smaller pressure 
gradients than those necessary for separation are capable of causing the 
boundary layer to become turbulent. It has indeed been suggested that 
the disturbance necessary to produce turbulence in the laminar boundary 
layer near a flat plate is a function of the Reynolds number of the laminar 
boundary layer, i.e., of US/v, where 8 is the thickness of the boundary 
layer and U is the (uniform) velocity of the air outside it. 

It seems worth while, therefore, to consider how this idea might be 
expressed in definite form when associated with the idea that the dis¬ 
turbing effect of the turbulence in the outside stream on the laminar 
boundary layer is due to the local pressure gradients which are necessarily 
associated with turbulent flow. 

The investigation falls into two parts, the first is concerned with the 
magnitude of the pressure gradients in turbulent flow, and the second is 
with the effect of these pressure gradients on the laminar boundary layer. 

Pressure Gradients in Turbulent Flow 

The mean magnitude of the fluctuating pressure gradients in turbulent 
flow are connected with the scale of the smallest eddies which are respon¬ 
sible for the dissipation of energy in turbulent motion. In isotropic 
turbulence it is* _ 

V(lj‘ = V2p£, (.) 

X, is a length determined in diffusion experiments. 

It was shown experimentally that in the only case so far investigated 
^ri = where X is a length which determines the scale of the eddies 
responsible for dissipation of energy. 

* ‘ Proc. Roy. Soc.,’ A, vol. 151, p. 476, equation (23), part 4 (1935). 
t Ibid., p. 478. 
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When the turbulence is produced in an air stream by passing through a 
rectangular grid of regular bars, X is related to M, the mesh length, by the 
relation* 



where A is a constant whose value was found to be about 2 and u' — Vm* 
is the mean square deviation of the wind from the mean. Formula (2) 
applies provided is greater than some definite value which appears 
from the experimental results on the decay of turbulence behind grids to 
be about 60. Whenf Mu’ jv < 15 it seems that X is likely to be proportional 


Thus we may take 






when > 60 

V 

(3a) 



when — < 15 

V 

(3b) 


where B is a constant. 


Effect of Pressure Gradient on Laminar Boundary Layer 


According to theKhrm^n-Pohlhausen theory, the distribution of velocity 
in the boundary layer depends only on the instantaneous value of the pres¬ 
sure gradient at the point in question and the boundary layer thickness. 
The theory evidently rests on approximations of a very drastic nature, but 
it seems to give results which are in agreement with observation. Accord¬ 
ing to the theory that distribution of velocity in the boundary layer de¬ 
pends on the value of the non-dimensional quantity. 


A 


V dx’ 


( 4 ) 


when A =*= — 12 the motion is reversed at the surface and separation 
occurs. 

In this expression the motion is supposed to be steady and dUjdx, 
which is the rate of change of U along the outer edge of the boundary 
layer, is connected with dpjdx by the equation 


dx 


pU 


dx 


• Ibid., p. 440. 

t The author hopes to discuss the lower limit of applicability of (2) shortly. 


( 5 ) 
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The K&rm&n-Pohlhausen theory applies strictly to steady motions, but 
since the distribution of velocity in the boundary layer depends only on 
the pressure gradient at the point considered and not on its previous 
history (except in so far as the previous history determines S) it seems 
reasonable to suppose that for variable (non-steady) pressure gradients the 
theory would still hold to the same degree of approximation as before. 

In that case the distribution of velocity in the boundary layer depends 
only on 


where p is the steady and p' the variable pressure, A is the steady value and 
A' that due to turbulence. 

Flat Plate 

In the case of a laminar layer near a thin plate placed edgewise in a 

§2 y. 

stream of wind dpjdx ~ 0 so that A = 0 and* — = 34 —, where x is the 

V u 

distance from the leading edge so that 


A' = 



( 7 ) 


A' is a fluctuating quantity. It may be assumed that the criterion for 
determining where the boundary layer is turbulent is that the mean 

square value of A' is a function of U8/v, i.e., of 5*8 Thus 


34x 2VlpU'» /Mu' ^ /jcU\ 
pU* AM V V 

when Mh! > 60 

V 

(8a) 

and 



lMx\ Bpu'® f /xU\ . 

(pU-j M M—l’ 

V 

(8b) 

(8a) may be written 



'»h«i 

^ > 60 , 

V 

( 9 a) 

while (8 b) may be 



u'/xV/2 /xU\ 

uAm) 

^<15. 

V 

( 9 b) 

where/1,/2,/3,/4 are functions of xU/v. 




* This is the form in which the laminar boundary layer of a flat plate (which was 
treated more exactly by Blasius) is expressed in the K^m^-Fohihausen theory. 
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Critical Reynolds Number for Sphere 

It is known that over a certain range of Reynolds numbers the boundary 
layer of a sphere changes from a state in which it is laminar up to the 
point of separation to a state in which most of the boundary layer is 
turbulent. In the latter case the point of separation is further from the 
front stagnation point and the resistance is much less than it is in the 
former. A drag coefficient of Cjj — 0-3 has been chosen arbitrarily in 
the middle of the range of Reynolds numbers over which the change from 
one type of flow to the other is taking place and defined as the drag 
coefficient corresponding with a critical Reynolds number, Rirjt,. The 
value of R, rit has been used as a convenient arbitrary measure of tur¬ 
bulence in wind tunnels, for it has been found to depend very much on the 
amount of turbulence in the wind stream. 

Since the reduction in resistance, which accompanies rising wind speed 
in the neighbourhood of the critical speed, is due to a movement towards 
the forward stagnation point of the transition between laminar flow and 
turbulent flow, it seems reasonable to assume that the arbitrarily chosen 
critical drag coefficient corresponds with a definite angular position of the 
transition point on the sphere. 

Now in the theory of laminar boundary layers the value of A — 

does not depend on Reynolds number, but only, in the case of a sphere, 
on the angular position of the point considered, so that at the position on 
the sphere where the transition occurs when the drag coefficient reaches 
its critical value 0-3, A has some definite value, say, A^. 

Similar arguments to those used in the case of the flat plate show that if 
D is the diameter of the sphere and U the velocity of the wind current, 
transition from laminar to turbulent flow will occur when 



( 10 ) 


Making the same assumption as in the case of the flat plate, we may take 
the critical condition to be 



(U) 


— 

V7P 



(12) 


so that 
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Now if the pressure gradients in the free turbulent stream are also 
present in the air at the transition point 





(13) 


where denotes the mean pressure gradient at the surface at the 
transition point. Since according to our assumption this transition point 
occurs at a fixed position on the sphere at the critical speed, ) -- 
where K is a constant. Hence the critical condition is given by 


2 V2pm'2 /Mu’ 
AM V V 


-f. 


or 


'(ptW" 

Bpw''* 

M __v (DU 


(W) if -:M>60, 

V V 


if < 15. 


(14a) may be rewritten 

R». = 

and (14 b) becomes 

R--F.(u)(rar 


if 


if 


u'M 


m'M 


60, 


15, 


where Fj and F 2 represent different functions. 


(14a) 


(14b) 


(15a) 

(15b) 


Comparison with Observations 

Measurements of w'/U and Rent have been made by Dryden in a 
number of tunnels with honeycombs of various mesh lengths. In general 
the scale of the turbulence may be taken to be determined by the mesh 
length of the honeycomb so that the “ M ” in equation (15a) has been 
taken as this mesh length. 

Dryden’s results were given in the form of curves showing the relation¬ 
ship between the drag coefficients of spheres and log(UD/v). Separate 
curves appropriate to various values of m'/U were given and the results of 
experiments with spheres 5 inches and 8 • 6 inches diameter were exhibited in 
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two separate diagrams (N. A.C. A. 342, figs. 5 and 6). In fig. 5 {cf. N.A.C.A, 
342) some results were also given for a 4-inch sphere. From these curves 
and from some data given in Mr. Dryden’s later paper, N.A.C.A. 392, the 
figures given in Table I were found. The values of UD/v corresponding 
to Ci, — 0-3 were found from the curves and are given as logarithms in 
the second column of each section of the table. 

The first column in each section gives the diameter of the mesh of the 
honeycomb in inches. In certain cases the honeycomb was placed before 
the contraction. Under those circumstances the honeycomb scale may 
be supposed to be contracted, thus the 4-inch honeycomb at the 10-foot 
entrance to the 4^foot tunnel in Dryden’s arrangement No. fif may be 
assumed to produce a disturbance of the same scale as a honeycomb with 
mesh 4 inches x 4^/10 == 1 - 8 inches. The four cases where this has been 
done are denoted by a star, *, in Table I. 

In all the cases referred to in Table I, the values of m'M/v were above 

60, so that (15a) is valid and .-? ( rr) should be a function of DU/v. 

U \M 


In the third column of Table I are given the values of m'/U taken directly 
from Dryden’s papers. In the fourth column of each section are given 

the values of t-t which, according to the theory given above, should 

be a function only of the single variable lUnt. 

The values of u'/U are set out in the lower part of fig. 1 and the corre¬ 
sponding values of ^ (^] are shown in the upper half of the same figure. 


The curves have the same ordinates so that corresponding points can be 
compared. It will be seen that the points representing u'lM show a con- 

siderable scatter, but that th^ffect of using rr rx ordinates instead 

U \M/ 

of m'/U is to bring the scattered points together so that they lie close to a 
smooth curve. 

The four points corresponding with the lowest values of m'/U seem to 

be an exception. Though the effect of changing from m'/U (^) 

is to make these points approach the continuation of the empirical best 
curve drawn through the points of observation, they do not reach it. 

On turning to Table 1 it will be seen, however, that these four cases 
are the only cases where a low turbulence value was obtained by con¬ 
traction after passing through the honeycomb. 


VOL, CLVI.—A. 


t See N.A.C.A. 392, fig. 2. 


Y 



Table I 

8-6 inche^N.A.C.A. 342)_ D = 4 inches (N.A.C.A. 342) 
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The effect of contraction on turbulence*** is, in general, to cause con¬ 
siderable reduction in the longitudinal component of turbulent motion 
without giving rise to corresponding reduction in the lateral components. 
A single hot wire detects only variations in longitudinal velocity so that 



f 4-inch sphere, M 3 inches; x 5-inch sphere, M - 3 inches and 4 inches; 

O 8*6-inch sphere, M ~ 3 inches and 4 inches; 0 54nch sphere, M ~ I inch; 
@8•6-inch sphere, M — 1-8 inches (after contraction); 5-inch sphere, 
M 1-287 inches (after contraction). 

Fig. 1—Critical Reynolds numbers for spheres. 

the low value of turbulence apparently obtained by contraction is partly 
fictitious.f The disturbing effect of turbulence on the boundary layer 
* ‘ Z. angew. Malfr. vol. 15, p. 91 (1935). 

t If a sufficiently great fengtlf of tunnel is left between the end of the contraction and 
the place where measurements arc made, turbulence may be isotropic, but unless this 
condition has been ensured, hot wire measurements must be regarded as giving only 
smallest of the three components of turbulence. 


Y 2 
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on the other hand, will certainly not depend only on the longitudinal com¬ 
ponent. This seems to explain why the four points surrounded by a 
broken barrier in fig. 1 do not lie on the same curve as the rest. In 
finding the true relationship between turbulence and R„it it is, 1 think, 
necessary to reject all observations in which there is reason to believe that 
turbulence is not statistically isotropic so that w® == ~~ h** . 

Recently Mr. Dryden has been making further observations on the 
same subject, testing the resistance of spheres in a greater variety of fields 
of turbulent flow. His observations are not yet published, but in a letter 
he authorizes me to say that his new experimental results are not incon¬ 
sistent with my theoretical ones. 

Comparison with Gottingen Measurements 

Though no other work has been done on this subject which is com¬ 
parable with Dryden’s, some earlier results are certainly consistent with 
the theory. Prandtl,* for instance, gives resistance curves for spheres of 
various sizes in his channel. For D === 14-2. 20-0, and 28 -3 cm. I find from 
his curves that the values of log(R„jii) were 5-196, 5-176, 5-149. The 

corresponding values of taken from the upper curve in fig. 1 are 

0-0209,0-0226,0-0248. If these values be multiplied by (i) the result- 

ing values of ^ ) should be the same in all three cases, because Prandtl 

tested the three spheres in the same tunnel.f The three values thus 
obtained are given below (Table II). 


Table II 


D cm. 

log (Rfrit) 

u' (D y/* 
u \m) 

U VM7 

14-0 

5-196 

0 0209 

0-0123 

20-0 

5-176 

0-0226 

0-0124 

28-3 

5-149 

0-0248 

0-0127 


It will be seen that the values given in the last column are fairly constant 
as they should be if the theory is true. 

R.A.E. Sphere Test 

A similar comparison is given in Table III for sphere tests made at the 
Royal Aircraft Establishment. 

• * Nachr. Ges. Wiss. Cdttingen, p. 177 (1914). 
t Assuming that changes in wind speed do not change the value of u'lV. 
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In this table the last column but one is taken from the upper curve of 
fig. 1 but in the case of the 3-inch sphere the last figure is doubtful because 
it is extrapolated. 

It will be seen from the last column of Table III that the variation in 
R rit with size of sphere in a given tunnel is of the type predicted by the 
theory, i.e., R,rit increases as D decreases, though the actual dependence 
of R(rit on D is not such as to reduce the last column very accurately to 
constant values for each tunnel. 

Table III 


Tunnel 

D inches 

R X 10'» 

log Rprll 

u' /D y/« 

U VM.j 

u f 1 

u \m) 



2-30 

5*3617 

0-01075 

0-0069 

5-foot open jet.. 

' 6 
i 3 

2-36 

5-3729 

0-01025 

0-0071 


2-79 

5-4456 

0-0076t 

0 0061t 

7-foot, No. 1 .. 

f 9 

1-84 

5*2648 

0-0160 

0-0103 

( 6 

1*90 

5-2788 

0-0151 

0-0105 

7-foot, No. 2 .. 

( 9 

1-76 

5-2455 

0-0173 

0-0111 

( 6 

1*88 

5-2742 

0-0153 

0 0107 



t Extrapolated 




Summary 

In this paper it is assumed that the disturbing effect of turbulence on 
boundary layers is due to the pressure gradients which accompany varia¬ 
tions of pressure in turbulent flow. When the Reynolds number of 
turbulence is high the pressure gradient depends on the length X which 
occurs in the theory of dissipation of energy in turbulent motion. The 
theory leads to the conclusion that the critical Reynolds number, R,.,i(,, at 
which the drag coefficient of a sphere is 0-3 depends on 

u' 

uIl/ ’ 

where u'j\i is the “ percentage turbulence ” and D/L is the ratio of the 
diameter of the sphere to the scale L of the turbulence. When the tur¬ 
bulence is due to a grid or honeycomb L is proportional to M, the mesh 
or cell diameter. The formula is shown to be in accordance with observa¬ 
tions by Dryden in America and with some measurements made at 
Gbttingen and at the Royal Aircraft Establishment. 
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The Oscillations of the Atmosphere 
By G. I. Taylor, F.R.S., Yarrow Research Professor 
{Received 13 May, 1936) 

Introduction 

The oscillations of the atmosphere were first treated by Laplace* who 
showed that in an atmosphere of uniform temperature the oscillations are 
identical with those of an ocean of uniform depth H, H being the depth 
of the homogeneous atmosphere, that is, the height of a virtual homo¬ 
geneous atmosphere of the same density as the air at ground level and 
producing the same pressure there as the true atmosphere. For an iso¬ 
thermal atmosphere of temperature 0# 

= ( 1 ) 

where R is the gas constant. 

In Laplace's work it was assumed that the oscillations take place under 
isothermal conditions on a rotating earth. 

The adiabatic oscillations of an atmosphere in convective equilibrium 
have also been proved by Lambt to be identical with those of an atmo¬ 
sphere of uniform depth Hi, where Hi is again the height of the homo¬ 
geneous atmosphere. Laplace's atmosphere is a special case of Lamb’s 
when Y is taken as 1 -0. 

Though several incorrect attempts have been made to discuss the 
oscillations of an atmosphere over the rotating earth which is not in 
convective equilibrium, the problem has not previously been solved. 

In all calculations of the oscillations of a sea of uniform depth H, H 
only appears in the results in the product gH. Since the velocity of long 
waves is VgH, it seems natural to conjecture that the oscillations of an 
atmosphere would be the same as those of a uniform sea of depth H, 
where H = V®/g, V being the velocity of long waves in the atmosphere. 
Though this had not been proved, and has indeed been doubted by some 
workers, various formulae have been given by believers in the conjecture 
for calculating an equivalent depth H such that the oscillations of the 
atmosphere are the same as those of an ocean of uniform depth H. Two 

* “ M6canique Celeste,” vol. 4, chap. 5. 
t " Hydrodynamics," 6th ed., p. 558. 
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such formulae have been given by JeflTreys* and Bartelsf in the form of 
definite integrals of functions of temperature over the whole height of the 
atmosphere. 

It is clear that if formulae such as those of Jelfreys and Bartels were 
possible, the height H, so calculated, would give only one velocity V as 
the velocity of long waves in the atmosphere. 

In general a number of long waves of different types,t all of which are 
possible, can be found. It is only for an atmosphere in conveetive 
equilibrium that one velocity only is possible, namely VgHi- 

In the following pages it is proved that, for any distribution of tempera¬ 
ture with altitude, oscillations of the atmosphere are possible which are 
identical with those of seas of depths H', H”, H'", .., except that the 
amplitude of oscillation varies with height. H', H”, .., are derived from 
Lamb’s equation for the propagation of long waves.§ 


Equations of Motion for Oscillations of the Atmosphere 

The atmosphere will be assumed to be of uniform depth all over the 
earth. The undisturbed temperature will be assumed to be a function of z, 
the height above the ground, and independent of the latitude and longitude. 

We shall assume that the velocity and pressure variations are all pro¬ 
portional to where Irt/e is the period of oscillation and ^ is the 

longitude. Thus the component of velocity and the pressure variation 
are («, v, w, p) and v, w, p are functions of 0 the latitude and z 

the height. 

The equations of motion areil 


g?o» = 



gPoi; = 


4m - cos* 0) ( / 06 


( 2 ) 


where po is the density which may be taken as the density undisturbed by 
the oscillation (po is a function of z only),/ = <j/2w , m = w*a/g, and o> 
is the angular velocity of the earth, a its radius. 

* ‘ Quart. J. R. Met. Soc.,’ vol. 52, p. 88 (1926). 

t ‘ Abh. Preuss. Met. Inst.,’ No, 9. 

t This is discussed later in the present paper, see p. 324. 

S ‘ Proc. Roy. Soc.,’ A, vol. 84, p. 551 (1910). 

II See, for instance, Lamb’s " Hydrodynamics,” 6th Ed., p. 341, equation (3). The 
above equations (2) are those from which Lamb derives his equation (3) by putting 
P «= gp»5:'. 
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Equations (2) are valid, whether the fluid is of uniform density or not. 
If the divergence in two dimensions is 


1 


^ a sin 0'30 
hence substituting from (2) in (3) 


(i-(usine) + 


tv 




Arm 

h 






(3) 




Oscillations of an Incompressible Ocean of Uniform Depth 

If the atmosphere were uniform and incompressible, and of uniform 
depth H, and if the vertical accelerations are neglected 

P = g^Poy (5) 

where !;£«''*+•♦> is the elevation of the surface above the mean level! 
Equations (2) and (5) show that u and v are thus independent of height so 
that is independent of height. The equation of continuity is then 


or 

hence from (5) 


H ^ + 


== — wK, 

4/H — — ioplgp^. 


Substituting 


for — p in (4) the equation for 


^ is 


( 6 ) 

(7) 


4ma4' I S 
H sin 0 30 



sin 9 
— cos* 6 





In this equation ^ may be substituted for 4^ since they are proportional 
to one another and there results the well-known equation* for the oscil¬ 
lation of a sea of uniform depth H on a rotating globe. 


* See, for instance, Lamb’s “ Hydrodynamics,” 6th Ed., p. 341.. 
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Oscillation of a Compressible Atmosphere 

We shall now seek for oscillations of a compressible atmosphere 
similar to those of an ocean. It will be noticed that equation (4) is valid 
for compressible fluids and that the reason why it can be reduced to (8), 
which contains only one dependent variable is that in an incom¬ 
pressible ocean p/po+ is constant at all depths and all parts of the earth’s 
surface. If, therefore, we wish to find oscillations of the atmosphere 
which are equivalent to those of an ocean of uniform depth we must seek 
for motions such that plpo<\i is constant throughout the whole extent and 
height of the atmosphere. If the oscillations are to be the same as those 
of an ocean of depth H we must take as in (7) 


p _-gH 

Po'l^ ICT 

(9) 

Making the usual assumption of tidal theory that vertical acceleration 
may be neglected and taking z upwards 

Po + ^ pe<(««+.#) dz. 

(10) 

where po is the undisturbed pressure at any height and po is the undisturbed 
density and the variable part of the density. 

From (10) 

^--gPo 

and 

(llA) 

dp 

The equation of continuity in a compressible medium is 

(llB) 

where w is the vertical velocity. 

The adiabatic equation of state is 

(12) 

{Po + == c* g {po 

(13) 


where c is the velocity of sound at the point in question, so that 

c* = ypolpn- 


* See equation (9). 
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Since the changes in p and p in the horizontal direction are small com¬ 
pared with those in the vertical direction and dpfdz is small compared 
with Sp^ldz, 

D ^ {i„p + (14) 

Ui az / 

so that from (llB), (12), (13), and (14) 

iap ~ H'gpo - - f*po ( 4' + (15) 


It remains to express the condition (11b). 
This may be written 


/o- “ S' ('"?)• 


Now 


~ {p„ + = |/ap 4- H’ 


D/ 

hence from (16) 

{Po + ^ - I 1^) 


so that 


g-(w+,*) ^ (n„ 4- pe*^-i+>*h == c» (w 

Df ’ \ dz g (.z) 


lap - wgpo 




(16) 


(17) 


(18) 

(19) 


In order that the contemplated oscillations may be possible, equations 
(18) and (19) must be simultaneously satisfied when — ^lipogH/io is sub¬ 
stituted* for p. After eliminating w, this will leave a single equation for 

4-. 

Making the substitution — ij>pogH/i’c for p and putting 

X = + + ^ • (20) 

Equations (18), (19), and (20) become 

( 2 .) 
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Substituting ~ ^ for ( x — in (22) and rearranging terms 


Now 


so that (23) becomes 


= i. 1 -4- 4- Y 

Pz \ ^ g ^odz 

^Po _ n _ i ^ 

Po dz f® r® dz ’ 

(5vi’ ?X / 


substituting igr <^wjdz in (21), it is found after some reduction that 

Hc^Ty, ,1^ 

H’ .v:: - +-YH X. 

g ^2 g 


(23) 

(24) 

(25) 

(26) 


differentiating (26) with respect to z, w can be eliminated in (25). The 
result is 


If solutions of (27) can be found they will represent oscillations in 
which the horizontal divergencies at ail points at a given height are pro¬ 
portional to those in oscillations of an ocean of uniform depth H. 

When X is found by solving (27) dw/dz can be found from (23) and 
thence li* from (20). Since p is propbrtional to Po'i'* w and v can be found 
using (2). 


VERinCATION OF HYPOTHESIS OF THE EQUIVALENT DEPTH 

We may now consider the conjecture referred to on p. 318 that the free 
oscillations of the atmosphere are the same as those of a sea of uniform 
depth H = V*/g where V is the velocity of long waves in a non-rotating 
atmosphere. 

This conjecture would be true if the equation for x in long waves moving 
with velocity V were identical with equation (27) when V*/g is substituted 
for H. 

Lamb* has investigated the propagation of waves in the atmosphere 
and has given the equation for x in such waves. Lamb took his vertical 

, • “ Hydrodynamics,’* 6th Ed., p. 559, equation (31). 
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axis downwards and called it He considered waves of finite length 
Itc/k and period 2itjc. Writing —z for y Lamb’s* equation is 


^ 

Jf-O * \ 


dz'^ 


dz 




X-0. 


(28) 


The velocity of the waves is V — o/k so that when k -> 0, <j -> 0 hence 
dividing (28) by c*, Lamb’s equation for x in long waves is found to be 


dz^ 


dc^ _ If \ ^ I 

dz c^'dz \c~ dz 


(y - i)g \ g 


X-0. 


(29) 


Comparing (27) with (29) it will be seen that they are identical provided 

f/V* = H. (30) 

The boundary conditions at the top and bottom of the atmosphere are 
the same for the oscillations of a rotating globe as they are for long waves 
without rotation, so that the problem of determining the equivalent depths 
for the atmosphere is reduced to that of determining the velocity of long 
waves. 


Determination of Velocities of Long Waves 

One combination of the solutions of (29) will give the required boundary 
condition as z -► oo. 

With this solution the vertical velocity at the ground does not in general 
vanish, but if H has certain definite values it will do so. These values are 
given by equation (26), namely 



+ ~ yH) (x),_o = 0- 


(31) 


In general an infinite number of values of H will be determined by this 
equation. The case where the temperature of the atmosphere decreases 
with height at uniform rate p, through its whole extent was solved by 
Lamb.t who showed that if Hj is the height of the homogeneous atmo- 
spherej 


M. == /Pi _ i\ 4(« + 1) 

Hi / (0* ’ 


* Equation (31), p, 559, loc . clt . 
t Op . clt ., p. 563. 

t ‘ Proc. Roy. Soc.’ A, vol. 84, p. 563 (1910), Equation (66). 
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where is the rate of decrease in temperature corresponding with an 

atmosphere in convective equilibrium (i.p., pj = ^ ^ 

\ V Iv' 

and (I) is a root of the equation 

(33) 

Since (32) has an infinite number of roots, there is an infinite number of 
values of H, and corresponding with each value of H there exists a com¬ 
plete set of possible oscillations of the atmosphere which are identical 
(except for the variation in amplitude with height) with the oscillations of 
a sea of uniform depth. 

The only case in which only one equivalent depth H has been found is 
that of an atmosphere in convective equilibrium, when H == Hj. 

It was mentioned in the introduction that Jeffreys and Bartels have 
given integrals for determining H. The error into which both these 
authors have fallen seems to be that they have assumed that D/D/ can 
be replaced everywhere by dldt* It will be seen in (14), for instance, that 

^ (pressure) = -f Jeffreys and Bartels make an 

hypothesis equivalent to assuming that tv is small compared with inp. 
It will be seen from the analysis in the present paper that this is incorrect. 


Summary 

It is shown that when the temperature of the atmosphere is a function 
only of height above the ground, free oscillations are possible which are 
identical with those of a sea of uniform depth H, except that the amplitude 
of the oscillations is a function of the height. The equivalent depth H 
is related to the velocity V of straight long waves in a non-rotating 
atmosphere by the relation V* = gH. There are in general an infinite 
number of possible velocities V at which long waves can travel. In 
general, therefore, there is an infinite number of equivalent depths, H, 
but in the special case of convective equilibrium there is only one. 

The existence of an equivalent depth was conjectured by Laplace, who 
confirmed his conjecture in the specid case of convective equilibrium when 

* Jeffreys ‘ Quart. J. R. Met. Soc.,’ vol. 52, p. 86, 10 lines from the bottom (1926). 
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V = 1. Lamb extended the proof to cover convective equilibrium with 
other values of V, but no other cases had been solved. Jeffreys and 
Bartels have given definite integrals for finding this depth, though they 
have not proved that the atmosphere can oscillate like a sea of uniform 
depth. Other workers have doubted the existence of an equivalent depth 
except in the special case mentioned above. It is a corollary to the present 
work that no integrals of the type proposed by Jeffreys* or Bartels can 
give any of the (in general) infinite number of equivalent depths. 


A Study of Glass Surfaces in Optical Contact 

By Lord Rayueich, F.R.S. 

{Received 20 May, 1936) 

[Plate 4) 

1—Methods of Obtaining Contact 

It is known that two very flat glass or silica surfaces can by suitable 
manipulation be brought into “ optical contact ”, contact so close that 
the reflexion at the interface, if any, is very small. The most‘important 
practical application of this principle lies in certain cases of optical con¬ 
struction initiated by Messrs. Adam Hilger, Ltd. The plates of trans¬ 
mission echelons are ” contacted ” in this way to avoid loss of light by 
reflexion. The same applies to the right- and left-handed halves of 
Cornu quartz prisms, and to Lummer cubes used in photometry. More 
recently, Mr. E. J. Williams has applied the principle to the construction 
of his reflexion echelons.f In this latter case the advantage lies not in 
transparency but in the accuracy with which the parts can be put into 
their proper mutual relations. The distance apart of the “ contacted ” 
surfaces is definite to within a small fraction of a wave-length. At the 
same time they are held together by considerable force, so that their 
relative position is well secured, even without clamping. 

Little seems to have been done in the way of studying this optical 

* For the case when the temperature during an oscillation remains constant white 
the pressure varies. 

t ‘ Proc. Phys. Soc.,’ vol. 45, p. 700 (1933). 
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contacijag process for the sake of its own inherent interest, apart from the 
application. The present paper is a step in this direction. 

By the kindness of Mr. F. Twyman, F.R.S., I was given a demonstra¬ 
tion of the process of optical contacting by Mr. Green, foreman of Messrs. 
Hilger’s optical shop. 

The most essential point is to exclude dust between the surfaces. They 
are well wiped with a linen rag moistened with alcohol, and slid together. 
For this process to succeed in bringing thick glasses into contact all over, 
the surfaces must be very fiat, the error not exceeding, say, one wave, and 
even so there is a measure of uncertainty, which means, of course, some 
unrecognized factor. Moreover, thermal expansion due to the warmth 
of the operator’s hands distorts the surfaces, and introduces difficulty. 
For this reason ordinary glass gives more trouble than silica glass, which 
has almost negligible expansion, or than crystalline quartz, which owing 
to its high conductivity for heat, quickly recovers from thermal distortion. 

For the purposes of my experiments, it was not in general necessary to 
work with large areas, and as mentioned to nue by Mr. Green, thin glasses 
can bend and adjust themselves so as to admit of contact. I have often 
used one thick glass, say 4 mm. thick, and contacted a thin glass upon it. 
For the thicker glasses a stock of sextant mirrors which happened to be 
at hand served very well. These were tolerably flat and would often 
contact with one another over a considerable part of the area. For the 
thinner member micro cover glasses were tried, but notwithstanding their 
thinness and flexibility they are not flat enough for the purpose, and con¬ 
tact could only be obtained over small and irregular areas. Selected 
pieces of the thinnest patent plate thickness 0-9 mm. were satisfactory, 
but it was often found advantageous to reduce the thickness further to 
about 0-5 mm. by grinding down one side of the selected piece. I had 
no facilities for polishing it, and it was found that the ground surface 
offered no serious disadvantage. The success or otherwise of the contact, 
and the interference colours where contact was lacking, could be examined 
quite well through the thicker piece (which was polished on both sides) or 
even through the fine ground surface. 

In contacting small pieces up to 2 or 3 cm. square, I have succeeded best 
as follows. First the edges are chamfered. After wiping with linen 
moistened with alcohol, the larger surface is flooded with purified benzene, 
the smaller surface is then brought down upon it, and they are worked 
together with circular sweeping strokes. Most of the benzene is extruded 
in this way and the residual dust, if any, apparently gets worked out¬ 
wards with the benzene beyond the margin of the smaller glass. The 
friction rapidly becomes greater as the lubricant benzene is extruded. 
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When further movement becomes diflicult, the glasses may be set aside 
for a few hours for the residual benzene to evaporate, which it does faster 
than might be expected. At the end of that time they will be found to be 
contacted over at any rate part of the area. They then adhere so firmly 
that it is not easy to slide thern one over the other; but with the help of 
simple mechanical aids this can sometimes be done, and the contacted 
area be made to spread. 

When contact is only obtained over part of the area, bright inter¬ 
ference colours are seen outside the contacted portion. These colours 
are of low order in Newton’s scale, the immediate neighbourhood of 
contact “ blue of the first order ” showing so little depth of tint that under 
ordinary conditions of illumination it would rather be described as a 
silvery white. 

Two glasses put together with a film of benzene simulate the appearance 
of contact, and, as already shown, this apparent contact is often replaced 
by true contact as the benzene dries off. Certain appearances help in 
distinguishing the two conditions. True contact, as we have seen, passes 
over into the bluish white of the first order in Newton’s scale. But where 
contact is simulated by a film of benzene, the colour bordering on the 
benzene film is often the brown or orange of the first order. The explana¬ 
tion of this is, of course, simple. In the absence of liquid the air space 
bordering on contact thins out continuously to nothing, and only the 
lowest interferential tint can appear at its border. The benzene film, on 
the other hand, has finite thickness, and a tint other than the lowest will 
appear at the edge of it. We may see the transition between the two 
conditions as the benzene dries off, the silvery white fringe making its 
appearance at the edge of the coloured patches while their general dis¬ 
tribution remains unaltered.* 

* The presence of the benzene film may be detected by another test, available only 
with wedge-shaped glasses designed to throw aside the reflexions from the outer 
surfaces (see p. 337). In this case, the reflexion of a restricted bright source (such as 
a lamp filament) from the benzene film can be observed, and shows interference 
colours. The reflexion is very faint, being of the same order of intensity as that 
between contacted glass surfaces in the absence of benzene (see p. 339). This, how¬ 
ever, is of the nature of a coincidence. The benzene reflexion is faint because of the 
small difference of index between glass and benzene. The reflexion from the inter¬ 
face of contacted glasses is faint mainly because of its extreme thinness, with approxi¬ 
mately complete interference. The two can be distinguished by the presence of 
colour where there is benzene. As the benzene dries off, and the glasses go together, 
the colour disappears, the reflexion becoming sensibly white first over part and even¬ 
tually over the whole of the area which becomes contacted. 
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2—Effect of Scratches 

It is noticeable that glasses which have been accidentally scratched are 
difficult to contact, and it will often be found that “ islands ” of non- 
contact are centred round a small short scratch, best seen with a magni¬ 
fier. It would seem that in such cases the scratch throws up a kind of 
ridge or burr above the general level, thereby preventing contact.* The 
glasses are forcibly prevented from contacting in this immediate neigh¬ 
bourhood, and the interferential tint at the borders of the scratch allows 
us to estimate with fair precision how high the ridge rises above the general 
surface. In fact, this method affords a very effective kind of “ dark ground 
illumination ” by which the local deformation can be examined. The 
resolving power is very high, allowing ridges to be detected which are 
considerably below the ordinary microscopic limit. A few experiments 
have been made on various kinds of scratches. The accidental scratches 
of uncertain origin seem to vary capriciously, some of them showing a 
raised ridge (Plate 4, reproduction 1, top), while others apparently as 
conspicuous do not do so. A short scratch made intentionally with a 
writing diamond {i.e., a splinter of diamond, not a crystalline edge) showed 
no raised ridge. The scratch itself was very conspicuous, but a flat glass 
could be contacted over it without any “ i.sland ” of non-contact round 
the scratch (Plate 4, reproduction I, bottom). It will be noticed that 
this scratch appears bright while the top one is dark. Under suitable 
conditions of lighting the latter can be made to appear bright also. On 
the other hand, a short cut made with a steel wheel cutter produced a 
very conspicuous ridge. Two strips of glass each measuring 4 x 1 -5 cm., 
and 4 mm. thick, were put together with complete contact all over. They 
were then slid apart lengthwise to the extent of about 1 cm., and a 
scratch made lengthwise with a steel wheel glass cutter on the exposed 
part of one of them. On sliding the glasses back to the former position, 
they were forced apart rather than remaining in contact round the scratch. 
1 did not venture to slide them back the whole length of the scratch, for 

* The implication seems to be that the glass can flow under the great forces brought 
to bear. Beilby (‘ Proc. Roy. Soc.,’ A, vol. 72, p. 220 (1903)) concluded that flow 
occurred in the process of polishing a glass surface. Further work on this subject 
is required. My own attempts to bend a glass rod by the long-continued action of 
force have not been successful {see ’Nature,’ vol. 125, p. 311 (1930)). Such dis¬ 
cussions of the action of the diamond in cutting glass of which I know do not con¬ 
template anything of the kind. See Wollaston, ‘ Phil. Trans.,’ A, vol. 106, Pt. 2, 
p. 265 (1816); also Lord Rayleigh (the late), ‘Engineering,’ 2February, 1917, p. Ill, 
or' Scientific Papers,’ vol. 6, p. 473. 

VOL, CLVl.—A. Z 
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fear of wedging the glasses apart altogether. Plate 4, reproduction II, 
shows the effect. On examination with a magnifier, the interferential 
tint (if any) near the scratch was generally seen to be the blue of the second 
order, implying a difference of optical length of rather more than one 
wave. Thus the ridge is rather more than half a wave high. 

Such ridges should be removed by chamfering, before attempting to 
contact pieces of glass which have been cut with the diamond. 

3—^WoRK Done in Separating Contacted Glasses 

The cohesion is very strong, and glasses well placed in contact become 
so firmly held together that they cannot be slid over one another by any 
force which it is possible to apply with the fingers. I have noticed that 
the difficulty of sliding increases progressively for some hours after con¬ 
tact is made. On the other hand, the glasses are readily separated by 
wedging them apart, or, what is equivalent, by slight irregular heating 
which causes deformation and induces stripping to start at the edge. 



The rational interpretation of these facts is that though the force of 
attraction is large, its range of action is small, and if a slight local separation 
is effected, the attraction is overcome in detail. The case is quite 
analogous to the tearing of a strip of fabric, once the tear is started locally. 
A small force which follows up the tear is able to divide a piece of cloth 
which could sustain a large force applied uniformly over the breadth. 

It seemed possible to make a definite measurement of the work done per 
square cm. in separating two contacted glasses, for the stripping can be 
effected by the measured descent of known weights gradually applied. 
The experiments should be arranged so that a small addition of weight 
produces a gradual, not a sudden and cata.strophic, stripping of the glasses. 
In the latter case, though the distance fallen by the weight will no doubt 
give a superior limit to the work done in stripping, yet there can be no 
security that this superior limit is close to the actual value. Consider, 
for instance, two narrow rectangular strips of contacted glass, and let a 
normal pull be applied to one end until stripping starts (fig. !)• As 
stripping proceeds, the moment of the applied force constantly increases, 
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and stripping is catastrophic. The work done by the falling weight is 
more and more in excess of what is necessary to accomplish the stripping, 
and the weight gains kinetic energy which in a properly designed experi¬ 
ment it should not do, for this energy does not come into the reckoning. 
The same would be true in a less degree even if the separating pull were 
applied by long arms rigidly attached as prolongation to the glass strip 
(fig. 2). We cannot altogether prevent the progressive increase of moment 
of the applied force, and with glasses of uniform breadth this must tend to 
catastrophic stripping. In order to correct this tendency it is necessary 
to make the breadth of the glass greater as the moment of the stripping 
force increases, as we proceed away from the point of application of the 
stripping force. This can be realized by applying the normal pull at the 
corner of two contacted squares. It is, however, more convenient to 
contact one square on to a larger piece. The comer of the square may 
overlap the edge of the larger piece (fig. 3), and a simple demonstration 


Fio. 5. 

specimen can conveniently be made in this way. When the corner is 
pressed away with the thumbnail, curved interference fringes came into 
view near the corner, as indicated by the dotted lines. They spread 
outwards as the pressure is increased, and contract again as it is dimin¬ 
ished, and contact is restored. A demonstration specimen of this kind, 
which will recontact satisfactorily, is perhaps rather more easily made if the 
square is fairly thick, say 3 or 4 mm., but glass about 1 mm. thick can also 
be used. The larger piece should be 4 mm. thick or so in any case. 

When quantitative experiments are to be made the glasses are held 
horizontally with the contacted square below. In this case it is better to 
cut a notch in the larger glass* and to bring the corner under it (fig. 4). 
The force is applied by means of a hook shaped as in fig. 5. This hook 
lies in the notch and its point presses on the square at the blind end of 
the notch. Attached to the hook by a wire is the scale pan carrying the 
weights. The square was made of patent plate 0*9 mm. thick contacted 
on to a thicker piece, 4 mm. thick, which may be regarded as rigid. 

Stripping is found to proceed to a fairly definite distance from the corner 

* Cut with a stretched wire and carborundum powder. 
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for any specified load. As the load is increased, stripping extends. The 
total work W done by the descending mass m through the distance s is 
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This is partly spent in stripping, and partly in bending that corner of the 
square which has been stripped already. The distance through which the 
weight falls in such an experiment must necessarily be small, but the 
conditions lend themselves easily to a direct measurement by means of 
interference fringes formed between the two glasses. The thick glass 
serves as a standard plane of reference. 

In the actual experiment, stripping was always stopped short of the 
diagonal, and it was necessary to clamp the glasses near this line to prevent 
stripping being accidentally carried too far. A thin glass strip C 10 mm. 
wide (fig. 6) was cemented with balsam along the diagonal of the square 
B, and of course on the opposite side to that contacted with 
the larger glass A. The whole assemblage of three glasses was 
held in a parallel “ hand vice " with thin leather facings to the 
jaws, the vice itself being used not in the hand, but suitably 
supported to make the glasses horizontal, with A on the top. 
The jaws of the vice extend only as far as the line xx’, but they 
are in effect prolonged by the glasses A and C, and effective 
clamping extends as far as }'y'. The advantage of not bringing 
the jaws of the vice as far as }’y' is that we can see and check 
at any time that interference fringes are not developed in the region to the 
left of yy'. This proves that optical contact subsists, and that the clamp¬ 
ing is really effective. 

The balsam cement helps to secure definite clamping, but was intended 
primarily to prevent the formation of confusing interference fringes 
between B and C (using monochromatic light), when it was desired only 
to observe whether there were any between A and B. 

A rubber band placed round the glass A gently pressed the hook (fig. 5) 
inwards and helped to guard it from accidental displacement, without 
introducing appreciable disturbing forces. 

For qualitative eye observation, nothing more than the above arrange¬ 
ments is needed. For quantitative work it is better to arrange to photo¬ 
graph the fringes in monochromatic light, using vertical iUumination, 
somewhat as in photographing polished and etched metal specimens 
under the microscope (fig. 7). The camera A has a repeating back 
allowing several pictures to be taken in succession on one plate. A lens of 
4 cm. focus stopped down to an aperture of f/8 was used, to form an 


yy 

Fig, 6. 
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image enlarged 1 • 83 times on the plate. A thin flat glass B placed at 45° 
reflects the light of the mercury lamp C down on the specimen. The light 
used was that of the blue mercury line at X 4358. A pale yellow glass 
filter (Schott GG3, 2 mm. thick) served to remove the violet lines X 4078 
and 4046. The green and yellow lines are photographically negligible, 
and to preserve uniformity the blue line was used even for eye observation. 
In this case a blue filter must be used in front of the eye. The light is not 
as bright as might be desired and a wire tangential to the interference 
bands, and passing through the point of application of the force, is use¬ 
fully placed in focal plane of the camera to assist the eye in locating this 
point. Clear, not ground glass, is used in the camera, and the focal 
plane is viewed with an eye-piece. 


y Filter 

© 


Grouncf 
glass 

Fia. 7. 

The behaviour has been found to vary somewhat with different con¬ 
tacted glasses. In some cases the stripping apparently proceeded by 
definite stages, each increment of weight stripping a limited area. In the 
final and most careful experiments, which will be described in detail, this 
was not observed: practically the whole stripping process occurred at 
one particular load, though slowly. 

The interval allowed before each change of weight was 12 hours, and 
the increment or decrement was 10 gm. On loading up to 180 gm., there 
was hardly any stripping except for a minute area near the point of 
application of the force. At 190 gm. stripping proceeded, though very 
slowly, and after the lapse of several hours it had extended fairly near to 
the line of clamping, about nine complete fringes having developed. The 
load was then diminished by 10-gm. steps, and recontacting occurred, in 
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this case by definite steps. When the load had been diminished in this 
way to 120 gm., recontacting was complete. The development and dis¬ 
appearance of the fringes is illustrated in the rq)roductions III-VIII, 
Plate 4. Note the ragged edge at the outside of the fringe system, show¬ 
ing that contact is harder to destroy, and easier to recover, at some spots 
than at others.* 

The general quantitative results are shown graphically in fig. 8, and it 
is not necessary to state them in any other way. 



No. of bands 
Fio. 8. 

To determine the work of stripping, it is necessary to know the area 
stripped. For this purpose marks were made with a diamond on the 
under side of the glass A, fig. 6, and their distance apart measured as 1 • 18 
cm. These marks appear on the photograph (Plate 4, Nos. Ill to VIII), 
though not very conspicuous in the reproductions. For the present 
purpose, a much greater enlargement was made of No. V (at maximum 
load) and the ratio of enlargement (12 dimneters) determined from the 
measured distance between the marks upon it. The area of the stripped 
surface, up to the beginning of optical contact, was then measured on the 
enlargement by means of a planimeter (graduated in square inches) as 
5*55 sq. in. This gives the original area as 0*249 sq. cm. 

* The photographs reproduced were taken at a rather earlier of the work and 

do not refer to the actual experiment described, but the difference is immaterad. 
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The descending weight does work in two ways: 

(1) in tearing apart the contact; 

(2) in bending the glass. 

We might imagine the bent glass to return to its unbent form without 
recontacting. In that case Hooke’s Jaw would hold, and the stress-strain 
relation would be given by the straight line OP in fig. 8. In fact, recon¬ 
tacting occurs, and the return is along the path PB as shown. The ar«i 
APO represents the work of stripping; PBO the work recovered on 
recontacting. These areas were measured by the planimeter. The wave¬ 
length of the mercury blue line is 4 • 358 x I0~'‘ cm. Each band developed 
represents a descent of the weight by X/2 — 2-179 x 10"^ cm. 

Taking g -■ 981 -2 we find that the descent of 1 gm. through 1 band 
represents 2 -138 x 10' * ergs. 

From this, and from the measured areas we find that OAX represents 
17-7 ergs, and OBX represents 9-3 ergs. 

For a contacted area of 1 sq. cm., this gives; 


Work of stripping . 71-2 ergs. 

Work of recontacting . 37-2 ergs. 


It appears that about half the work of stripping is recovered on recon¬ 
tacting, at least under the conditions of this experiment. In another 
experiment, instead of waiting 12 hours the readings were 
taken 5 minutes after the change of weight. The results 
were not very different, but 2(X) gm. was required to 
obtain a comparable stripped area in this case. 

4— Force of Cohesion 

The force per sq. cm. area required to separate two 
contacted glasses by a normal pull is an important 
datum, but does not lend itself to accurate experimental 
determination like the work of stripping. Values 
varying over a wide range have been obtained in 
different experiments. 

Since the glasses adhere strongly, it is desirable to reduce the area to a 
minimum so that the pull required to separate them is small enough to be 
readily given by unaided muscular force. 

The method adopted (fig. 9) is to contact a thin glass A (0-5 mm. thick) 
on to a thicker one B (4 mm. thick) of larger area. A metal block C 
about 2 cm. square is cemented to the lower glass with Canada balsam, 
and a small circular metal block D J inch (0 -64 cm.) diameter is cemented 
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to the middle of the thin glass above. Canada balsam has been used in 
many experiments, and has the advantage that it does not require the 
application of much heat, with attendant risk of separating the glasses. 
It can be baked at a gentle heat for some days, and acquires considerable 
strength. However, I have come to prefer a gutta percha cement,* 
kindly given me by Sir Robert Robertson, F.R.S., which requires the 
use of heat, but is considerably stronger. It is applied to the bottom of 
the small metal block. The latter is laid down on the glass, and heated 
by the application of a tiny hydrogen flame, burning at a drawn-out silica 
nozzle. In this way the metal is made hot enough to melt the cement 
satisfactorily on to the glass. It is set aside to cool in the open air, and is 
then ready for the test. Wires are attached to the upper and lower metal 
blocks. The lower block is attached to the floor, and the upper one to a 
spring balance going up to 112 lb. (1 lb. - 0-454 kilo). A brush charged 
with ink is carried by the pointer, and marks a trace on the scale which 
shows the highest point reached before the parting occurs. The ring 
normally used for hanging up the spring balance is pulled upwards by 
hand until the specimen parts. If the glasses separate, the experiment is 
so far satisfactory. If the cementing of the small metal block parts 
first, the reading is merely an inferior limit to the force required to separate 
the glasses. The block is recemented, and another trial made. So far I 
have not failed after one or two trials to get the cement strong enough to 
make it possible to part the glasses. As will be shown, the results of 
these tests are discordant among themselves. This is attributed in part 
to local faults in the contacted surface, but also to the difficulty of 
applying the normal pull quite fairly. A local defect of contact may 
be the point of departure for stripping which spreads over the whole. 
It will be noticed that the upper metal block is much smaller than 
the thin glass to which it is cemented. It seems certain that those 
parts of the glass which lie beyond the block cannot appreciably con¬ 
tribute to sustaining the normal pull, for if they did do so, bending forces 
would come on to the unsupported thin glass beyond the block which it 
could not bear without breaking. I have, therefore, taken the area of 
the upper block as the effective area of contacted glass which sustains the 
pull. There is some choice as to where the upper block is placed, and the 
part of the contacted area most free from defects was chosen. The edge 
of the upper small glass is at some distance from the edge of the upper 
block, and this was thought likely to be helpful in preventing a stripping 
from starting at some point on the edge. 


♦ Resin, 40 gm., gutta percha 10 gm. 
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On the basis explained, the pull sustained by an area of \ inch diameter 
was, in the best experiment, 32 lb., equivalent to 


or 


46 kilos per sq. cm. area, 

4 - 5 X 10^ dynes per sq. cm. 


But in other tests, made under apparently similar conditions, the glasses 
parted at 29, 28, 28, 20 kilos per sq. cm. If we included experiments made 
under rather different conditions, with thicker glasses, and with glasses 
having only the area of the upper brass block, the range is wider still 
including 17, 13, 8 kilos per sq. cm. 

From these data it will be seen that the measurement is a very uncertain 
one, and that with better technique even the highest figure might be 
considerably exceeded. 

The difficulty in determining the cohesion seems to be of the same nature 
as the difficulty encountered in determining the tensile strength of liquids, 
and the results, it may be, almost as far from the theoretical ideal. Water 
has been made to stand a tension of 5 atmospheres, but Laplace’s intrinsic 
pressure is estimated at 10,000 atmospheres or more. The adhesion 
between glasses found above amounts to 45 atmospheres, but it is sus¬ 
pected that the real figure is a large multiple of this. 


5—Reflexion of Light from the Interface 

Having observed that gas could leak slowly from the joint between a 
tube and an optically contacted end plate, the question forced itself upon 
me, what was the distance between these surfaces ? It was this that first 
led to the present investigation. The phrase “ optical contact ”, as 
ordinarily used, implies evanescent reflexion. But the passage of gas is 
inconsistent with a contact as close as that which exists in an unbroken 
block of glass, and it seemed desirable that the question of a possible 
residual reflexion should be examined closely. 

Under ordinary conditions of observation, surfaces which have been 
optically contacted do not show any reflexion; but ordinary conditions 
are by no means the best that can be arranged, for reflexion from the 
interface is usually masked by the much brighter reflexion from the outer 
surfaces of the glass. This circumstance makes it useless to look for any 
reflexion from the interface between two contacted parallel plates. To 
nvoid the difficulty, the external surfaces should be inclined to the inter¬ 
face so as to separate the reflected images of a source of moderate angular 
aperture, such as the sun, or an opal globed incandescent lamp a few 
feet off. 
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Mr. F. Twyman, F.R.S., whom I was fortunate enough to be able to 
interest in the question, had a pair of contacted wedges made of silica 
glass, and another pair of ordinary crown glass. He easily observed a 
residual reflexion from these, and indeed he found that it was already 
known in Messrs. Hilger’s workshops that there was such a reflexion. He 
kindly forwarded the specimens to me for further examination. 

Wedges of about T angle are the most suitable, and they will separate 
the reflected image of a source of 4“ angle completely, without introducing 
inconvenient chromatic dispersion. The wedges may be placed with 
their thin edges together, so that the reflexion from the interface is to be 
looked for half-way between the bright reflexions from the outer surfaces; 
or they may be placed in opposition as in Mr. Twyman’s specimens, when 
the external reflexions will be together with the interface reflexion on one 
side. * 

It is not always convenient to use two wedge-shaped glasses. We may, 
for example, wish to have one of the glasses very thin. In this case a useful 
alternative method is to use the thin glass as the back one, to have its 
external (non-contacted) face ground without polishing and to varnish it 
with black cellulose lacquer or some other black varnish. The coating 
annuls most of the reflexion, and what remains, owing to the lack of polish, 
is diffused in all directions and forms no specular image to compete with 
that from the interface. 

The intensity of reflected light from the interface is conveniently mea¬ 
sured and expressed in terms of the light reflected from one external 
surface of the material, glass or fused silica as the case may be, both 
reflexions being at approximately normal incidence. For the comparison, 
an arrangement was set up as in fig. 10. 

Two similar opal bulb lamps Lj and Lg were used, which were selected 
to give equal surface brightness when compared directly. They were 
enclosed in metal housings, with openings about 2 cm. diameter. The light 
from Li is reflected at the contacted glass interface C to the Lummer cube 
at E. The light from Lj is reflected at the front surface of a similar piece 
of glass D, reflexion from the back surface being prevented by a coat of 
black varnish. After reflexion it reaches the Lummer cube E, passing 
through a revolving sector S on the way. To adjust, images as viewed by 
an eye brought right up to the cube are brought into coincidence. Then, 
on drawing the eye back, so as to bring the cube into focus, the field is 
seen sharply divided into two halves, the right due to L„ the left to L 2 . 

• So far as I know, this method was first used by the late Lord Rayleigh for purifying 
Newton’s rings from the external reflexions. See ‘ Not. Proc. Roy. Inst.,’ vol. 14, 
p. 72 (1893), or ‘ Nature,’ vol. 48, p. 212 (1893), or ‘ Scientific Papers,’ vol. 4, p. 54. 
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Without the sector, the left-hand would be by far the brightest, owing to 
the faintness of the reflexion from the contacted surfaces. By adjusting 
the sector aperture, they may be equalized. The sector ratio was then 
taken as expressing the relative brightness of the two reflexions. This is 
only justified if neither the lamps nor the Lummer cube unduly favour 
either reflexion. By introducing a second and similar reflecting surface 
similar to D instead of the contacted surface C (sector removed), this 
could be checked and was found correct. The cube was one of those 
using total reflexion, and put together in optical contact. It therefore 
introduces hardly any bias. 

Sectors have sometimes been made which are capable of adjustment, 
either between runs, or while actually running. No such was available, and 



Fjg. 10. 

a variety of sectors of fixed aperture was made as required, a radial slit in 
thin metal being often fastened in the aperture of a card sector. The 
accuracy in measuring these faint reflexions was not very high, and it was 
easy to make as good an adjustment as necessary by a few trials. Since the 
reflexion from the interface is bluer in colour than that from the simple 
surface, a special colour filter was used in front of the eye giving approxi¬ 
mately monochromatic light of wave-length 5600 A., 

Comparisons made in this way showed the following results: 

Reflexion from interface. 


Glasses (reflexion from 

front surface — 1) 

Silica from Mr. Twyman . 3-3 x 10~® 

Crown glass from Mr. Twyman . 5 x 10“* 

Pair of wedges made from sextant glasses 5 x 10~® 
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It is clear, therefore, that the intensity of the reflexion varies over a wide 
range even when there is “ optical contact Further, the brightness of 
this reflexion is not conditioned mainly by the quality of the material, 
the silica specimen being intermediate between two glass ones. 

The above method of measurement (at any rate as I carried it out) 
requires a considerable contacted area. But many specimens only con¬ 
tacted over small areas have been examined by direct comparison of the 
sun’s image, viewing the reflexion from one pair of wedges through the 
other pair {see p. 346 on the black centre of Newton’s rings). In this way 
it has been found that there is a good deal of variety, the values usually 
falling within the range of the above tests. I am inclined to suspect that 
the lower reflexions are associated with better polish of the surfaces. 
Experiments to test this are in progress. 

It is certain, at all events, that the intensity of reflexion is not appreciably 
sensitive to pressure. To test this point, a press was arranged made from 
an ordinary pair of carpenter’s pincers (fig. 11). The jaws were filed so 

Fig. II. 

as to be flat and parallel when opened as in use, and they were covered 
with thin leather. The bearing surfaces were horizontal. The lower 
handle (that connected with the upper jaw) was fixed; that connected with 
the lower one was prolonged to give additional leverage, and a weight 
could be hung on the far end. 

The interface reflexion of a limited area of sky was observed, at an 
angle of about 30° from the normal, using the pair of silica wedges, the 
plane of reflexion being parallel to, and near, the length of the jaws. The 
numerical data of the experiment were: 


Length of jaws . 2-6 cm. 

Breadth . 0-25 cm. 

Weight attached . 56 lb. (1 lb. = 453 -6 gm.) 

Leverage . l()-fold. 


Under these conditions, it was found that the reflexion close up to the 
jaws was notmore intense than awayfrom them, the uniformity of reflexion 
being in no way disturbed. The pressure over the area of the jaws is 
390 kilos per sq. cm. (2-5 tons per sq. in.). We cannot, of course, take 
the pressure beyond the jaws, where the reflexion is observed, to be so 
great as this. However, the assembled wedges having a thickness of 
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4 mm., we may take it that a considerable fraction of this pressure, say 
100 kilos per sq. cm., or i ton per sq. in., extends into the region immedi¬ 
ately outside the jaws, when its effect, in brightening the reflexion, could 
have been observed, if any such effect had existed. 

It appears, then, that external pressures of this order, which it may be 
remarked are fully as large as the attractive forces revealed in the tensile 
tests, do not diminish the reflexion, and therefore do not bring the glasses 
sensibly closer together. How can this be explained ? In the region of 
coloured interference fringes pressure is, of course, effective in bringing 
the glasses together, and it probably acts either by bending the glasses, 
or by crushing dust particles. It would seem natural to expect this action 
to continue until the reflexion disappears. This does not happen. The 
reflexion has reached a lower limit in the “ contacted ” wedges, and cannot 
be further reduced by any moderate outside pressure. But we have 
further to coordinate the fact that this limiting intensity is not the same 
for various glasses. It seems possible that at any rate in some cases 
the degree of local flatness and smoothness are the determining con¬ 
siderations. If the polish is imperfect, or if the polished surface (though 
flat on the whole) is wavy, then contact will only really subsist at the high 
places, and the reflexion will all occur at the low ones, where the interval 
between the two surfaces is relatively large. In that case the general 
intensity of reflexion will not be much reduced, even if the places of 
closest contact are brought somewhat nearer together. 

These considerations suggested that it might be possible to detect a 
mottled structure in the contacted surface, and many specimens were 
examined with a magnifier under favourable conditions of illumination to 
see whether anything of the kind could be observed. In one instance, 
namely the pair of wedges made from sextant glass which gave a reflexion 
of 5 X 10' ® (single surface reflexion = 1), a mottled structure waj 
observed. It was found best to use a gas-filled incandescent lamp 2 or 
3 metres off as source. The light is reflected at the contacted interface 
and a magnifier of 5 cm. focus is used which at the same time acts as a 
field lens, the eye being drawn back from it until it appears filled with 
light. The image of the source is focussed on the eye, while the reflecting 
surface is focussed on the retina by the combined action of the magnifier 
and the lens of the observer’s eye. 

Under these conditions a mottled structure was very conspicuous in 
this particular specimen. To get a permanent record, the same principle 
can be applied, using a larger field lens, and substituting a photographic 
camera for the eye. The arrangement is shown in fig. 12. The field lens 
(a simple lens of 12 cm. focal length) was arranged to focus the source, a 
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pointolite lamp, on the camera lens selecting the faint reflexion from the 
interface, to the exclusion of the bright reflexions from the outer surfaces. 
For focussing the camera, a few bright spots (local defects of contact) 
were made use of. 

The structure is difficult to describe satisfactorily in words; it consists of 
bright grains, say 0 03 mm. in dimension separated by distances of say 
0 06 mm. The photograph is given (Plate 4, reproduction No. IX). 
The few very bright spots are the places of defective contact above men¬ 
tioned, but the area generally is occupied by the mottled structure of the 
contacted surface. The way in which this surface was finished is not 
known and other apparently similar pieces do not show the same struc¬ 
ture. 

It will be important to examine the behaviour of surfaces polished partly 
or completely on cloth or on pitch. So far, owing to want of time and 

Source 

. o 
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familiarity with the technique, 1 have not made much progress in this 
direction. 

The comparative absence of reflexion at the interface is due to destruc¬ 
tive interference of the reflected rays from the two surfaces, and so far as 
there is a residual reflexion, it must be attributed to the surfaces not being in 
contact in the fullest optical sense, i.e., not equivalent to a single mass of 
homogeneous material without any interface. As we have seen, this is 
due in some cases, and in part, to a want of uniform contact, for the surface 
shows a mottled character, the reflexion being greater at some places than 
at others. Experiment has not gone far enough to determine how nearly 
the reflexion is really evanescent at the closest points, but provisionally 
we are led to treat the layer as uniform, and to enquire what its thickness 
must be to account for the observed intensity. 

The intensity of the reflected beam, taking into account the weakening of 
the ray by reflexion at the first surface, and the whole scries of emergent 
rays found by reflexion between the surfaces, was first given by Airy; an 




Glass Surfaces in Optical Contact 343 

improved form of this calculation by the late Lord Rayleigh is here 
quoted.* 

Denoting the incident intensity by unity, we have for the intensity of 
the reflected light 

. _ sin-* (iKS) 

■ 1 - 2c* cos KS -f c« ’ 

where K - S is the retardation, and e is the factor by which the 

A 

amplitude of the incident wave is altered on reflexion. 

If S is small compared with X and c* is small compared with units, this 
reduces to 

, c*K*S* 

1 - 2c* ’ 

the thickness t = | ( / ■ 

In the reflexion measurement (p. 338) l/c* was determined directly, by 
comparison of the intensity reflected from the interface, I, with that from 
the first surface, c*. 

Apart from this the value of e* only enters as a small correction in the 
term (1 — 2e*)*. 

For silica glass 

HI-1-46 and c* = 0-035. 

For crown glass 

|i—1-5 and c* — 0-04 
K = ^ = 1-12 X 10-'. 

Substituting the numerical values, we get for the various pairs of 
wedges the following distances between the contacted faces, measured in 
Angstrom units. 

Silica Crown glasses Sextant glasses 

24-7 A. 9-6 A. 30-0 A. 

These distances are large compared with other estimates of the range 
of molecular forces. Yet, as we have seen, the adhesion between the 
glasses is very strong, and in fact of the same order as the usually observed 
breaking strength of a crystal of rock salt.f In view of the uncertainty 
about the uniformity of thickness of the layer, and the really effective 
area of close contact, more detailed discussion is not profitable at present. 

* ‘ Scientific Papers,’ vol. 3, p. 64, or * Encyclopaedia Britannica,* vol. 24, “ Wave 
Theory,” 1888. 

t Bragg, ‘ Not, Proc. Roy. Instn.,’ vol. 28, p. 506 (1935). 
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It is known* that contacted pieces of glass or silica, heated to a tempera¬ 
ture short of the softening point, unite permanently, the resulting joint 
having mechanical strength, comparable with that of the solid material. 
It cannot be broken without breaking the pieces themselves. If contact 
were uniform over the interface, and if the polished surfaces were the 
same as the interior, we should expect that the reflexion would vanish 
under these circumstances. This, however, is by no means the case. 
I have examined a pair of silica plates, some 8 mm. thick. Joined edge 
to edge in this way, which was kindly lent me by Messrs. Hilger. The 
reflexion from the interface was conspicuous, and though it was partly 
accounted for by bubbles and defects, examination with a lens showed 
clearly that there was a background of reflexion, unconnected with these 
and comparable in intensity with the reflexion from interface of the con¬ 
tacted silica wedges-t 


6—The Black Centre of Newton’s Rings 

When a glass lens of large radius is pressed on a flat glass surface, we 
have Newton’s rinp, with a black centre, i.e., optical contact. The 
question presents itself whether this central area shows the same phenome¬ 
non in all respects as that which we have been studying. I may anticipate 
so far as to say that the answer here given will be in the affirmative. 



Fig. 13. 


We may consider the subject from various points of view. It may 
perhaps be suggested that there is no mechanical adhesion in the case of 
Newton’s rings, while we have seen that for flat contacted glasses, the 
adhesion may be as much as 46 kilos per sq. cm. of contacted surface. 
It is quite true that there is no noticeable adhesion when a lens is squeezed 
flat, by strong mechanical pressure applied by a plane glass surface 
(fig. 13); but in this case it would not be expected, for as soon as the 
outside pressure is released, the flattened spherical surface tends to regain 
its normal shape and the contacted surfaces are peeled apart. As we have 
seen, they are quite unable to resist separation by forces of this kind, 
which overcome the adhesion in detail. 

• See Parker and Dalladay, ‘ Proc. Faraday Soc.,’ vol. 12, p. 305 (1917). 
t To make this test it was necessary to apply glass prisms with balsam, so as to 
overcome difficulties arising from the inconvenient shape of the speciinen. It i» 
scarcely necessary to give the details. 
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If the radius of the lower surface is large enough, however, we may get a 
Newton’s ring system when the central adhesion is enough to hold the 
glasses, without any external clamping being necessary: see Plate 4, 
reproduction No. X, which shows a pair of glasses firmly held together 
in this way. The central “ black spot ” in this case is an oval patch 
measuring 1-5x2 cm. surrounded by a ring system. The radius of 
curvature is of the order of 1000 metres and is supplied by the accidental 
convexity of a glass intended to be flat. The area of the central “ black 
spot ” can be temporarily increased by squeezing the glasses together 
with the fingers. On release the process is reversed. 

Intermediate cases have been found between this and the ordinary 
case of a convex lens clamped on to a flat as used by Newton. In such 
cases the glasses when pressed together and released will continue for a 
few seconds to show the central black spot. But they soon come apart 
by peeling. There is therefore no distinction to be made on this ground. 

Next, we come to the optical properties. The classical writers on inter¬ 
ference took great interest in the black centre. Stokes, for example, had 
a paper entitled “ On the perfect blackness of the central spot in Newton’s 
rings, etc.”.* In this paper interest is chiefly concentrated on the sum¬ 
mation of all the emergent beams obtained by successive reflexion. 

I have not been able to find, however, that any of the older authors or 
their successors have really pressed the question of whether the black centre 
of Newton’s rings, as realized in experiment, has perceptible reflecting 
power, or if not, what superior limit can be put to the reflecting power it 
might possibly have. This problem I have attacked, with the result of 
showing that the “ perfect blackness ” is only approximate. 

As with contacted glasses, it is necessary to use opposed wedges, pre¬ 
ferably of about 2° angle, to throw off the reflexions of the outer surfaces. 
A pair of 2° spectacle prisms, one plane, the other convex of 4 metres 
focus and therefore about 2 metres radius, serves the purpose very well. 
They can be clamped together by two or three small hand vices or other 
convenient form of clamps provided with leather facings to the jaws. 
The position of the clamps, nearer or further from the centre, is adjusted 
*^y trial to give the largest central black spot. Flexure of the glasses by 
•■he clamping tends to increase the area of contact. Owing to the poor 
figure usually found in spectacle lenses, the shape of the central spot and 
of the surrounding rings tends in any case to be irregular, and local clamp- 
■ng aggravates this irregularity, but without disadvantage for the present 
purpose. Spectacle prisms which are sold as flat are sometimes in 

* ‘ Camb. and Dublin Math. J.,’ vol. 4, p. 1 (1849); reprint, vol. 2, p. 89. 
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reality convex enough to serve very well for this experiment. Having 
obtained a central spot of say 5 to 8 mm. diameter, the reflexion of a 
bright source may be looked for. We may use the sun or the filament of 
a gas-filled lamp, at say 3 metres’ distance. Any diffused light from the 
sky or the walls of the room serves to show the whole ring system. The 
reflexion of the source in the bright parts of the system can readily be 
found, and the specimen fixed. Then, by moving the eye, we can get the 
reflexion, if any, from the central spot. Before this is looked for it is 
better to mask out all except the central black spot with black card, so that 
the eye is not disturbed by the glare from the bright rings outside. The 
reflexion can then usually be seen without difficulty, in any part of the 
black central spot, and followed right across it, as the eye is moved. 

As in the case of larger contacted areas held together by adhesion instead 
of by clamping, the brightness of the reflexion varies very much from one 
case to another and the cause of variability is no doubt the .same, depend¬ 
ing on the condition of the glass surfaces. 

The area of the black spot is not large enough to lend itself very easily 
to photometric measurement by the method used for large contacted 
areas {see p. 338), but a comparison can be made with the reflexion from 
such an area. A pair of contacted wedges of known reflecting power 
(from the interface) is superposed on the Newton’s ring system so as to 
view the two reflexions side by side. This is not difficult, when the 
reflexion from the black spot of Newton’s rings has once been satis¬ 
factorily obtained. We can then judge sufficiently of their comparative 
intensities, for the loss of light by transmission through the pair of con¬ 
tacted wedges is not serious, being of the order of 8%. Comparisons made 
in this way showed in one pair of glasses the central spot was rather 
brighter than 3 x 10 ® of the reflexion at a single surface. In another, 
it was several times less than 5 x 10~* of the surface reflexion. These 
tests were made at approximately normal incidence. 

There is, then, no definite distinction to be made in the blackness of 
adhering contacted glasses and of the central spot of Newton’s rings. 
Nor again can a difference be detected in the border where contact ends 
and non-contact begins in the two cases. The silvery fringe with rather 
definite edge appears alike in both. There is, it is true, more need for 
careful cleaning and removal of dust in getting adhesive contact, but that 
is fairly attributed to the fact that two flat surfaces are kept apart by a 
particle of dust anywhere, whereas a convex and a flat are only kept apart 
by a particle at the highest point of convexity. It is concluded that the 
central spot of Newton’s rings differs in no essential way from other 
cases of optically contacted glasses. 
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7—General Discussion 

Taking E as the work done per square centimetre in separating the 
glasses, and F the force required to separate them, we get by division 



/ being a length, which to a rough approximation may be regarded as the 
range of the attractive force, supposed uniform, and measured from the 
contacted position outwards. 

Although, as we have seen, it appears that the attempts to determine 
F experimentally give values which are probably much below the truth, 
yet it is of interest to find what values of / they will lead to. 

We have 

E = 71 -2 ergs, per sq. cm. (p. 335) 

F — 4-5 X 10’ dynes per sq. cm. (p. 337), 

which gives 

I =- 1 '6 X 10 « cm. - 160 A. 

No such value as this for the range of molecular forces could be accepted 
without upsetting all previous notions on the subject. Thus Lennard- 
Jones* has given a calculation of the potential curve of an argon atom 
adsorbed on a crystal of potassium chloride, based on the experimental 
equation of state of argon; chlorine and potassium atoms being treated as 
equivalent to argon atoms which have nearly the same mass and struc¬ 
ture. Here the equilibrium distance is given as about 3 A., and the 
effective range of the force only a few A. in addition. 

The results from the tensile tests are therefore certainly many times too 
low, for they lead to values for the range of molecular forces which cannot 
be accepted. 

The optical tests do not attempt to measure the same thing, for they 
deal with the distance between the contacted surfaces, rather than with 
the range of the attractive force beyond that distance. The optical tests 
gave from 9-7 A. to 30 A. But even these distances are excessive com¬ 
pared, for instance, with the inter-atomic distances in crystals, which are 
less than 3 A., or than the distances indicated in Lennard-Jones’s work 
above referred to. 

It seems, therefore, that there is something wrong about the premisses of 
this optical calculation. We have seen that there is a considerable range 

• ‘ Proc, Faraday Soc.,’ vol. 28, p. 339 (1932). 

2 A 2 
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of intensity in the reflexion, which points to a factor which has not been 
taken into account. The mottled character of the interface (p. 341) 
closer at some parts than at others, is one such factor. But, upon the 
whole, it appears probable that there is something further. I have 
found a possible clue in examining silica plates in a liquid (carbon tetra¬ 
chloride with a little ether) adjusted to the same refractive index as the 
body of the material. It is found that while the reflexion from commercially 
polished or fired surface is almost evanescent under these conditions, a 
surface repolished in the laboratory gives conspicuous images much 
brighter than those obtained between any contacted solid surfaces that I 
have tried. 

This work is still in an early stage, and will be reported separately. 
That it has some bearing on the problem of the reflexion from the inter¬ 
face of contacted glasses is evident. 

Throughout the present investigation I have received valuable help 
from my assistant Mr. R. Thompson. 

Summary 

The method of getting glass or silica plates into optical contact is dis¬ 
cussed. Also the behaviour of scratches in hindering contact. Scratches 
made with a cutting diamond or steel wheel cutter raise a ridge on the 
glass. Scratches made with a writing diamond, /.c., a splinter of diamond, 
do not do so. 

A method is given for determining the mechanical work done in separ¬ 
ating two contacted glasses. This is found to amount to about 70 ergs, 
per sq. cm. About half this amount of work can be recovered on re¬ 
contacting. 

Many tests have been made of the pull required to separate two con¬ 
tacted glasses, with very variable results. The highest value found was 
46 kilograms, or 4-5 x 10’ dynes per sq. cm. 

The reflexion from the interface between two contacted wedges of glass 
or silica, though slight, is by no means too small for observation. Its 
intensity is variable in different specimens. The measured intensities 
were found to vary from 5 x 10"* to 5 x 10“* if the reflexion from a 
single detached surface in the open is taken as unity. If the incident light 
is taken as unity, the reflexion observed varies from 2 x 10~* to 2 X 10"^- 

The reflecting power is not affected by applying pressure. The cause 
of variability is uncertain, but an even larger variability in the reflexion 
from silica glass in contact with a liquid of equal index has been found. 



Rayleigh 


Proc. Roy. Soc. A, vol. 156, Plate 4 



(i-’acm;/ p. 34^) 


MU 











349 


Glass Surfaces in Optical Contact 

Thif latter effect depends on the way in which the surface has been pro¬ 
pped, and is under investigation. 

The black centre of Newton’s rings between a lens and a plate shows a 
residual reflexion which varies in different specimens. It behaves in all 
optical respects like the interface of glasses in adhesive contact, and the 
absence of adhesion is readily explained. 

As to the distance between the contacted surfaces, the present experi¬ 
ments do not give any definite information. The intensity of reflexion 
indicates in some cases a distance of less than 10 A., but the true distance 
may be considerably smaller. 

Description of Plate 

I— Top —Accidental scratch of the kind that throws up a ridge separating the con¬ 

tacted glasses, and introducing reflexion of light round it. The scratch is seen 
dark. 

Bottom —Horizontal scratch made with a writing diamond (splinter). This 
docs not throw up a ridge, and the glasses arc in contact right up to the scratch 
(which is seen bright). 4 times actual size. 

II— Pair of glasses, perfectly contacted all over in the first instance. Slid apart 
lengthwise to a small distance and a scratch 7 mm. long made with wheel glass 
cutter. (The scratch is seen vertical and dark.) Glasses slid back so that the 
scratch is partly covered by the other glass. Note that the glasses are forced 
apart and interference fringes developed. 0 *75 times actual size. 

ni to VIII—Show the stripping of one corner of a contacted glass by weights and 
recontacting as the load is removed. Ill to VIII arc 4 times actual size. 

III— Shows the initial contact. 

IV— Stripping in progress. 

V— Full stripping (load of 190 gm.). 

VI, VII—Progressive recontacting. 

VIII— Recontacting complete. 

IX— Interface between two contacted glasses, seen in focus by reflected light. This 
surface is exceptional, in showing a mottled structure, which cannot usually be 
detected. The light dots arc defects of contact, of uncertain origin. Enlargement 
5*5 times. 

X— Pair of glasses, contacted and held together at the centre by their own adhesion. 
They show Newton's rings. 
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Studies on the Passage of Helium at Ordinary 
Temperature Through Glasses, Crystals, 
and Organic Materials 

By Lord Rayleigh, F.R.S. 

{Received 29 May, 1936) 

1—Introduction 

Many investigations have been made of the penetration of silica glass 
by the lighter gases, beginning with the work of P. Villard in 1900.* 

It is known that the penetration of silica glass by helium increases 
rapidly with the temperature; and the quantitative investigations have 
been mainly directed to this aspect of the subject. Silica tubes lend them¬ 
selves easily to experiments at high temperatures, and owing to the rapid 
diffusion under these conditions the gas measurements are easier to make. 

On the other hand, materials which can only be obtained in the form of 
plates or sheets are much more difficult to experiment with at high tempera¬ 
tures, and the work now to be described was limited to the ordinary 
temperature, which allows a plate of material to be cemented airtight 
without difficulty. 

That helium can penetrate silica glass of, say, 1 mm. thick at the ordinary 
temperature seems to have been first observed by Elsey,t and has always 
seemed to the present writer a most surprising fact. This investigation 
began with a view to determining whether it was unique; or whether other 
apparently compact solids could be found with this property of passing 
helium and stopping air. 

The apparatus and technique employed are simple. Fig. 1 shows the 
method of mounting a plate of material between the ends of two glass 
tubes ground flat for the purpose. Soft red wax was used. The upper 
part was evacuated, filled with helium at atmospheric pressure, and sealed 
off. The lower part was then evacuated, shut off by the stopcock, and 
set aside. After the lapse of days or months it could be attached to the 
measuring apparatus by means of the standard cone fitting. 

When sheets too large or too thin to be self-supporting were used, the 
arrangement was modified as in fig. 2. Two glass funnels were used, the 

• ‘C.R. Acad. Sci., Paris,’ vol. 130, p. 1732 (1900). For a bibliography up to 
1932, see J. W. McBain, “ The Sorption of Gases by Solids.” 

t ‘ J. Amer. Chem. Spc.,’ vol. 58, p. 1600 (1926). 
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lower one containing a brass plate with numerous holes about H ram. 
diameter. This brass plate had an edge turned to fit the funnel, and 
formed a surface flush with the ground edge of the latter. The plate was 
laid upon it, and cemented as before, and a brass frame, as indicated in 
fig. 2, was used to hold the funnels together. There were in reality three 



bolts at angular intervals of 120°, instead of the two which are shown for 
ease of representation. The effective diameter was about 4-5 cm. In 
using thin plates which required support, it was necessary to keep the 
bottom half evacuated while the top half was being exhausted and charged 
with helium. If the plates to be used are thin, small, and fragile, it is 



tempting to cement them to glass on one side only, as in fig. 3; but 
this construction is to be deprecated, since, if helium appears on the 
‘)ther side, this may be due merely to failure of the cementing. The 
possibility can, of course, be ultimately excluded by repetition, but it is. 
far more satisfactory to eliminate it from the first, as in figs, 1 and 2. 
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For measuring the helium which had passed through, the vessel was 
attached to a McLeod gauge, with charcoal tubes to be cooled in liquid 
air for absorbing traces of other gases. The purity of the helium was in 
all cases verified spectroscopically, passing a discharge through the small 
volume at the top of the gauge. Appropriate corrections were applied 
for the dead space of the charcoal tubes and the funnel or tube attached 
to the specimen; but this correction was comparatively small, the volume 
of the gauge being made large. 

In all cases blank tests were made after attaching the ground joint but 
before opening the communicating tap, to make sure that no helium 
remained in the measuring apparatus from a previous experiment. 

In case of an experiment giving a negative result, it is convenient to be 
able to check that the high pressure side really remains full of helium, and 

that the gas has not escaped by defective 
cementing or otherwise. The electrode 
of a high frequency coil, brought against 
the glass, produces a glow in the gas 
volume with helium at atmospheric pres¬ 
sure but not with air. 

The above arrangements were conveni¬ 
ent and adequate for measuring the trans¬ 
mission of helium through silica glass, or 
for examining other solids to determine 
whether any permeability of the same order 
of magnitude exists or not. They are by 
no means the best that might be adopted 
if the main object were to push the quantitative test for helium-tightness 
as far as possible.* 

The rate of passage of helium is given in each case per square cm. of 
area per day, the thickness being reduced to 1 mm. on the assumption 
that the rate is inversely as the thickness. This relation has been found 
to hold good for fused silica.f 

The plates of material available have varied over wide limits as to 
thickness and area. If the thickness is greater, and the area smaller than 
might be desired, this can be made up for by allowing more time. Where 
there is no significant result, the actual gas volume in the gauge was 
measured, although by the spectroscopic test it was not helium, and the 
maximum possible helium transmission rate calculated on this basis. 

* On the measurement of minimum quantities of helium, see Paneth and Urry, 
‘ Z. phys. Chem.,’ A, vol. 152, p. 110 (1931). 

t Braaten and Clark. ‘ J. Amer. Chem. Soc.,’ vol. 57, p. 2714 (1935). 
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2—Glasses 
Table I 


Sheet silica, 0-6 mm. thick . 3'76 x 10~* 

Optical silica, 2■ 26 mm. 2-8! x 10-* 

Sheet silica, same thickness, 2-26 mm. 1 -60 x 10-‘ 

Thin silica tube . 3*46 x 10-* 

Fused boron trioxide . 3-60 x I0~* 

„ „ „ , another melting. 3-66 x I0-’ 

Pyrcx glass . 2 -58 x 10-* 

Corex glass (mainly calcium phosphate). 2-6 x 10-* 

Extra white sheet glass. < I - 6 x I0"‘ 

Micro-cover glass . <JI-3 x 10"‘ 

Flint glass tube . <'2 0 x 10-* 

Soda glass tube . < 2-8 x 10-* 

Fused borax glass . <6-8 x 10“* 


The various samples of fused silica differ somewhat among themselves, 
but the optical quality (produced like the rest by the Thermal Syndicate of 
Wallsend) does not stand apart from the others. 

Pyrex glass of about 80% silica content transmits helium, though to a 
less extent than silica glass, as already announced by MacLennan and 
Wilhelm.* 

No transmission at all is detected in the ordinary fusible glasses. Taking 
silica glass as the standard, the transmission of pyrex is about 10 ^ and 
that of soft soda glass certainly less than about 10~^. 

Fused boron trioxide is shown to be comparable with silica glass in 
helium transmission, and in this case also the addition of a base destroys 
the property; for borax glass does not transmit helium. 


3—Single Crystals 
Table II 


Quartz, cut perp. to optic axis . < 1 - 3 x 10-* 

Mica . <l-5xl0-« 

Calcite (cleavage plate). <C • ■ 1 x 

Rocksalt . <4 9 x 10-* 

Beryl (aquamarine) cut j, to axis . <2-7 x I0-‘ 

Beryl (aquamarine) cut || to axis . < 3-7 x 10-* 

Selenite (cleavage). <1-6 x 10-* 

Fluorite . <51 x 10-* 


• ‘ Trans. Roy. Soc. Can.,’ 3rd ser., vol. 26, p. 119 (1932). 
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In no case was any transmission of helium detected, and in general the 
amount (if any) is less than 10~* that of silica glass. That crystalline 
quartz has negligible transmission has already been observed by Piutti 
and Bozzio-Lera* and Urry.t The present result is confirmatory of 
theirs. The various crystals were choseji chiefly because plates of them 
were to hand, or readily obtained. 

Beryl was examined because the crystal lattice has been found by X-ray 
analysis to be penetrated by tunnels parallel to the axis, of diameter about 
2 • 6 A.+ Such a structure is exceptional, and it was thought possible that 
helium atoms might pass down at ordinary temperatures. This, however, 
did not prove to be the case.§ 


4 — Metals 
Table III 

Magnesium. <^2 x lO'® 

Aluminium. •C3'2 x lO** 

Zinc. <^4-5 X lO"’ 

Copper . <l-2xl0-» 

In no case was any transmission of helium detectable. The lighter 
metals were selected for the above tests since experiments have already 
been made by other workers on iron, bismuth, and copper,11 and on 
copper nickel and molybdenumf with negative results. 

5—Organic Materials** 


Table IV 



Helium 

Air 

Ratio He/air 

Cellophane . 

Lft 

X 

o 

3-2 X 10-» 

48 

Gelatine. 

9*2x10-1 

7 

o 

X 

o 

184 

Celluloid . 

4-Ox 10+^ 

2 0 X 10® 

20 

India-rubber. 

7*8 X 10+1 

2-71 X 10+> 

3-7 

[Silica tube. 

3*4 X 10-» 

<3*4 X 10-^ 

> 10,000] 


• ‘ R.C. Accad. Napoli ’ [iii), vol. 29, p. 111 (1923). 

t ‘ J. Amer. Chem. Soc.,’ vol. 55, p. 3242 (1933). 

t Bragg and West, ‘ Proc. Roy. Soc.,’ A, vol. 164, p. 470 (1927). 

§ The positive result at first reported (‘ Nature,’ vol. 135, p. 30 (5 June, 1935)) was 
due to faulty cementing, an apparatus of the type of fig. 3 being used. 

II Urry, loc. cit. 

j Smithells, ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 193 (1935). 

*• A preliminary note of these results was published in ‘ Nature,’ vol. 135, p. 993 
(1935). 
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With the exception of india-rubber, these materials show conspicuously 
the property looked for. They resemble silica glass in transmitting 
helium very many times more freely than air. The helium transmission 
of cellophane is about the same as that of silica but that of gelatine and of 
celluloid is much greater. 

If we compare the transmission ratio helium/air we find that though 
this is large for the organic materials, it is by no means so large as for 
silica glass. 

I have not been able so far to demonstrate satisfactorily the passage of 
air through silica glass. The experiment cannot be carried out with any¬ 
thing like the facility of the helium tests, because helium can be sharply 
isolated from gases coming from accidental sources (leakage, imperfect 
evacuation, or occlusion in the glass), whereas air cannot be so easily 
distinguished. It was shown, however, that for the silica tube in Table 
IV the air transmission, if any, is only one ten-thousandth of the helium 
transmission. 

If material with large scale porosity, such as graphite or unglazed 
earthenware, were substituted for the materials now under discussion the 
transmissions would be inversely as the square roots of the densities, 
i.e., about 2'7:1. If the size of the pores is diminished and approaches 
molecular dimensions, this ratio goes up to a very large value, as in the 
case of silica glass. The cases of materials like celluloid, cellophane, or 
gelatine are intermediate between these extremes. It may be that there 
are channels in these materials of very varied size, some able to transmit 
air, others only helium. 

6—Artificial Narrow Channels 

It is interesting to examine a case where the channel or crack is made 
artificially by the approach of two surfaces as closely as may be. As a 
practical example the tubes made by Messrs. Hilger for interferometers 
and the like, with worked glass ends put on in optical contact suggested 
themselves. Before such tubes are brought into use they are “ adhesed ” 
by heat, though the temperature is not allowed to rise high enough to 
destroy the optical flatness. A joint “ adhesed ” in this way does not 
allow helium to pass, being apparently equivalent in this to a fused glass 
joint. But a joint in optical contact without heat treatment is by no 
means tight against the passage of helium, or even of air. A joint of this 
sort was kindly placed at my disposal by Mr. F. Twyman, F.R.S. The 
bore of the tube was 10 mm. and the thickness 1 mm. Outside there was 
helium at 760 mm. pressure, and the inside was evacuated. Under these 
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conditions heliinn passed in at a rate of 9-5 x 10~* * * § cubic mm. per day. 
When air was substituted, the rate was 1 -4 x 10“* cubic mm. per day. 

It is doubtful whether this leakage takes place with approximate 
uniformity along every radius of the circular end plate. It may be that 
owing to the presence of polishing marks on the glass it is in reality con¬ 
centrated at a few special places, and in such a case there would be little 
basis for an estimate of the breadth of the channel. If, however, we 
assume that the radial flow is uniform all round, we may take the optical 
contact as indicating a channel not more than say 0-002 X or 10“^ cm. 
wide,* and probably a good deal less.t 

This figure still indicates a channel somewhat wide compared with the 
lattice space of crystals, or (probably) the channels in fused silica. Never¬ 
theless, it is narrow enough for the relatively high transmission of helium 
to become apparent. The ratio helium/air is 6: 8. 

Christiansen t has shown that the flow between glass surfaces with dis¬ 
tances ranging from 0-25 to 0 12 X, of various gases (hydrogen, oxy¬ 
gen, carbon dioxide) is as the inverse square root of the density. For 
helium and air this would indicate a ratio of 2-7:1. Since the actual 
ratio observed in the present experiments is as high as 6 • 8:1, it seems that 
we have already narrowed the crack enough for a different law to enter. 
With further narrowing we should presumably get a much higher ratio, as 
in the transmission through the interstices of sheet gelatine and silica 
glass. 

According to the view taken by Alty,§ and others who have discussed 
the phenomenon, the helium molecules which pass through these narrow 
cracks are to be regarded as creeping along the solid surface. When the 
breadth of the crack becomes very small compared with the mean free 
path, this action becomes the more important. 


Summary 

Helium is known to pass through silica glass at the ordinary temperature. 
The transmission is of the order of 0-3 cubic mm. per day per sq. cm., 
using a plate 1 mm. thick. Air does not pass to any sensible extent. The 

• The mean free path in helium at 0“ is 28-5 x 10-« and the molecular diameter 
about 2-5 X 10-«cm. 

t See paper, “A Study of Glass Surfaces in Optical Contact,” communicated’ to the 
Royal Society on 20 May, 1936. 

t ‘ Wied Ann.,’ vol. 51, p. 565 (1890). 

§ • Phil. Mag.,’ ser. 7, vol. 15, p. 1035 (1933). 
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process has been considered by Ally and others to consist in a creeping 
of the gas molecules along the walls of submicroscopic channels in the 
material. Ordinary glasses containing basic oxides do not transmit 
helium. It is shown that boron trioxide glass possesses the property. 
Helium passes through it about as rapidly as through silica glass. Borax 
glass does not transmit helium, so that the addition of a base stops the 
channels in this case as in silica. 

Various single crystals have been tested, including beryl, which is known 
from crystal analysis to have channels 2-6 A. wide, parallel to the axis. 
No passage of helium was detected. 

The same applies to various light metals in the form of sheet, viz., 
magnesium, aluminium, zinc, copper. 

Gelatine sheet transmits helium much more freely than air (factor 184). 
The same applies in a less degree to celluloid and cellophane. The actual 
transmission of gelatine is greater than that of silica. 

An artificial channel, a few Angstroms wide, obtained by putting a 
plate on to the end of a glass tube in optical contact, shows something 
of the same behaviour. The ratio of transmission helium/air found was 
to be 6 8 for the case examined. 
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The Artificial Radioactivity Produced in Magnesium 

by a-Particles 

By C. D. Ellis, F.R.S., and W. J. Henderson, Ph.D. (Exhibition of 1851 
Student of Queen's University, Kingston, Canada) 

(Received 21 May, 1936) 

]—Introduction 

The artificial radioactivity produced in magnesium by bombardment 
with a-particles was discovered by Curie and Joliot* in their initial 
experiments, and since then it has formed the subject of numerous investi¬ 
gations. The present experiments were undertaken with the object of 
obtaining information about the relative behaviour of three magnesium 
isotopes Mg®*, Mg®’“, Mg®* during disintegration collisions with a-particles. 
Inspection of the table of isotopes, stable and radioactive, shows that we 
might expect to obtain three different radioactive bodies. Si®®, AP, Al®“ 
according to the following schemes: 

lijMg®* + aHe* - j^Si*' + X ; liSF „AF + 

ijMg®^ + jHe* - 13AP-h ; ,3A1®»a^SP + e" 

isMg®« 4 jHe* laAI®* 4- iH® ; laAP - uSi® 4- e". 

The radioactive body Al®" is well known and can be formed by a variety 
of reactions. It has a period of 2-3 mins. In their first experiments, 
using Po a-particles, Curie and Joliot also detected positive emission from 
activated magnesium which was certainly to be attributed to Si*®. Recently 
Fahlenbrachf and also Eckardt have found a long period of about 7 
minutes in addition to the 2 • 3 minute period, which effect, as they point 
out, is almost certainly due in part to the formation of the radioactive 
body Al®®. These experiments will be referred to later in this paper. In 
the present experiments we have identified, in addition to the well-known 
body AP, two other radioactive bodies, the one emitting electrons, the 
other positrons. These we consider to be respectively Al®* and Si*®. We 
have studied the dependence of the yield of these three bodies on the energy 

• ‘ J. phys. Rad.,’ vol. 5, p. 153 (1934). 
t ‘ Z. Physik,’ vol. 96, p. 503 (193.5). 
t Naturwiss,’ vol, 23, p. 527 (1935). 
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of the a-particle and endeavoured to interpret the results provisionally in 
terms of resonance levels and the energies for the respective reactions. 

The main difficulty in this investigation lay in the smallness of the 
effects from the two new bodies. These both had periods of roughly 
10 minutes, and even after long activation their combined initial activity 
was only about one-twentieth of the 2 • 3 minute body AP. We naturally 
needed as powerful a-ray sources for activation as possible and therefore 
used radon in a small glass tube whose walls were sufficiently thin to allow 
the a-partides to emerge with the greater part of their energies. This is 
by no means an ideal type of source for these experiments since it does not' 
provide homogeneous a-particles. Not only are there three groups of 
particles from Rn, Ra A, and Ra C' respectively, but each group is 
rendered diffuse owing to variations in the thickness of the glass and to 
a-particles passing through the walls at all angles to the normal. However, 
there was no alternative since activation of the magnesium had to be con¬ 
tinued for at least 30 minutes in each experiment in order to form approxi¬ 
mately the maximum quantities of the long period bodies, and a source 
of Ra (B -f C) on a metal disc would have been of little use. 

In some cases we had over 100 millicuries of radon in glass tubes with 
walls of stopping power equivalent to less than 2 cm of air but yet, after 
trying many different types of counter, we were unable to get an effect at 
about -f 15 minutes of more than twice the natural effect of the counter. 
At this time the effect of the short period AP and the combined effects 
of Si*' and AP* were about equal. Briefly, then, by the time the long period 
bodies began to be responsible for the major portion of the emission the 
effects were only of the order of the natural effect of the counter. We 
carried out many duplicate experiments, but it is quite clear that our 
results cannot be expected to be either very accurate or definite. To 
achieve this would require sources at least ten times as strong. We per¬ 
sisted, however, in the experiments because it is obviously of importance 
to obtain information about the comparative behaviour of isotopes under 
a-particle bombardment, and the phenomenon of artificial radioactivity 
renders it possible, in a simple manner, to study the effects from each 
isotope separately. 

2—The Main Decay Curve 

We first investigated the decay curve of the total activity produced in 
magnesium by a-particles. A small cylinder of magnesium about 3 mm 
in diameter, and of thickness 18 mg/sq cm was placed over a radon tube 
and the activation was carried out in vacuo to avoid contamination by 
radio-fluorine formed from nitrogen. The maximum energy of the 
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a-partides which escaped from the tube was 6-0 x 10* volts. The decay 
of the activity was followed with a Geiger-Mullcr counter and measure¬ 
ments were started 5 minutes after removal of the magnesium from the 
activating source and continued for a further 30 minutes. Several experi¬ 
ments of this kind were made and, the aggregate counts in successive 
minutes were plotted, and a smooth curve drawn through the points. 
The logarithms of the ordinates of this curve plotted against the time are 
shown in fig. 1. It is found that the curve can be analysed approximately 
into two exponentials of about 2-4 minutes and 10 minutes period. To 
investigate this in more detail, Peierls’s* method of analysis of exponential 



curves was used. It will be seen that after 21 minutes the short period 
body has practically disappeared, and the small amount of the short 
period body still present at this and subsequent times can be obtained 
sufficiently accurately from a graphical analysis of fig. 1. Applying 
Peierls’s method to the actual counts in successive minutes corrected in 
this way, we obtained a period of 9‘7 minutes with a statical error of 
12%. It was now possible to subtract the effect of the long period body 
in the earlier counts, and, still employing the analytical method applied 
to the actual counts, we found a period of 2-36 minutes with a statistical 
error of 3%. 

• ‘ Proc. Roy. Soc.,’ A, vol. 149, p. 467 (1935). 
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The first point to notice is that the short period agrees excellently with 
Fermi’s* measurement of the period of AP, that is 2-3 minutes. On the 
other hand, in addition to this body the decay curve seems only to demand 
one other period of 10 minutes, whereas we should expect to find two radio¬ 
active bodies Si'®^ and AP. It appeared likely, therefore, that the long 
period emission was complex, and since the former body should emit 
positrons and the latter electrons, we attempted to separate the effects 
by magnetic analysis. 

We used, in effect, the Thibaudf cycloidal method. The electromagnet 
had conical pole pieces tapering to about 15 mm diameter and leaving a 
gap of 9 mm. On one side of the field was placed the source, on the other 
a small ball counter of external diameter about 8 mm. The apparatus 
was tested with the electrons from a weak source of RaE, and the positrons 
from radio-phosphorus. By these experiments and by comparing the 
yield obtained in this arrangement with that obtained from the same 
sources placed directly opposing the counter at an equivalent distance, we 
assured ourselves that we could separate the positive from the negative 
emission in amounts independent of the velocity distribution. 

While the counts in these experiments were small, since the yields 
corresponded to placing the source several centimetres away from the 
counter, the results were qualitatively quite definite. We found a weak 
positron emission with a period of about 5 to 7 minutes, which, there can 
be little doubt, is to be attributed to Si*^ The negative emission yielded 
larger effects and the decay curve showed unambiguously the presence of 
two bodies. The main effect was due to a short period body of about 
2^ minutes’ period which was certainly AP. The longer period body 
could reasonably be identified with AP with a period of about 11 minutes. 
The total number of atoms of AP was about twice that of Si*^. 

More important than the periods are the relative cross-sections for 
activation of the three isotopes. For a thin foil of magnesium these are 
determined by the relative initial activities. The case of a thick layer of 
magnesium is slightly more complicated, but it is easy to see that the 

fK / /</E\ 

initial activities are now determined by the quantity J [q{E)l-^)dE, 

where q (E) is the cross-section for an a-particle of energy E and dEjdx is 
its rate of loss of energy. It is sufficiently precise for the present experi¬ 
ments to take the initial activity as giving a kind of integrated cross-section 
over all energies. 

* Fermi and others, ‘ Proc. Roy. Soc.,’ A, vol. 149, p. 522 (1935), 
t Phys. Rev.,’ vol. 45, p. 781 (1934). 
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Knowing the approximate periods and relative amounts of the two long 
period bodies, it was possible to determine by trial and error what relative 
initial activities they must have in order to give a combined effect which 
decayed exponentially with a period of 10 minutes between 25 and 35 
minutes after the end of the activation (see fig. 1). In this way we found 
that, within about 20%, the initial activities must be equal. In the same 
experiment AP, giving the strong period emission, had an initial activity 
16 times that of combined long period bodies. Hence, taking into account 
the relative proportions of the three isotopes Mg”, Mg®, and M^* 
(77 - 4; 11-3; 11 -3), we find that their integrated cross-sections are in the 
ratio 1; 220: 7. 

The great difference between these values is interesting and we therefore 
attempted to determine how the relative cross-sections dep)ended on the 
energy of the a-particles. 


3—Dependence of the Cross-Section on the Energy of the 

a-PARTICLE 

We first ascertained, by using the magnetic analysis apparatus, that 
there appjeared to be no marked change in the relative activities of Si*' 
(from Mg”) and Al*? (from Mg*®) on increasing the a-particle energies 
from 6-0 to 6 6 X 10* volts. For more accurate information we turned 
again to the decay of the total emission. We used a cylinder of magnesium 
foil 2-5 cm in diameter and this was placed axially over an «-ray tube, 
in a vessel which could be either evacuated or filled with dry carbon 
dioxide to any desired pressure. The beam of a-pjarticles is, of course, 
heterogeneous for the reasons already mentioned, but the maximum energy 
■of the a-particles could be varied by changing the pressure of the carbon 
dioxide. Activation was continued for between one and two hours, and 
readings commenced half a minute after removal and continued for a 
further 30 minutes. Five decays were taken at each of three ranges, 
yielding 23,000 particles at the highest range, 8600 and 4300 at the two 
lower. The results are shown in Table I. The analysis is restricted to 
separating the activity of AI** (from Mg*®), pieriod 2-3 minutes, from the 
combined effects of Si*’^ (from Mg”) and AP (from Mg”), which together 
give a 10-minute period. The analysis was carried out numerically using 
the actual recorded counts. 

We shall consider these results together with those obtained by the 
direct observation of the jwotons emitted from magnesium, and it will be 
convenient to refer to fig. 2. In this diagram and throughout this section 
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we denote stable nuclei by a surrounding circle, viz., •> and unstable 
nuclei by a square | Al In drawing this diagram we have assumed that 
we can divide the disintegration process into stages, and that the first stage 


Table I 


1 

n 

Ilf 

IV 


Ratio of initial 

Total initial 

Separate initial 

Max. energy of 

activities of 

activity in 

activities 

a-particle in 

short to long 

arbitrary units 

Rx Rt 

volts X 10~® 

period 

per unit 

(2 *3 min) (10 min) 



activating source 

(arbitrary units) 

5-4 

6100 

10 

1 1*6x10’* 

6-1 

17 

30 

2-8 017 

6*6 

23 

8*7 

8*2 0-46 



Fig. 2. 


is the direct absorption of the a-particle with the formation of the unstable 
complexes I Si < | Si | Si; . Each of these can now undergo a dual 

disintegration, emitting either a neutron forming i Si(su ^ or a 
proton to form (Al j j Al j | Al [ . The processes studied in this present 
paper are shown in full line. 

A great deal of work has been devoted to the investigation of the pro¬ 
tons ejected from magnesium, and it seems clear that the results obtained 

in this way must refer mainly to the reactions (M^ -->• | Si j | Al: . 

Haxel* has put forward convincing arguments in support of this, which 
do not need to be repeated here. We may, however, note that the radio- 

activity shown by [All and | Al | is a measure of the proton emission 
from and Comparing our experiments with those of 

• ‘ Phys. Z.,’ vol. 22/23, p. 804 (1935). 

2 B 2 
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Duncansonand Miller,* we estimate that for a-particles energies of about 
6x10* volts the total yield of protons from Mg“ and Mg®* is only of the 
order of 1% of that from Mg*^. The resonance levels found by investi* 

gating the protons must therefore refer to (M^ . They are shown in 

Table 11. On general grounds one would anticipate that the resonance 
levels of the three isotopes would be similar, and it is a point of consider¬ 
able interest to see whether this is borne out by the experiments on the 

variation of the yield of AI , and ! A1 i , 

Table II 

Resonance levels of Mg** 
in volts X I0~* 

/--V 

< 5-2 5-7 6-3 

''Z< 

We shall take first Ai which gives information about the resonance 

levels of (m^“ , Reference to Table I shows that there is a considerable 

yield of AI** with a-particles of energies of less than 5*4 x 10* volts, and 
that the yield increases by a factor of three on raising the energy to 
6-1 X 10* volts, and by a further factor of 2-7 when the energy reaches 
6-6 X 10*. Taking the details of the experiment into consideration, we 

conclude that this is compatible with having approximately the 

same resonance levels as Fahlenbrachf used a homogeneous 

beam of a-particles and concentrating on the production of j Al ' de- 

tected two resonance levels for (M^ at 5-4 and 6'1 x 10* volts. The 

agreement with the levels of is as good as could be expected. 

The yield of j Alj*', which shows the behaviour of *ttay be seen 

from Table 1. It must be remembered that j Al is responsible for about 

half what is termed the long period activity. The very low yield below 
5-4 X 10® volts is probably due to energy considerations and is discussed 

^ -■,2^ J 

later, but at the two higher energies the ratio of the yield of j Al j and 
j Al j is the same. This is strong proof of the similarity of the resonance 



* ‘ Proc. Roy. Soc.,’ A, vol. 146, p. 396 (1934). 
t ‘ Z. Physik,’ vol. 96, p. 503 (1935). 
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At present therefore the available evidence suggests definitely that the 
resonance levels of the three magnesium isotopes are closely similar. 

We may now compare the proton emission from the three isotopes from 
a slightly different standpoint. Using the data from our experiments and 

those from Duncanson and Miller* on the proton emission from 
we estimate that for a-particles energies of about 6-0 to 6-6 x 10^ volts 
the relative cross-sections for proton emission from (Mgf*, . and 
(Mg ; are of the order 500: 30: 1. The simplest physical way of inter¬ 
preting this variation is by means of the attractive forces of the extra 
neutrons on the proton. Again at a-particle energies of less than 5-4 x 

10* volts while the relative behaviour of (M^ and (M^ has not altered 

"\ .211 

greatly we find that there is scarcely any production of ! A1. . Reference 

to Table 1 shows that the relative cross-section of (Mg) and (Mg) has 
changed from 30 to 1 to more than 5000 to 1. This great change indicates 
that for this lower a-particle energy the proton is ejected from with 

an energy less than that of the top of the potential barrier, whereas for the 
other two isotopes, and for all three at the higher a-particle energies, the 
proton escapes over the top of the barrier. 

■ .27 

Lastly, by comparing the yield of : Si I from (Mg) with the total pro¬ 
ton emission, which is also mainly from (M^^*, we obtain some informa- 
tion on the neutron proton branching of the intermediate product j si. 

For a-particle energies of 6 x 10® volts, it is at least a thousand times in 
favour of the proton emission, and for a-particle energies less than 5-4 x 
10* volts it must be more than a hundr^ thousand times. Probably in 
the latter case the neutron emission does not occur at all because there is 

not enough energy available. The formation of by proton emission 

from (Mg) involves the absorption of about 2 x 10* volts. If we now 

consider the formation of j Si | by neutron emission we note that firstly 

a million volts more is needed owing to the greater mass of the neutron, 
and in addition about two million volts to provide the energy of disin¬ 
tegration of j Si |‘^ into In other words, the formation of i Si 

from (m^** involves an absorption of energy of about five million volts 
and therefore cannot occur for a-particle energies below this. 

• *'Proc. Roy. Soc.,’ A, vol. 146, p. 396 (1934). 
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A — Comparison of the Energy of the a-PARTicuES fr<»i Al*® 

AND Al*® 

We used the Thibaud arrangement referred to in § 3 to separate the 
negative from the positive emission, and then carried out experiments 
on the absorption of these electrons. The method was to follow the 
decay curve of the combined emission from Al** and Al*® for 30 minutes 
with, in alternate minutes, an absorber of copper of 0-146 gm/cm* placed 
over the counter. As a result of several experiments, we found that during 
the first few minutes the absorber transmitted about 53% of the electrons 
whereas between 20 and 30 minutes after activation 85% was transmitted. 
The former figure will refer mainly to the emission from Al®*, which 
predominates at first, and is in fair agreement with Fermi’s* estimate of a 




Fio. 3. 

half-value thickness of 0-16 gm/cm* for this body. The measurement 
between 20 and 30 minutes shows the transmission of the electrons from 
Al*® (period 11 minutes) since Al*® will by then have almost completely 
disappeared. We reach, therefore, the interesting conclusion that the 
electrons from Al*® are faster than those from Al**, although Al** has 
much the shorter period. 

In the light of current theory we interpret this to show that isAl*® liSi*® 
is a permitted transition without change of ^in, but that j*Al®* -* ^Si*® 
is non-permitted and involves a change of spin. Now it must be re¬ 
membered that there is strong T'Cniission from the Al** disintegration, 
so that we may represent the disintegration of Al** as in fig, 3, the spin of 
iiSi** being put as zero since it contains equal numbers of protons and 
neutrons. In the case of Al*® -♦ Si*®, we were not able to obtain any 

• Fermi et al, ‘ Proc. Roy. Soc.,’ A, vol. 149, p. 522 (1935). 
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information whether there is strong y-ray emission owing to the smallness 
of our effects, and we cannot therefore analyse the spin changes any 
further at the moment. It is, however, clear that the ground states of 
Al*** and Si*** must in any case have different spins. 

We would like to thank Lord Rutherford for his encouragement and 
advice during this work, and Mr. May for many helpful discussions. We 
are indebted to Mr. Crowe for the preparation of many radioactive 
sources and to Mr. R. Cole for help in the experiments. 

Summary 

The artificial radioactivity produced when magnesium is bombarded 
by a-particles has been studied and separate effects arising from each of 
the three isotopes have been identified. By investigating the effects pro¬ 
duced by a-particles of different energies, information is obtained about 
the resonance levels of the isotopes. The results are discussed in terms of 
the energies available for the different reactions. The probability of 
ejecting protons from Mg“, Mg*\ and Mg*® is very approximately in the 
ratio of 500; 30: 1. The electrons from the radioactive body AP of 
period about 11 minutes are found to be of higher average energy than 
those from Al** despite the latter’s shorter period. The conclusion is 
drawn that the transition AP* ► Si®* is a “ permitted ” one without change 
of spin, but that AP" --*■ Si*" is “ non-permitted ” and involves a change of 
spin. 
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The Resistance and Thermoelectric Properties of the 
Transition Metals 

By N. F. Mott, F.R.S., H. H. Wills Physical Laboratory, University of 

Bristol 

(Received 22 May, 1936) 

1—In two recent papers* the author has given for the transition metals 
a theory of electrical conduction which accounts for many of their 
peculiarities. In Paper I a reason was given for their relatively high 
re.sistivities and for the shape of the curves obtained when the resistivity 
of an alloy such as Ag-Pd is plotted against atomic composition; in 
Paper II the behaviour at high temperatures of Pd and Pt was discussed, 
and also of the resistance of ferromagnetic metals and of alloys such as 
constantan (Cu-Ni). In this paper it will be shown that the theory can 
give an account of some of the thermoelectric properties of these metals 
and alloys. The thermoelectric properties of ferromagnetic metals are of 
especial interest, because they have been cited as evidence that the same 
electrons are responsible for the ferromagnetism as for the conductivity.t 
We shall also give a further discussion of the electrical resistance both of 
paramagnetic and of ferromagnetic metals and a more detailed com¬ 
parison with experiment than was attempted in Paper II. 

In all metals the possible stationary states of an electron may be 
divided into zonesj (the “ Brillouin zones”); for cubic metals the first 
zone contains 2N states per N atoms; Jones§ has shown that for the 
bismuth structure a zone exists containing 5N electrons. Two zones may 
either be .separated by a range of forbidden energies, or they may overlap. 
If all the states of a given zone are occupied, that zone can make no con¬ 
tribution to the conductivity of the metal. In the divalent metals or in 
bismuth the available electrons could just fill a zone; but, since these 
metals are conductors, we must assume that there are a certain number 
N«o of ” overlapping ” electrons in the second zone and an equal number 

• • Proc. Phys. Soc.,' vol. 47, p. 571 (1935); * Proc* Roy. Soc.,* A, vol. 153, p. 699 
(1936), referred to as Papers I and 11. 

t Dorfman, Jaanus, and Kikoin, * Z. Physik,’ vol. 54, p. 277 (1929); the conclusions 
of these authors have been criticized by Stoner, * Proc. Leeds Phil. Soc.,’ vol. 2, p. 401 
(1933). 

t Cf. Mott and Jones, “ The Theory of the Properties of Metals and Alloys," 
Oxford, 1936. 

§ ‘ Proc. Roy. Soc.,’ A, vol. 147, p. 396 (1934). 
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of vacant places or “ positive holes ” in the first zone. The assumption 
that «o is small compared w^ith unity accounts for the fact that divalent 
metals and bismuth are poor conductors compared with monovalent 
metals; it is not necessary to assume that the mean free path is different 
for the two groups. 

The explanation given in Paper 1 of the poor conductivity of the tran¬ 
sition metals is different; here we have two zones to consider, which we 
called the s zone and the d zone. In nickel the number «« of electrons 
per atom in the .v zone and the equal number of positive holes in the d 
zone were shown to be about 0 -6, and in palladium 0-55, which are not 
small compared with unity. These metals differ from the divalent metals 
in that the “ effective mass ” m of the positive holes is large compared 
with that of the electrons, because the d wave functions of the individual 
atoms overlap relatively little. This has two consequences: firstly, the 
positive holes make only a small contribution to the electric current in 
the metal, and secondly, the stationary states in the d zone are abnormally 
close together so that the density of states (E) is large. The positive 
holes affect the resistance of a metal in the following way: under the 
influence of the lattice vibrations the s electrons may make transitions to 
unoccupied states of nearly the same energy in the d zone, as well as to 
other states in the .y zone. The analysis appropriate to this case is given 
in Paper 11, where it is shown that the probability of these s-d transitions 
is proportional to the density of states (E) in the d band. If (E) is 
large we may expect this transition probability to be large and hence the 
mean free path to be small, which will lead to a small conductivity. 

The most direct experimental evidence of the influence of the positive 
holes on the conductivity is provided by the behaviour of, for instance, the 
Pd-Au alloys. As gold is added to palladium the magnetic susceptibility 
of the alloys decreases and attains the small negative value of pure gold 
at about the composition 55 atoms per cent of Au, as is shown in fig. la ; 
we may assume that at this composition the positive holes are all filled up 
{cf- Paper I). If now po, pio„ denote the resistivities of these alloys at 0‘' 
and 100“ C., then pmo -- po is a measure of the part of the resistance which 
depends on the thermal vibration of the atoms of the metal and which is 
therefore proportional to the absolute temperature. This quantity is 
shown also in fig. la. It will be seen that pio©— Po is much larger for Pd 
than for Au, but that it falls to nearly the value for pure gold at about the 
same composition as that at which the positive holes disappear.* 

* The absolute value of the resistance, shown in curve III, increases as gold is added 
lo palladium, because the increase in the “ Restwiderstand ” outwei^s the decrease 
due to the filling up of the positive holes. Rosenhall (‘ Ann. Physik,’ vol. 24, p. 297 
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Fig. 1—Properties of gold-palladium alloys, (a) Curve 1: atomic susceptibility* 
XA at —183° C.; curve II: pioo — p« in arbitrary units;! curve 111: resistivity p* in 
arbitrary units.! (b) Absolute thermoelectric power S, microvolts per degree. 
Curve I: observed! at 0° C.; curve 11: theoretical, fitted to the observed curve for 
100% Pd. 

* Vogt, • Ann. Physik,’ vol. 14, p. 1 (1932). 

! Gcibel, * Z. angew. Chem.,’ vol. 69, p. 38 (1910). 

! Sedstrom,' Diss.,’ Lund (1924). 

(1935)), however, has shown that if hydrogen is added to the similar Pd-Ag alloys, 
then, if the concentration of Pd is greater than 40%, the resistance at first decreases. 
It is known (cf. Paper I) that the addition of hydrogen decreases the magnetic sus¬ 
ceptibility of these alloys, and thus that the electrons from the hydrogen atoms are 
effective in filling up the holes in the d shells of Pd. For these alloys, then, the effect 
of the protons on the already high residual resistance must be less than the effect of 
filling up the holes. 
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2—^We denote by (E), N, (E) the densities of electronic states in the 
d and s bands respectively. At the absolute zero of temperature all states 
are occupied up to a maximum energy E = IJo- According to quantum 
mechanics, the heat capacity of the electrons at temperature T is propor¬ 
tional to N (l^o) T. Since for palladium* the atomic heat in cals, per 
degree at low temperatures is 0-0032T and for nickelf 0-00169T, while 
for silver} (d band full, N,, (i^o) = 0) it is only O-OOOIST, we may deduce 
that for the former two metals (i}#) is 10 to 20 times bigger than N, 
which should be about the same as for silver. 

Since the d band is nearly full, we shall take for (E) in the neighbour¬ 
hood of the highest occupied state 

N,(E) = CVEr^ E<E„ 

= 0, E > Eo (1) 

this formula being valid near the head of any band. 

The two functions N, and are shown in fig. 2 for values of the energy 
in the neighbourhood of If the number Mq of positive holes per atom 
is known, we may estimate Eq — fro™ specific heats at low temperatures 
from formulae (1), (1.1): the results are, with 0-55 respectively, 

Ni§ Pd 

T„ = 3470° 1940“ 


We may take N, (E) to be sensibly constant, as shown in fig. 2a, over a 
range of E comparable with kT even at high temperatures. 

We may note that the number of positive holes is, per unit volume. 


Hence from (1) 


n„ =c 2 f^’N, (E) dE - iC (Eo - I}*)’. 

J 0 

(^o) ”o*- 


( 1 . 1 ) 

( 2 ) 


As shown in Paper II, if t (E) is the time of relaxation for electrons of 
energy E, so that 1/t is the probability per unit time that an electron is 
scattered by a lattice wave, thcnll 

T = mC* 

* Simon and Pickard, unpublished; 1 wish to thank Professor Simon for allowing 
me to quote these results. 

t Keesom and Clark, ‘ Physics,’ vol. 2, p. 513 (1935). 

} Keesom and Kok, ’ Physica,’ vol. 1, p. 770 (1934). 

§The figure given is for ferromagnetic nickel; for paramagnetic nickel we must 
take T,» 3470/2*/* s2200; c/. Mott, ‘ Proc. Roy. Soc.,’ A, vol. 152, p. 42 (1935). 

II Cf. Paper II, equation (15), in which, since > |ji, and a,, > a^, the last term on 
the left-hand tide may be neglected. 
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where A and B depend on the wave functions of the initial and final states, 
and is the Debye temperature. To calculate the conductivity and 
thermoelectric properties we need to know t only for values of the energy 
near the surface of the Fermi distribution, i.e., for E = So- The only 



Fic. 2— (a) Density of states in d and s bands as functions of E in the neighbourhood 
of E — So- (b) Time of relaxation t(E) and the function —dfl&E plotted for 
T/To — 0-413, both in arbitrary units. 

term in (3) which varies rapidly with the energy is (E); we may there¬ 
fore take for 1/t near the surface of the Fermi distribution 


1 

T 


= const. 



Eo-E n T 
Eo-Um©p*’ 


(4) 


where a is the ratio of the probability of s-s transitions to that for s-d 
transitions for electrons with the energy Co- 
Fig. la, curve II, shows that at room tempo-ature the filling up of the 
positive holes in Pd decreases the part of the resistance which depends on 
temperature about fivefold. In our subsequent work, therefore, we shall 
assume ~n ■)< 

« —U*ZJ, 
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which, according to formula (4), gives this fivefold difference between the 
values assumed by 1 / t when E = Eo (no positive holes) and when E Co- 
With this value of a, t (E) according to formula (4) is illustrated in 
fig. 2b. 


3—Resistance of Palladium and Platinum at High Temperatures 

In calculating the resistance we shall neglect the contribution to the 
current actually made by the positive holes. The conductivity a is then 
given by* 



Here a (E) is the conductivity for electrons of energy E, defined by 

a (E) : Ne„ e* T (E)im, (5) 

where Nen is the effective number of s electrons per unit volume, t (E) 
the “ time of relaxation ” (time between collisions) of an s electron of 
energy E. /(E) is the Fermi distribution function defined by 

^ j • 

The function ?//?E is small except in the range C — kT < E < C + ^T. 
We may take Non to be constant in this range, but, at high temperatures, 
owing to the rapid change of t with E shown in fig. 2b, this is not legiti¬ 
mate for T. We therefore take for the conductivity 

( 6 ) 


In Paper II, using formula (4) for t with a == 0, we obtained from (6) 
an expansion in ascending powers ofTfT„: 


a 


const, f, , 71* / T >* 

T 6 ^To/■■■ 


This expansion is, however, valid only for quite small values of T/Tq; wc 
have therefore evaluated (6) exactly. For this purpose it was necessary 
to calculate II as a function of T. This was obtained by equating the 
number of s electrons to the number of positive holes: 


N,(E)[1-/(E)]i/E=: r N,(E)/(E)</E, 

•.-*00 J—OO 


* CJ'., for example, Mott and Jones, toe, cii., chap. 7. 
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Between the temperatures zero and T the ri^t-hand side cannot change 
by more than a term of the order kT /Co (~0-02) of its original magnitude; 
it was therefore taken as constant; we have, therefore, transforming the 
left-hand side by writing E' — — E 


C V exp((E--Ef+OCT+. = r ^ 


iCikToV. 


Using this equation Eq — C may be calculated for a series of values of 
T/To by using values already given by the present author.* 

We then integrated (6) numerically for a series of values of T/To. As 
fig. 2 shows, for T/To ~ 0-4, “^(E) is by no means constant within the 
range in which —dfjdE is finite. We give in Table I the results for the 
ratio <l> defined by 

^ -[T(E)(a//aE)rfE 
^ T (Co) 


which gives the decrease in the resistance due to the finite spread of the 
function —dfjSE. 

Table I 

T/To .... 0 01 0-2 0-3 0-4 0-5 0-6 

^ . 1 0-98 0-92 0-78 0-65 0-54 0-47 


To compare these results with experiment we plot in fig. 3 the observed 
and calculated values of p/T for Pd, where p is the resistivity. The 
theoretical values are obtained as follows: the following formula for the 
resistance of a “ normal ” metal can be derived from the theory subject 
to certain simplifying assumptionsf: 


where ©r, is the characteristic temperature and 



•/T 

0 


x^dx 

(e« ~ 1)0 -e-*)' 


-+ 1 as T/0D '»• 

The function G has been tabulated by Gruneisen,| and is in good agree- 
* ‘ Proc. Camb. Phil, Soc.,’ vol. 32, p. 108 (1936). 

t Cf. the article by Sommerfeld and Bethe, ‘ Handb. Phys.,’ vol. 24/2 (1933). p. 530. 
t • Ann. Physik,* vol, 16. p. 530 (1933). 
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ment with experiment in the region T ~ 0^ for most normal metals {e.g., 
Cu, Ag, Au). For palladium, specific heat measurements give 0j, — 270, 
and we plot in fig. 3 the function G (T/©!,) with this value of ©u fitted 



Fjo. 3—Resistance p/po of palladium divided by the absolute temperature T. I. 
Griineisen function, allowing for thermal expansion; • the same, multiplied by 
1 ^; II, observed. 


to the experimental curve at low temperatures. For normal metals p'T 
increases slightly with temperature, and this may be accounted by the 
decrease in ©„ due to thermal expansion ;* this is given byt 


_ d(\og 0|>) __ «T*C„ .Q. 

Vxo ’ 

where aj is the thermal expansion coefficient, V the volume per gram 
atom, and Xu fhc compressibility at the absolute zero of temperature. 

Curve 1 shows the value of p/T calculated from (8) with ©^ varying 
according to (9). The points marked • show these same values with the 
ordinates multiplied by <f), with To = 3450, which gives the best fit with 
the experimental curve II. 


4—^Thermoelectric Properties of Paramagnetic Metals 

Platinum and palladium have large negative thermoelectric powers; at 
100“ C. the values, in microvolts per degree, are -7-3 and —9-5, com¬ 
pared with -f2'0 and -f2-2 for silver and gold. 

* Mott and Jones, loc. cit,, chap. 7, § 7. 

t Cf. Herzfeld, “ Warmclehre,” p. 250, or Mott and Jones, toe, cit., chap. 1. 
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From the theoretical point of view, the thermoelectric power S depends 
on the rate of variation with E of the quantity ufE) given by (5); the 
theoretical formula is* 

c ( S(logg(E)) l 

^ 3 e I . Ie ^ 

In (T (E) we shall neglect as before the variation with E of all factors 
except T (E) ; as fig. 2 shows, t (E) increases rapidly with E. The thermo¬ 
electric power will therefore be large and negative. 

Substituting formula (4) in formula (10) we obtain, putting 


E„ ~ Co - *To 
3 e Tq I -|- a' 


( 11 ) 


We shall calculate To from the observed values of Sjoo — S®, assuming 
a i; 

S|oo So 

microvolts To 
per degree degrees 


Pd . -2-8 4100 

Pt . -2-9 3900 


These values will be correct only as to the order of magnitude, because 
we have neglected in deriving (11) all factors except the rapid decrease of 
the density of states in the d band, and thus the factors which produce the 
whole thermoelectric effect in, say, Cu or Au. 

The derivation of (11) neglects the finite spread of ?//3E discussed in 
the last section, and will therefore be incorrect at high temperatures. 


5—-Alloys of Palladium 

As palladium is alloyed with copper or silver or gold, electrons are added 
and hence To decreases and the thermoelectric power becomes numerically 
greater as long as there remain any positive holes in the d band; when, 
however, the d band is full we should expect the thermoelectric power to 
fall to a value comparable with that for the noble metal. The quantity 
S plotted against atomic composition should thus show a discontinuity. 

Denoting by IJo the energy of the highest occupied state for pure Pd 
and by that of the alloy, formulae (4) and (10) give for the thermo¬ 
electric power 

S ~ 

3 e «v(Eo-i:o)+V(Eo-V)* 

* Cf. Mott and Jones, he. cit,, chap. 7. 
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As explained in § 2, we may take \/(Eo — ^'o) proportional to and 
thus for an alloy containing x parts of Cu or Ag to 1 — x of Pd 

V(Eo - Co) = V(Eo - ^o) 

Thus the formula for S becomes 

S - const. T (0-55 - x)-‘ j |« + ^ y| x < 0-55. 

The theoretical curve is shown in fig. \h, and also the experimental points 
for Pd-Au due to Sedstrom.* Similar results are obtained for Pd-Ag 
and Pd-Cu. 

Heimburgt has shown that the numerical value of S for palladium 
charged with 900 volumes of hydrogen is more than twice as great as for 
the pure metal. Various workers have found that as palladium absorbs 
hydrogen the paramagnetism decreases and eventually disappears.^ It 
would be interesting to know whether for Pd saturated with H the 
numerical value of S eventually decreases, as for the Pd-Ag alloys. 


6~Resistance of Ferromagnetics 

We consider the metal nickel at a temperature T below the Curie 
point. In any one of the spontaneously magnetized domains there will 
exist a magnetization I in some definite direction, I being a function of 
the temperature and of the external field H. We denote by lo the satura¬ 
tion intensity which I attains at the absolute zero of temperature, and by z 
the fraction given by 

z = I/Io. 

Then at temperature T a fraction i (1 — z) of the unoccupied d states 
have their spins parallel to I and a fraction ^ (1 -f z) will have their spins 
antiparallel. 

Let now Ni (E) represent the density of states in the d band with spin 
parallel to I and N 2 (E) that for antiparallel spins. We shall take, corre¬ 
sponding to (1) 

N, (E) = iCV(Ex-E) 

N2(E)-iCV(Ea~E). 

* ‘ Diss.,’ Lund (1924). See also ‘ Hand. MetalJphysik.,’ vol. t (1935). 
t ‘ Phy*. Z.: vol. 24, p. 149 (1923). 
t Cf. the discussion in Paper I. 
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El and Ej represent the highest energies that electrons with the two spins 
can have; owing to the intramolecular field Ej and Eg will not be equal 
unless I --- 0. We show Nj and in fig. 4. 

We now consider the time of relaxation Ti and Tj of s electrons with 
spins parallel and antiparallel to themagnetization. We set as before 

l/Tia:Ni(E)+ P I .p. 

i/t2 0cn*(e)+ p r • 

where p is the contribution to the scattering from s-s transitions; thus 
Ti and Ta are unequal. As for Pd we shall assume that for paramagnetic 



nickel (nickel above the Curie point) s-s transitions are responsible for 
one-fifth of the resistance. If then above the Curie point Ej == E* = Eo. 
and Eo — Co ~ fcTo as before, (12) becomes below the Curie point 


~ — const. 


T f v/(Ei-E) 
M0* \V(Eo ~ Co) 



a-i. 


(13) 


with a similar expression for tj. The two expressions for t as functions 
of E are shown in fig. 4. 

If C'o represents the highest occupied state at T = 0 for given H, and 
Co for vanishing field, then from (2) we see that 



1 ^) - (1 - zy. 




(14) 
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the two quantities giving the relative numbers of positive holes with 
given spin compared with the numbers in the paramagnetic state. 

We now lake the conductivity to be given by 

(15) 


In Paper II we took the resistance to be proportional to the sum of I/tj 
and I/tj. This would be correct if a conduction electron changed its 
spi n direction d uring a mean free path. Formula (15), however, gives much 
better agreement with experiment, and is correct if the spin direction of a 
conduction electron remains unaltered during a mean free path, which we 
shall assume to be the case. 

If we treat dfjdE as vanishing except at the point E = ^'o, then (15) 
gives for the resistivity by (14) 


(16) 


We may consider this expression to be a function of two variables T and 
r; 2 is a function of T and H. The two limiting cases, z ~ \ (saturated 
nickel) and z == 0 (paramagnetic nickel) are of interest: comparing the 
two we have 

P£r2 = 2- /I - + —7-Vil = 0-34, (17) 

p,„o 1 4- a/ Loc a + 2U 

if a = O’25. Thus the dependence of p on the magnetization is large. 

It will not be correct to use formula (16) at high temperatures because 
of the corrections discussed in § 3. Even at low temperatures, moreover, 
the alteration in the conductivity due to demagnetization cannot be calcu¬ 
lated from (16), because when the demagnetization is small the correspond¬ 
ing value El — II is in fact always comparable with kT. We have there¬ 
fore evaluated the integral (15), exactly for a series of values of T. For 
this purpose it was necessary to know Ei — II, E* — II; these quantities 
were calculated from the equations 


VEdE 

Jo e(B-(E.-())/« 1 

r* y/EdE 

in + 1 




The quantities on the right are proportional to the number of positive 
holes with the two spin directions. For I/Iq we took the experimental 


2 C 2 
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values, and for To == (Eo — Co)/^ we took the value 2200% deduced from 
specific heat measurements at low temperatures.* 

Fig. 5 shows the values thus obtained. Curve I shows the observed 
resistance of nickel, in arbitrary units. Curve II is the calculated curve 
for I — 0 (no magnetization). This curve was obtained as in § 3 for 
palladium, with To ~ 2100 and 0], = 410, and was fitted to the observed 
values just above the Curie point. The three points marked © are 
calculated, as described above, for the observed magnetization at the 



Fio. 5~Resistivity of nickel. • observed; © calculated for zero magnetization 
(fitted to curve I at 635“ K.); 111 calculated for I/Io == 1; © calculated for 
observed values of I/Io. 

temperatures 275, 380, and 515° K. The agreement between theory and 
experiment is good. 

Curve III is that calculated for I/Io = 1. 

If one calculates the resistance from the simple formula (16) one gets 
very similar results, but with larger deviations from III for low tempera¬ 
tures. 

* Mott, ‘ Proc. Roy. Soc.,’ A, vol. 152, p, 42 (1935). 
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7—Thermoelectric Properties of Ferromagnetics Near the 

Curie Point 

For the paramagnetic metals Pd and Pt, |S| increases linearly with T 
as for normal metals; for nickel, on the other hand, |S| is greater some 
way below the Curie point than at the Curie point itself, as shown in fig. 6. 
We believe this to be due to the same reason as the increase in |S| for Pd 
when Au is added in solid solution; for s electrons with their spins parallel 
to the direction of magnetization, the number of positive holes available 
for transitions decreases as the magnetization increases. As fig. 4 shows, 
this leads to a more rapid variation of x with E and hence to a larger 
value of |S|. 

The thermoelectric power is given by 


S ^ ^ k*T ( a 


From (13) this gives 


3 e 


|^10g(x,+ T,)}^^^ 


3 e 




■4* 




{(Ei-i:'o)*+a(Eo-i:o)‘P {(E,-Co)‘+«(Eo-Q‘}*J 

1 , 1 


(Ei-Co)*+«(Eo-!:o)^ ^ (E, - Co)* + « (Eo - C 


d- 


Substituting for E from (14) this gives 


S ~ const. TI 


1 

Ui- 


+ 


_ « + (1 + z)i 
z)* a + (1 - z)» 

1 ot -f- (1 


r)* 


(1 + Z)* a + (1 + zy 


V< 


;2a + (1 + z)» + (1 - z)»]. 


This formula is derived on the assumption that xj and x, do not vary 
much in the range in which df/dE is finite, which we have seen not to be 
the case; it should, however, give qualitatively correct results. 

Using the same experimental values of z as a function of T as before, we 
plot in fig. 6 the theoretical values of S and the experimental values due to 
Grew.* The experimental and theoretical values arc fitted at the Curie 
point. The agreement is fair, and the deviation probably due to the reason 
mentioned above. 


Summary 

Explanations are given in terms of the quantum theory of metals of the 
following phenomena: 


• ‘ Phys. Rev.,’ voL 41, p. 356 (1932). 
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The decrease in the temperature coefficient of resistance of palladium 
and platinum at high temperatures. 

The large negative thermoelectric power of palladium and platinum. 
The increase in the absolute magnitude of the thermoelectric power of 

T (degrees K.) 

^ 300 600 
(j-^^- 

-5 
-10 
-15 



Fio. 6—TTiermoelectric power of nickel; the dotted part of the theoretical curve is 
uncertain owing to the uncertainty in the experimental values of 1 — z (the de¬ 
magnetization). 

palladium when it is alloyed with copper, silver, gold, or hydrogen, and 
the sudden drop for higher concentrations. 

The sudden change in the temperature coefficient of resistance of ferro¬ 
magnetic metals at the Curie temperature. 

The behaviour of the thermoelectric power of nickel near the Curie 
temperature. 
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Acoustic Studies of Some Non-Transforming and 
Transforming Special Steels at Low Temperatures 

By Mary D. Waller, B.Sc., F.Inst.P. 

(Communicated by Sir Robert Hadfield, F.R.S.—Received 8 November, 

1935) 

1—Introduction 

The present investigation on some special steels and on Swedish charcoal 
iron was undertaken at the request of Sir Robert Hadfield, following my 
published note* describing a simple acoustic method of studying the 
persistence of vibration of transversely vibrating metal bars at different 
temperatures. In the present work the vibration frequencies have also 
been determined. The two series of observations give information 
regarding the internal damping and Young’s elastic modulus respqptively. 
Secular as well as temperature changes have been recorded in transforming 
nickel steels. The experiments have been made between —183° C and 
room temperature, and the results, whenever possible, compared with 
the Hadfield,t Dewar-Hadfield,t and De Haas-Hadfield§ low temperature 
researches on the maximum stress, elongation, yield point, reduction of 
area, and Brinell hardness of some of the same steels (see Table III). 

A list of the materials investigated is given in Table I, together with the 
data supplied by Sir Robert Hadfield regarding their composition, treat¬ 
ment, Brinell hardness, and specific magnetism. 

Historical Note —^As early as 1904 Beilbyll studied the frequencies of 
heated vibrating metal reeds by tuning their notes to those of an adjustable 
organ pipe. Robin made acoustic experiments in 1911 on the per¬ 
sistence of the notes emitted by transversely vibrating bars above room 
temperature which are essentially similar in principle to the present ones. 
Orowan** has recently shown how greatly the persistence of the note 
emitted by vibrating mica sheets may be affected by the presence of crevices 

• ‘ Proc. phys. Soc., Lond.,’ vol. 46, p. 124 (1934). 
t ‘ J. Iron Steel Inst.,’ vol. 1, p. 147 (1905). 
t • Proc. Roy. Soc.,’ A, vol. 74, p. 326 (1904). 

§ ‘ Phil. Trans.,’ A, vol. 232, p. 297 (1933). 

II “ Aggregation and Flow of Solids,” p. 170 (1921). 
t ‘ Carnegie Schol. Mem.,’ vol. 3, p. 125 (1911). 

•* ‘ Z. Physik,’ vol. 87, p. 749 (1934). 
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at their edges and the subject of vibration damping was discussed at the 
International Conference on Physics in 1934.* 

2—Apparatus and Method 

Duration of Audibility of Vibrating Bars —Bars of uniform size (6 inches 
long, i-inch square cross-section) were suspended horizontally at the two 
nodes (0-224 of the length from either end) from a rigid support by means 
of 34 S.W.G. wires, 12 cm long. The duration of audibility of the notes 
emitted by the bars, after striking their centres with a hammer so that 
they vibrated transversely in the free-free mode, was determined by ear 
and stop-watch. The impulse of the blow may vary over wide limits 
without appreciably altering the duration of audibility. This is on 
account of the logarithmic nature of the damping and the very great 
disparity between the initial and final vibration amplitude. Provided 
the ear was adjusted to a standard position (using for the purpose a 
mirror fixed at the side of the supporting stand), the error in the observa¬ 
tions was of the order of 5%. The only serious external damping was 
caused by the hoar frost which formed on the surface of the bars below 
0° C. The damping suddenly increased at 0” C when the hoar frost 
melted. Repeated experiments on numerous bar surfaces eventually 
made it possible to apply a reasonable correction for this source of error 
in the observations. 

Vibration Frequency and Calculation of Young's Modulus of Elasticity — 
The note emitted by a loud-speaker, connected to a calibrated mains- 
operated oscillator, was adjusted to that of the vibrating bar; the vibra¬ 
tion frequency by this means being given to an accuracy of 0 • 1%. Actually, 
the oscillator note was adjusted just above and just below the bar note so 
as to produce the same number of beats in either case, and the mean of 
the two oscillator readings was taken. Young’s modulus £ was calcu¬ 
lated in c.g.s. units from the frequency n by means of the equation:— 

u _ mrfiP 
V0S7St*' 

where m ~ mass, / == length, t — thickness in the plane of vibration of a 
thin bar of rectangular cross-section which is vi^ating transversely in 
the “free-free” fundamental mode. This formula gave satisfactory 
values of E when used in connexion with a number of materials of known 
elasticities, all the quantities on the right-hand side being measured to 

* “ Inter. Conf. Phys., London," vol. 2 (1935). 
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four significant figures. The contraction of the bars at low temperatures 
was neglected; the error so involved amounting, for example, for iron 
at liquid oxygen temperature, to 0-2%. 

Cooling and Measurement of Temperature —^The bars were cooled in 
liquid oxygen (—183° C) and the observations were made as they warmed 
to room temperature. The suspending wires were made of copper and 
constantan respectively and were employed as a thermocouple. The 
arrangement, devised so as not to interfere with the vibrations, has been 
described elsewhere. * 



Fig. 1—Duration of audibility and temperature. (1) S.C. iron. Steels:—(2) 2-4 
Cr; (3) 24 3 Ni, 6 Mn; (4) 57 5 Ni; (5) 181 Cr. 8-5 Ni; (6) Elinvar; (7) 12-7 
Mn. A correction has been applied for hoar frost damping below 0° C. 


3—Non-Transforming Steels and Iron 

The duration of audibility—and vibration frequency—temperature 
curves of the first seven bars of Table I are shown in figs. 1 and 2 respec¬ 
tively. (The curves Were continued above room temperature with the 
purpose of obtaining more satisfactory corrections for hoar frost damp¬ 
ing in fig. 1.) Each curve is characteristic of the given material, indicating 
that no permanent change has occurred as a result of its immersion in 

• WaUer, ‘ J. sci. Instr.,’ vol. 12, p. 300 (1935). 
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liquid oxygen. One partial exception must be made to this statement 
since bar 5 (18-10% Cr, 8-5 Ni) showed traces of transformation when 
examined after the experiments. 



Fio. 2 —Vibration frequency and temperature. (1) S.C. iron. Steels: (2) 2-4 
Cr; (3) 24 • 3 Ni, 6 Mn; (4) 57 • 5 Ni; (5) 18 • 1 Cr, 8 • 5 Ni; (6) Elinvar; (7) 12 • 7 Mn. 
The numerous observations used for constructing the curves are not shown 
individually. 


1 

2 

3 

4 

5 

6 

7 

8 


Table 11 


1—Duration of audibility in 

2— 

Vibration frequency 

seconds 





20*= C 

-isr 

20“ 

20“ C 

--183'= 

20“ 

16 

1 

16 

2842 

2910 

2842 

6 

15 

6 

2910 

2965 

2910 

13 

30 

12 

2654 

2725 

2654 

8-5 

8 

8-5 

2574 

2650 

2574 

9 

9 

9 

2877 

2965 

2877 

19 

19 

19 

2754 

2754 

2754 

14 

23 

14 

2846* 2694 

2846 

17 

2 

2-0-11 

2568 

2343 (1) 
2488 (2) 

2467 

20 

3 

4-2-27 

2706 

2590 (1) 
2627 (2) 

2570 

♦ 2862 at 

^50° C 

(1) Immediately. 

(2) Later. 



9 
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The unusual maximum in the vibration frequency of the Hadfield 
steel bar (12 -69% Mn, 1-27 C) in the neighbourhood of — 50® C corre¬ 
sponds closely with one previously found with carbon and Acheson 
graphite electrodes (see fig. 3), and it disappears when the carbon content 
of this steel is low. The iron curve, which has been inserted in the right- 
hand diagram, is typical of many of the metallic elements, and may be 
contrasted with the other curves of the figure. 

Connexions between the vibrating properties and the mechanical 
properties collected in Table III arc not obvious, but the fact that Hadfield 




Fio. 3—Variation of vibration frequency with temperature. (The bars were of 
different sizes.) (a) • 12-7% Mn steel; (b) O carbon; x graphite; — S.C. 
iron. 


manganese steel becomes brittle at low temperatures may be noted in 
relation with what has been said above. 


4—^Transforming Nickel Steels 

The last two steels of Table I, containing 31 -4% and 25-5% of nickel 
respectively, transformed from the austenitic (y, face-centred euWe 
crystal lattice), to the martensitic (a, body-centred cubic lattice) structure 
as a result of immersion in liquid oxygen. 

The duration of audibility of the vibrating bars was temporarily much 
reduced. Fig. 4 shows that it fell from 17 seconds to a fraction of R 
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second for the 31 *4% Ni steel bar. This observation may be compared 
with that of Wassermann* on a 30-33% Ni steel wire, to the effect that 
transformation from the y- to the a-structure was accompanied by plastic 
flow under tension and a decrease in the plastic strength. By means of 



-200 -100 0“C - 200 -100 0*C 'OO 


Fig. 4—31 • 4% Ni Fig. 5—25 ■ 5% Ni 

Figs. 4 and 5—Showing the great increase in internal damping which accompanies 
the transformation from austenitic (y) to martensitic (a) nickel steels. 


the acoustic observations, the subsequent decrease in the vibration damp¬ 
ing was followed until, as shown in fig. 6, a new stable condition, corre¬ 
sponding to a duration of audibility of 11 seconds, was reached some 
three months later. Re-immersions in liquid oxygen of the stable a steel 



Fig. 6—31-4% Ni Fio. 7—25 • 5% Ni 

Figs, 6 and 7—Showing the secular decreases in internal damping of newly formed 

martensitic (a) nickel steels. 


were not accompanied by abnormal damping, and the curves included in 
fig. 6 are comparable with those of the non-transforming steels in fig. !• 
The results obtained for the 25*5% Ni steel bar, which also transformed, 
are given in figs. 5 and 7 and are clear without further comment. The 


• ‘ Arch. Eisenhflttenw.,’ vol. 8, p. 347 (1932-1933). 










Acoustic Studies of Special Steels 


391 


steel is very similar to the 1287L {2^-1% Ni, 0-10% C, 0-30% Si, 0-50% 
Mn) steel of the De Haas-Hadfield* researches which was not per¬ 
manently affected by low temperature. The transformation detected 
acoustically was confirmed in the Hadfield laboratories, where it was 
found that the Brinell hardness of the 25 • 5% Ni steel had increased from 
138 to 302 and the specific magnetism from 23 to 86 {see Table I). It 
is in accordance with the constitutional diagram of nickel steel,t and the 
slight differences in composition account for the great differences in the 
room temperature properties of the two steels. 

The vibration frequencies decreased both temporarily and permanently, 
as a result of the y + a transformation. Fig. 8 shows that the frequency 
of the 31 -4% Ni steel bar fell from 2568 to 2343, which indicates a tempor¬ 
ary decrease of 16 7% in Young’s modulus. The final frequency 2467 




Flos. 8 and 9—Permanent and temporary decrease in vibration frequency accompany¬ 
ing the transformation of austenitic (y) to martensitic (a) nickel steels. 

was attained some hours later and denotes a permanent decrease of 
8-4% in Young’s modulus, or of about 9-1%, if account be taken of the 
increase in volume which accompanies the transformation. A vibration 
frequency-temperature curve obtained with the a steel is also shown in 
fig. 8; it is comparable with the curves of the non-transforming steels in 
fig. 2. 

The vibration frequency-temperature curves of the 25 • 5% Ni steel bar 
are given in fig. 9 in which it will be noted that the transformation is 
again accompanied by temporary and permanent decreases in the elastic 
modulus. 

In Table IV all the materials examined have been arranged in decreasing 

• De Haas and Hadfield, ‘ Phil. Trans.,’ A, vol. 232, p. 297 (1934). 
t See T. H. Burnham, “ Special Steels,” Guillett, vol. 53, p. 103 (1933). 
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order of Young’s modulus. The low values for the transforming steels, 
as compared with either iron or nickel, will be noted. 


5—Conclusion 

Each steel, between —183° C and room temperature, behaves in its own 
characteristic way as regards the temperature variation of either the 
internal damping or of Young’s modulus of elasticity; but these properties 
are not obviously correlated with the structure sensitive properties such as 
hardness, strength, or ductility. 


Table IV 


1 

2 

3 

4 

5 



Young’s modulus 

% change 

Number 

Type 


... ' ’ '""S 

between 



At 20^ C 

At --183® C 

3 and 4 



X dynes/sq cm 


2 

2-4 Cr 

21-80 

22-62 

3-8 

5 

18-1 Cr, 8-5 Ni 

20 12 

21-36 

6-2 

1 

S.C.I. 

19-46 

20-41* 

4-8 

7 

12-7 Mn 

19-97t 

17-82 

-10-3 

6 

Elinvar 

18-47 

18-47 

0 

4 

57-5 Ni 

17-88 

18-95 

5-9 

3 

24 -3 Ni, 6Mn 

16-42 

17-31 

5-4 

9 

25-5 Ni 

17-84 (y) 

16-35(0’ 

-8-4 



15-97 (a) 

16-82 («) 

5-2 

8 

31-4Ni 

15-81 (y) 

13-17(0 

-16-7 



14-59 (a) 

14-85 («) 

1-7 


* 20-45 after correction for contraction; the figures in column 4 have not been 
corrected for contraction (see § 2). 

t A maximum, 20-10 at —50* C. 

(y) austenitic, (a) martensitic, (t) immediately after transformation. 

An enormous, but temporary, increase in the internal damping occurs 
when the y (face-centred cubic crystal lattice) structure of a nickel steel 
transforms to the a (body-centred cubic lattice) structure. The trans¬ 
formation is also accompanied by a considerable temporary, and some 
permanent, reduction in Young’s modulus. Whereas the damping 
continues to vary for several months, the secular changes in Young’s 
modulus last only a few hours. 

A maximum in Young’s modulus exists at about —50° C for Hadficld 
steel (12-69% Mn, 1 -27% C), whidi corresponds closely with that found 
for carbon, and which is absent when the carbon content of this steel is 
low. 
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These results have been obtained by simple observations which appear 
to be very suitable for studying either brief or lengthy secular changes in 
metals, and by means of which rapid comparisons of Young’s modulus 
may be made. 

I should like to express my great appreciation and thanks to Sir Robert 
Hadheld, F.R.S., for his interest in this acoustic method of study, and 
for the opportunity of experimenting on some of the same special steels 
that have been used in his own low temperature researches. 

I have pleasure also in stating that the oscillator used for measuring the 
frequencies is the property of the Augustus and Alice Waller Memorial 
Research Trust. 


6—Summary 

An acoustic method used for determining the persistence of vibration 
and vibration frequency of transversely vibrating bars at different tempera¬ 
tures, is described. 

Some Hadfield special steels have been examined by the method between 
— 183° C and room temperature. During the transformation from 
austenitic, (y) to martensitic, (a) nickel steel, the internal damping is 
greatly increased and Young’s modulus of elasticity is considerably 
decreased. The modulus of « nickel steel is permanently less than that 
of nickel y steel. Hadfield steel (12'69% Mn, 1 '27% C) has a maximum 
modulus at about —50° C, which corresponds closely with a maximum 
found for carbon, and which is not present when the carbon content 
of this steel is low. 
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Ionization, Excitation, and Chemical Reaction in 
Uniform Electric Fields 

I—The Townsend Coefficient of Ionization 

By K. G. EMELfius, R. Winstanley Lunt, and C. A, Meek, The Queen's 
University of Belfast, The Sir William Ramsay Laboratories of 
Inorganic and Physical Chemistry, University College, London, 
and Imperial Chemical Industries, Ltd. 

(Communicated by F. G. Donnan, F.Jt.S. — Received 4 December, 1935— 

Revised 16 May, 1936) 

I—Introduction 

The development of a complete theory of the relationship between the 
data concerning single impacts of electrons on gas molecules (or atoms) 
and the average properties of electron swarms in gases, of which the 
Townsend coefficient of ionization is one, is beset with grave difficulties. 
It is ideally possible to predict this relationship from a knowledge of the 
scattering of individual electrons in collision; there are, however, neither 
sufficient data available from scattering experiments nor is the corre¬ 
sponding theory of scattering adequately developed.* 

The method of discussing the experimental data to be developed in this 
paper does not go so deeply into the problem. For the particular case of 
ionization by electron impact it attempts to find what auxiliary data are 
necessary to reveal the inter-relation between certain average properties 
of electron .swarms in gases, and their relation to data concerning single 
impacts between electrons and gas molecules (or atoms) which result in 
ionization. It is found that the only auxiliary data necessary for this 
purpose are those describing the electron velocity distribution in the 
swarm for which the average properties have been measured. 

The measurements of average properties of electron swarms in gases 
have been made principally by Townsend and his collaborators-f The 
conductivity of the gas and related phenomena are treated as properties of 

* Massey and Mott, “ The Theory of Atomic Collisions,” Oxford (1933); Brodc, 

• Rev. Mod. Phys.,’ vol. 5, p. 257 (1933). 

t Townsend, “ Electricity in Gases,” Oxford (1915); “The Motion of Electrons 
in Oases,” Oxford (1925); Mierdel, * Handb. Exp. Physik,* vol. 13, part 3 ; Townsend, 

‘ Phil. Mag.,’vol. 20. p. 242 (1935). 
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the gas, and of the ratio of the electric field maintaining the swarm X, to 
the gas pressure p. We shall be concerned with the following measurable 
quantities;— 

(1) The mean energy of agitation of the electrons in a swarm, V in 
equivalent volts, or in Townsend’s notation Ar/27, where k is the 
ratio of this energy to that of the gas molecules. 

(2) The average electron drift speed in the direction of the electric 

field X, W cm sec^^. 

(3) The average number of new ions (or electrons), a, produced on an 
average by each electron while drifting 1 cm in the direction of 
the field X; a is known as the coefficient of ionization. 

A most important characteristic of these quantities is that, in a given gas, 
V, W, and ap ^ are all uniquely determined by the value of the ratio Xp '^.* 

(4) P (V), the number of new ions or electrons produced per cm of 
actual electron path (as distinct from drift path) by an electron 
of energy V electron-volts in a given gas at unit pressure, 1 mm; 
the number corresponding to any other pressure p is then p . P (V). 

Determinations of this quantity have been attempted by several workers!; 
we shall make use of the more recent and precise work of Smith, and of 
Tate and Smith. 

The remaining quantity required is the velocity distribution function for 
the electrons. This has never been measured directly when the current 
density is as small as in the experiments to measure ap'^. It can be 
calculated theoretically only if simplifying assumptions are made about 
the collisions between electrons and molecules. Probably in one gas 
only (neon) have the approximations made to allow for inela.stic collisions 
been sufficiently good for any reliance to be put on the results. For this 
case DruyvesleynJ has obtained a distribution function, which is com¬ 
plicated in form, the use of which gives good agreement between the 
theoretical and experimental values for v-p ^ \ in form this function departs 
considerably from the Maxwellian. A large departure is indicated by 
our results for another inert gas, argon (Table V). For diatomic gases a 
reliable theoretical formula for the distribution function does not exist: 
the main conclusion of the present paper is that it is not far from the 
Maxwellian. 

* C/., however, Penning, ‘ Physikal Z.,’ vol. 33, p. 816 (1932). 

t Hughes and Klein, ‘ Phys. Rev.,’ vol. 23, p, 450 (1924); Compton and van Voor- 
his. ibid., vol. 26, p. 436 (1923); vol. 27, p. 724 (1926); Smith, ibid., vol. 37, p. 808 
(1931); Tate and Smith, ibid., vol. 39, p. 270 (1932). 

t' Phys. Z..’ voi. 33, p. 856 (1932); ’ Physica,’ vol. 3, p. 63 (1936). 
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In order to trace the relationship between the three specified average pro¬ 
perties of an electron swarm in a gas, the single impact data, and the 
electron velocity distribution, it will suffice to consider the case of a swarm 
of electrons of low density moving in a uniform electric field. Such 
conditions are realized with considerable exactitude in Townsend’s 
experiments with very small currents, and are reasonably close to those 
in positive column discharges if the current density is not too high.* 

II—General Theory of Ionization by Electron Swarms 

The problem will first be stated in a most general form for any velocity 
distribution. Let n^./(V).dV be the number of electrons present in 
a swarm of electrons having energies between the limits V and V + dV 
electron-volts. From the definition of P (V) the number of ionizing 
collisions K, made by all the electrons per second in a gas at the pressure 
p is given by 

R, = /7.nJp(V).t;./(V).dV, (1.1) 

where v cm sec"^ is the speed of an electron of energy V electron-volts, 
and thg integration extends from the ionization potential, V„ to infinity. 
These two quantities are related by 0-5 w . = e . V/300, where m is the 

electronic mass and e the charge in e.s.u. The average number of ionizing 
collisions made per electron per second S, is then given by the quotient 
of R< by or 

s, - f .I p (V). Vi ./(V). dV, (1.2) 

which may be written 

Sj = p. Sj 

where Si is the value of S, for unit pressure, 1 mm. 

If W cm is the average distance of electron drift per second in the 
direction of the electric field X, the average number of ionizing collisions 
per electron per cm of drift, « (by definition Townsend’s coefficient of 
ionization) is then given byt 


a - p . Si/W ‘ 

(1.3) 

= Si/W. 

(1.4) 


• Seeligcr, ‘ Phys. Z.,* vol. 33, p. 276 (1932). 

t Expressions similar to this have been used previously, for example by Null 
(‘ Phys. Rev.,’ vol. 47, p. 301 (1935)), who employed an approximate theoretical 
expression for W, whereas we have used the experimental values. 
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The ionization factor P (V) is known from the results of experiments 
at low pressures. For any assumed form for /(V) dW, a may then be 
evaluated from (1.3) when the values so obtained should agree with those 
found by direct experiment if the form assumed for/(V) rfV is the correct 
one. 

In calculating a by (1.3) it is assumed initially that the velocity dis¬ 
tribution of the electrons is isotropic in space. This can never be exactly 
true when the electrons have a drift speed in the direction of the electric 
field, and although no great error is introduced in these calculations by 
assuming this isotropy for small values of some correction must be 
applied for the lack of isotropy for larger values of Xp”* {cf. § IV p. 406). 

In some of the calculations based on (1.2) it is convenient to use an 
approximate expression for P (V). 


The Algebraic Expressions for 

An essential step in the calculation of a by equation (1.3) is the evalua¬ 
tion of the ionization integral, Si. For this it is necessary to assume a 
specific form for /(V); the two forms we consider are the Maxwellian, 
and one proposed by Townsend. 

The Maxwellian form is:— 

{2^r ''' 

where T, is the electron temperature, and k is the Boltzmani^constant. 
By introducing into this expression the average electron energy, V electron- 
volts, which is related to the electron temperature by 

eV/300 = 1-5 A:T„ 

and substituting for/(V) in the expression (1.2), we obtain after evaluating 
the numerical constant 

Si = 1 -23 X 10«. V-> (“ P (V). V . </V. (2.2) 

Townsend’s expression* for f(V) dW is 

/(V) rfV = n-i. V-' . e-(v/v-»-85)*, rfv. {S.l) 

Since this distribution is only valid under any circumstanws* for V 
greater than 1 • 5 V, its use must be restricted to values of V less than 
0'667Vi. 


• ‘ Phil. Mag.,’ vol. 9, p. 1173 (1930). 
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By proceeding in the same manner as with the Maxwellian distribution, 
we find 

Si == 3 • 35 X 10^ V-^ r P (V). VI. e-iv/v-s.'.s). jy p j) 

P (V)* is known as a function of V from experimentt; for values of V 
less than 3V,, P (V) is closely represented by P (V) = p (V — V^) where 
p is a constant characteristic of the gas. 

We shall also consider a few results obtained by a simple but incorrect 
expression for P (V), namely P (V) = y for V greater than V*; this is 
equivalent to assuming that y new ions are formed at unit pressure per 
cm of electron track for any electron having energy greater than V,. 
This expression is very similar to that used by Townsend in his original 
theoretical discussion of 

In a number of gases for which ap“^ has been measured as a function of 
X/J~’, Townsend and his collaborators have also measured as functions of 
Xp~'^ the drift velocity, W, and the factor k by which the average energy 
of the electrons in the swarm exceeds that of the gas molecules, the average 
energy in elytron-volts being given by kl27. We shall identify this 
energy with eV, and make use of the corresponding values of W in deriving 
a.p~^ by (1.4). Unfortunately, there are only a few cases in which k and 
W have been determined in a range of Xp~^ in which ap“* has also been 
measured; these are air, hydrogen, nitrogen, oxygen, and argon. 

The evaluation of a.p~^ from S according to (1.4) now depends upon 
the forms chosen for /(V) and P (V). The expressions for derived 
from various combinations of these are given below. The most accurate 
procedure is, of course, to carry out the integration of (2.2) and (3.2) 
graphically, using the experimental values for P (V). Since, in fact, P (V) 
rises to a maximum and thereafter diminishes monotonically, the use of 
the approximate expression, P (V) == p (V — V<) introduces an error tend¬ 
ing to increase the calculated values of S and therefore also of «p~^; the 
error is, however, small (cf. Table I). 

Maxwellian Distribution 

(i) Using the exact data for P (V) 

ap-i = 1 - 23 X 10« . W-i. M, (V) (2.3) 

• P (V) is numerically related to the probability cross-section for ionization, Qi (V) 
by the equation P (V) — 3 • 15 Q< (V), where Q< (V) is expressed in units of the 
area of the first Bohr orbit in hydrogen. 

t Tate and Smith, he. cit. 

t Townsend, he. eit. ; Mierdel, he. cit. 
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where 


M, (V) - r P (V). V . . rfV; 

J 


this integral must be evaluated graphically. 

(ii) Using the approximate expression P (V) = p (V — V<) 


where 


ap 1 5-48 X 10’ . p . W-> . Mfl(V) 

rOQ __ 

(V) = VV . (V - V..) . e-' . dV 

JV( 

= VI. r ' •■'•./v . (V, - 1 - 33 V)* 


(2.4) 


Townsend's Distribution 

(i) Using the exact data for P (V) 

ap-i = 3 - 35 X 10’. W-». T, (V) (3.3) 

where 

T, (V^) - V-i f* P (V). VI. . rfV; 

J v< 

the integral must be evaluated graphically. 

(ii) Using the approximate expression P (V) = P (V — V,) 

ap--i - 3 • 35 X 10’. p . W 1. Tp (V^), (3.4) 

where 

Tp (V) = V- i (” VI (V - V,) . </V; 

J Vi 

the integral must be evaluated graphically, and it is convenient for com¬ 
puting to make the substitution z — V/V. 

(iii) Using the arbitrary expression P (V) ~ y lor V > Vi 

= 3 • 35 X 10’. Y . W-*. T, (V), (3.5) 


* When the only unknown quantity in (2.4) is the number of new ions (or electrons) 
produced per cm of electron path, P (V), this expression may be used to derive the 
constant p in the approximate formula for P (V) provided that the ionization potential 
is known. Thus, for example, in the particular case that the electron velocity distribution 
is known to be Maxwellian, rearrangement of (2.4) leads to 


1-82 X 10-».W.<y-^ 
Mp(V) 


(2.5) 


It would be necessary to show that p found in this way was constant over a con¬ 
siderable range of V and corresponding values of W and of 
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where 

T, (V) - V > V* <?-(v/v~0.85)* _ ^V; 

J V,‘ 

the integral must be evaluated graphically, and again it is convenient to 
make the same substitution as in the previous case. 

Ill—N umerical Results 
Energy Distribution Assumed to be Maxwellian 

Hydrogen —Values of have been computed for a range of average 

electron energies V, both for the true* and the approximate, p (V — V<), 
values for P (V) from equations (2.3) and (2.4); the values 15-8 volts and 
0-21t have been taken for the ionization potential V<, and p, respectively. 
For less than 120 volts cm ^ ram Hg"^, Professor Townsend has 
kindly supplied the data for V (= kill) and W. For greater values of 
Xp'^ plausible extrapolations have been used for k and W. The data 
arc given in Table I. 

Air —Values of ap-i have been computed from (2.4) and the approxi¬ 
mate expression for P(V), in which we use the values p = 0-26 and 
V< — 16-3 adopted by Knoll-Ollendorf-Rompe.J Townsend and Tizard’s 
data have been used for k and W ;§ these extend to Xp~^ — 220. For 
higher values of Xp~^ up to 600, plausible extrapolations for k and W have 
been used. The data are given in Table II. 

Nitrogen —Values of have been calculated from (2.4), using the 

approximate expression for P(V) with the values p = 0-20 and V< — 
15 - 8.1 The values of V and W which have been used are those given by 
Townsendll; for values of Xp-^ greater than 1(X) plausible extrapolations 
of k and W have again been used. The data are given in Table III. 

Oxygen —Values of ap-^ have been calculated from (2.4), using an 
approximate expression for P(V). Since there are two ionization 
potentials at 12 >5 and 16 • 1 volts^ the usual approximate form P (V — VJ 
cannot be used. Inspection of the P (V) data shows that it is linear with 
respect to V in the range below about 16 volts, and also, with an increased 
gradient, from about 16 volts to 40 volts. This suggests that P (V) can be 

• Tate and Smith, he. cit. 

t Knoll-Ollendorf-Rompe, ‘ Gasentladungs TabeUen,’ Berlin (1935), p. 66. 

t Knoll-Ollendorf-Rompe, he. cIt. 

§ Townsend and Tizard, ‘ Proc. Roy. Soc.,’ A, vol. 88, p. 336 (1913), 

II Townsend “ The Motion of Electrons in Gases,” Oxford (1925). 

II Tate and Smith, loc. cit. 
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represented for V < 40by/>Pi(V — 12-5) + — 16'1), the approxi¬ 

mate values of Pi and p j being 0 • 085 and 0-190 respectively (P* is zero ftm 
V < 16 ’ 1). It is then necessary to evaluate a^‘ ^ for any given value of V 
as the sum of two expressions of the type (2.4). The values of V and W 
which have been used are those of Brose,* and again for values of Xp~^ 
greater than 60, plausible extrapolations have been used. The. data are 
given in Table IV. 

Argon —Values of ap"’ have been calculated from (2.4) using the 
approximate expression for P (V) with 15 and p — 0-365.1 Some 
uncertainty exists about the values of and W corresponding to 
the values of V used, because Townsend’s data^ for k in the range of 
concerned do not lie very close to a smooth curve. The values 
X/?' ^ (and W) have been derived by drawing a smooth curve for k (= 27 V) 
as a function of Xp~'^. The errors thus introduced are not of great 
importance since the resulting values of ctp~^ for this gas differ consider¬ 
ably anyhow from those obtained by direct experiment. The data are 
given in Table V. 


Townsend's Energy Distribution 

Hydrogen —Values of ^ have been computed from (3.3) and (3.4), 
using the true and the approximate values for P(V). In this and the 
other gases the same experimental data for V and W as functions of 
X/j and for p and V<, have been used as for the Maxwellian distribution. 
The data are given in Table VI. 

Air —Values of a/? ^ have been calculated from (3.4) and (3.5), using the 
approximate and the arbitrary expression for P (V), the value of y in the 
latter being chosen to give the same value of at Xp~^ — 200 as that 
given from (3.4). The data are given in Table VII. 

Nitrogen —Values of have been calculated from (3.4) using the 
approximate expression for P (V), The data are given in Table VIII. 

Argon —Values of have been calculated from (3.4) using the 
approximate expression for P (V). The data are given in Table IX. 

_ For the most part the calculations of ap~^ have been made for values of 
V at intervals of about 1 electon-volt; calculations made at intermediate 
values are omitted from the tables for brevity and because they in no way 
affect the conclusions drawn from them. 

• Brose, ‘ Phil. Mag,,’ vol. 50, p. 536 (1925). 

t KnoU-OUendorf-Rompe, he. cit. 

t Townsend, “ The Motion of Electrons In Oases,” Oxford (1925). 
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The ratio of the calculated to the experimental value of 6, has 
been evaluated in order to illustrate the agreement obtained; in those 
tables where a/j“^ has been calculated by more than one method, the 
corresponding values of 0 are distinguished by the same suffix as that 
borne by the a.p '^ to which they refer. 


Table I—Hydrogen 


<i 

1 

W X 10 

calc. 

calc. 

ap-‘ 

exptl. 

0. 


2 13 

0’47 

OO 34 

0 0,46 

0*015 

0 027 0 03 

3 21 

0-73 

0015 

0*020 

0*027 

0-55 

0*74 

4 31-5 

1-20 

0-089 

0*11 

0*090 

0*99 

1*22 

5 43-5 

1*82 

0*23 

0*28 

0*26 

0*88 

1*08 

6 57-5 

2-63 

0*40 

0*49 

0*50 

0*80 

0*98 

7 72-5 

3*62 

0-57 

0*71 

0*81 

0*70 

0*88 

8 88 

4*62 

0-77 

0*96 

M2 

0*69 

0*86 

9 105 

5*75 

0-95 

1*20 

1*45 

0*65 

0*83 

10 123 

6*98 

110 

1*42 

1*75 

0*63 

0*81 

13 161 

950 

1-33 

1*83 

2*24 

0*59 

0*82 

14 203 

12 3 

1*47 

2*22 

2*66 

0*55 

0*83 

Maxwellian distribution: 

15-8, p- 

^ 0 * 21 ; 

calculated from (2.3) and 

fronm (2.4); extrapolated values of V and W are in italics. 

The experimental 

data for have been taken from' Handb. Exp. Physik.,’ vol. 13, pt. iii. 

Table II— Air 

p. 100 . 

V 

Xp-^ 

W X 10“» 

ap-» 

calc. 

ap-i 

exptl. 


0 , 

2 

20 

0-9 

00,2 

— 


— 

3 

36 

1*35 

0011 

0012 


0-93 

4 

55 

1-84 

0 074 

0 077 


0-96 

5 

75 

2*25 

0-24 

0*29 


0-84 

6 

100 

2*70 

0-53 

0-72 


0-74 

7 

130 

3*19 

0-92 

1-33 


0-69 

8 

163 

3*74 

1-39 

1-95 


0-71 

9 

198 

4*23 

1-90 

. 2-60 


0-73 

lO'O 

239 

4-73 

2-44 

3-33 


0-73 

12 0 

334 

6^73 

3-59 

4-86 


0-74 

14^0 

455 

6^62 

4-88 

6-48 


0-76 


595 

7^58 

6-14 

7-87 


0-78 


Maxwellian distribution; V/ »= 16-3, |J = 0'26; calculated from (2*4); extra¬ 
polated values of V and W in italics. The experimental data for taken from 
* Handb. Exp. Physik,’ loc. cU. 
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Table III —^Nitrogen 


V 


W X 10-’ 

calc. 

ap"i 

cxptl. 

e, 

1*80 

10 

0*49 

1*54 X 10 

0*011 

1-4 X 10-* 

2*20 

20 

0*86 

1*09 X 10-» 

0 024 

M 

1 

o 

X 

2*67 

30 

M7 

6*19 X 10-^ 

0*038 

016 

40 

50 

1*71 

0 109 

0*082 

1*33 

6*0 

86 

2-47 

0*745 

0*307 

2*42 

7 0 

108 

2‘93 

1*25 

0*584 

2*14 

9 0 

160 

3‘S4 

2-57 

1*51 

1*70 


Maxwellian distribution; - 15*8 volts, {i ~ 0*30; calculated from (2.4); 
extrapolated values of V and W in italics. The experimental data for taken from 
‘ Handb. Exp. Physik,’ loc, cit. 


Table IV— Oxygen 


V 

i 

X 

p 

(Xp~^ 

ap'i 





calc. 

exptl. 


4*4 

33*1 

1*47 

0*307 

0*007 

44 

4*6 

35*9 

1*58 

0*361 

0*029 

12 

4*8 

39*1 

1*69 

0*424 

0*056 

7*6 

5*2 

44*5 

1*88 

0*574 

0*100 

5*7 

5*6 

50*8 

2*09 

0*733 

0 162 

4*5 

6*0 

57*9 

2*32 

0*911 

0*25 

3*6 

70 

74*5 

2-80 

1*44 

0*51 

2*8 

80 

94*0 

3‘27 

2*04 

0*86 

2*4 

90 

120 

3‘SO 

2*66 

1*36 

2*0 

Maxwellian distribution; ^ 

- 12*5 and 16*1, P 12.5 - 

0-083 and pi6 i = 0-190; 

extrapolated values of V and W in italics. 

The experimental data for ap ' ^ taken from 

Masch, ‘ Arch. Elektrotcchnik,* 

vol. 26, p. 

587 (1932). 





Table V- 

—Argon 



V 

Xp-^ W X 10-» 

ap-* 

ap“^ 

G/s 




calc. 

exptl. 


11-25 

2 

0168 

162 

0*005 

3-2 X 10* 

11'5 

3 

0 258 

113 

— 

— 

1187 

5 

0-400 

80 

0*075 

l-I X 10 * 

120 

100 

0-65 

50 

0*182 

2-8 X 10* 

120 

15 

0-82 

40 

0*300 

1-3 X 10* 


Maxwellian distribution; V< >= 15 ■ 0, p 0 • 365; calculated from (2.4). The 
^perimental data for taken from ‘ Handb. Exp. Physik,’ loc. ciV. 
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Table VI— Hydrogen 


V 

Xp~^ 

W X 10“’ 



ctp~^ 






calc. 

calc. 

exptl. 



4*79 

42 

1*73 

— 

0*0869 

0*23 

— 

0*003 

4.94 

43 

1*79 

0*0091 

— 

0*24 

0*038 

— 

5-85 

55*5 

2-50 

— 

0*0127 

0*46 

— 

0*028 

604 

59 

2*73 

0*0141 

— 

0*53 

0 026 

— 

6’87 

71 

3*50 

— 

0*0557 

0*78 


0*072 

7 09 

74 

3*70 

0 063 

— 

0*84 

0*075 

— 

7-90 

86-5 

4’50 

— 

0*150 

1*08 

— 

0*14 

8-15 

90 

4*76 

0*163 

— 

1*16 

0*14 


8-77 

101 

5*50 


0*267 

1*38 

— 

0*19 

905 

106 

5*8J 

0*283 

— 

1*47 

0*19 

— 

9*87 

118 

6*60 

— 

0*458 

1*67 

— 

0*27 

nr 

155 

9*09 

— 

0*792 

2*18 

— 

0*36 

12 1 

162 

9*64 

0*760 

— 

2’26 

0*34 

— 

Townsend’s distribution; 

- 15*8, p 

- 0 * 21 ; 

calculated from (3.3) and 

from 

(3.4). 

The experimental data for as for Table VI. 




, 

Table VII — Air 




V 

Xp-‘ 

W X 10-’ 




o^ 

0 , 




calc. 

calc. 

exptl. 



4.94 

73 

2-20 

0-0,7 

0-002 

0-24 

0-0029 0-0083 

604 

101 

2-71 

0-015 

0-032 

0-72 

0*021 

0-045 

815 

167 

3-80 

0-23 

0-29 

2-02 

0*11 

0-14 

9 05 

200 

425 

0-45 

0-45 

2-60 

0*17 

0-17 

10-2 

247 

4-85 

0-81 

0-63 

3-46 

0*23 

0-18 

12 1 

337 

S-71 

1-64 

0-92 

4-91 

0*31 

0-19 

Townsend’s distribution; V* 

- 16-3, p = 

= 0-26, Y 

= 0 *815; calculated from 

(3.4) and from (3.5); extrapolated values of V and W in italics. 

The experi* 

mental data for a.p 

as for Table II. 







Table VIII- 

—Nitrogen 



V 


Xp-‘ W X 10-» 




Os 





calc. 

exptl 



4*79 


63 

1*99 

8-6 X 10-* 0-14 


6-1 X 10-* 

5-85 


83 

2*42 

0019 

0-28 


0-068 

6*87 


105 

2*88 

0-097 

0-54 


0-18 

8*77 


154 

3*75 

0-560 

1-39 


0-40 


Townsend’s dis^bution; V< = 15 8, p =« 0-30; c«tai?qt*d from (3.4); extra¬ 
polated values of V and W in italics. The experimental data for ap“* as in Table HI. 
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Table IX— Argon 


V 

\p^ 

W X 10“® 

calc. 

0Lp~^ 

exptl. 

4*54 

0*20 

3*30 

5-80 X 10‘ 

— 

6*52 

0*42 

3-81 

8*00 

— 

8*33 

0-65 

4-60 

51-2 

0 005 at 

10*4 

0-92 

5*85 

140 

X/? ’ 2 

111 

1*7 

26 

44*5 

below which there 
arc no data 

Townsend’s distribution; 

• 15-O, fi -- 0*365; ^ calculated from (3.4). The 


experimental data for ’ as in Table V. 


IV —Discussion of Numerical Results 

Before we review the comparisons that may be made between the 
calculated values of ap ^ and those obtained by direct experiment, atten¬ 
tion must be drawn to the fact that, although the determinations of k and 
of W have usually been made on the same sample of gas, even Townsend 
and his collaborators do not appear to have determined a.p-^ simul¬ 
taneously. When it is remembered how readily the electrical properties 
of a gas may be influenced by traces of impurities, it will be seen that some 
uncertainty exists as to how exactly the values of k and W used in the 
calculations correspond to the conditions under which ap' * was measured. 
The position is complicated by the fact that the single impact data used in 
the calculations have been obtained in other laboratories, although there is 
little doubt that the values of P (V) used here do refer to gases in a very 
pure state. In a further communication we hope to present results 
based on simultaneous determinations of k, W, and in gases of the 
same purity as that used for the measurements of P (V). 

Further, some extrapolation of data has been employed, the extent of 
which can be seen from the tables; whilst these extrapolations appear 
reasonable, their use introduces some uncertainty into the results for the 
extrapolated ranges. It is unfortunate that in the range of in which 
k and W have been determined in helium and neon does not overlap at all 
that in which otp-^ has been measured; we have not felt justified in making 
the large extrapolations that would be necessary to compare calculated 
with observed values of Even in argon the overlapping range is very 
small compared with that of the diatomic gases. 

Hydrogen —For hydrogen the calculated values of ap“^ based on the true 
values for P (V) and a Maxwellian velocity distribution, agree approxi¬ 
mately with those obtained by direct experiment in the range of Xp~^ 31 '5 
to 123, but the ratio 6, shows a downward drift with increasing Xp~*. This 
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drift persists to a diminished extent in the further range of up to 203, 
in which the values of k and W have been obtained by extrapolation. 

The use of the approximate expression P (V) = p (V ~ V<) leads to 
values of 6g which are not far from unity and are sensibly constant over a 
very wide range of The values of a,/> ’ and may be compared 
to illustrate the magnitude of the error introduced by the use of the 
approximate expression for P (V) {cf. p. 398): it is seen that is the 
greater in the whole range, but the ratio a^/a, only increases from 1 -15 at 
V = 2 to I -29 at V ~ 10; at higher values of V this ratio increases more 
rapidly, but even at V = 14, it amounts to 1 - 5 only. 

The use of the exact or of the approximate form for P (V) thus leads 
to a very satisfactory agreement with experiment in that G is practically 
constant and close to unity; the small departure from unity might well be 
referred to experimental uncertainties, and in particular might in the 
latter case be connected with the actual value chosen for the constant p. 
Nevertheless, for the higher values of Xp~^ such agreement cannot be 
regarded as completely satisfactory because the drift motion of the 
electrons cannot then be neglected in comparison with their random motion 
in the ionization integral R (equation (1.1)). 

Townsend’s data show that the ratio W/U, where U is the random 
electron velocity, increases with Xp ~^; the assumption that the velocity 
distribution is isotropic is therefore not so justifiable at the higher values 
of Xp~^ as at the lower ones. It would be very complicated to allow 
exactly for this. So long as the departure of (U + W)/U from unity is not 
too large, we can, however, make an allowance in the correct sense quite 
simply; and the procedure we adopt leads incidentally to a good working 
rule for the calculation of « under these conditions. This has been done 
by assuming that the distr^ution remains Maxwellian, but with a mean 
energy V + KV^, where eVw/300 is the mean drift energy, 0-5 wW*, and 
K is a numerical constant which cannot be much different from unity, and 
is assumed to have this value. The results-of the calculations for ap-"* in 
hydrogen using the exact data for P (V) and this corrected expression for the 
average electron energy instead of V, are given in Table X. 

The results in Table X show that except again for the lowest values of 
Xp'S there is excellent agreement between the calculated values of and 
those obtained by direct experiment, 0 having the value 0‘91 and it is 

* It is not certain what value of the converting factor was used by Townswid in 
evaluating W from his experimental data [cf. Townsend, ” The Motion of ElecU-ons 
in Oases,” Oxford (1925)). If we provisionally assume that the value 0-92 was used 
instead of the value 0-815, the value of 0 over the whole range of from 42 to 155 
is then unity. 
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also seen that the downward drift of 9 noticed in Table I, column 6, may 
be attributed to the error introduced by neglecting the energy of drift 
motion.* 

The simplest explanation that can now be put on the constancy of 0 
when is derived from the approximate expression, P (V) == p (V — V,), 
and equation (2.4), is that the known error in the approximate expression 
for P (V) almost exactly counterbalances that introduced by assuming 
that the distribution is Maxwellian and isotropic. It is then seen that by 
increasing p by a factor of about 1 -2, the calculations would lead to 
values of which aie in very close agreement with those obtained by 
direct experiment over the whole range of Xp ^ examined. 

Table X—Hydrogen 


Corrected calculation allowing for drift velocity 


V 


o 

X 

Vw 

V f Vw 

txp-^ 

calc. 

OLp~^ 

exptl. 

0 

2 

13 

0*47 

— 

2 

0*0,4 

0*015 

0*003 

3 

21 

0*73 

— 

3 

0*015 

0*027 

0*55 

3-98 

31 

M7 

0 02 

4 

0*089 

0*089 

1*00 

4*91 

42*6 

1*76 

0*09 

5 

0*236 

0*25 

0*94 

5*86 

55-1 

2-49 

0*14 

6 

0*425 

0*46 

0*92 

6*72 

67-4 

3*28 

0*28 

7 

0*631 

0*71 

0*89 

7*52 

80 

4* 10 

0*48 

8 

0*868 

0*97 

0*90 

8-30 

93 

4*95 

0*70 

9 

MO 

1*22 

0*91 

903 

105 

5*77 

0*93 

10 

1*33 

1*46 

0*91 

9*73 

118 

6*60 

1*27 

11 

1*53 

1*67 

0*91 

10 4 

130 

7^45 

1*60 

12 

1*70 

1*87 

0*91 

n^7 

155 

90G 

2*30 

14 

2*00 

2*17 

0*91 


Maxwellian dis^ibution; V,: == 15 8; calculated from (2.3) in which V is 
replaced by (V 4- Vw) where Vw - 2 84 x 10 ** W*; extrapolated values of V and W 
in italics. The experimental data for a/»“* as in Table I. 


At the very lowest values of Xp~^ the value of 0 is very small; this 
indicates that under these conditions, the relative number of fast electrons 
is greater than that corresponding to a Maxwellian distribution. At some¬ 
what higher values of (Table I, columns 6 and 9) 0 as calculated 
passes through a small maximum before settling down to an approximately 
constant value, but the reality of this and its significance is uncertain. 

Air—The results for air are of particular interest because k and W are 
known over a very wide range of in which has also been 

* This correction has not been attempted for the other gases: its magnitude would, 
however, not be greatly different in them. 
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measured. When the approximate expression is used for P (V) (equation 
(2.4)), the value of 6^ is again constant over a wide range of Xp~\ and 
has the value 0 -75, very close to the corresponding one for hydrogen, 0-84 
(Table I, column 8). At the lowest values of Xp-^ the values of 0^ are 
again abnormally small. These results as a whole thus confirm the con¬ 
clusions drawn from the results for hydrogen. It must be remembered, 
however, that air, being a mixture, the choice of p and V, has been to some 
extent arbitrary although this cannot affect the order of the magnitude of 
the calculated values of 

Nitrogen —^For nitrogen there is considerable uncertainty about the 
values of a/jdetermined by direct experiment, widely divergent data 
having been reported by different workers;* it is not therefore possible to 
base any quantitative conclusions on the values for 0^. The calculations, 
which have been based on the approximate expression for P(V) and 
equation (2.4), again lead to calculated values of a/?"^ which are of the 
same order of magnitude as those determined by direct experiment for 
Xp~'^ greater than 40. For lower values of Xp-^, the values of pro¬ 
gressively diminish rather rapidly, and thus appear to provide a more 
pronounced example than is afforded by hydrogen of the number of fast 
electrons at low Xp~^ being considerably in excess of that predicted by a 
Maxwellian velocity distribution. 

Oxygen —In oxygen there is only one set of determinations of a/?"’, and 
these have been made by using an experimental technique very different 
from that used in Townsend’s laboratory. Moreover, the experiments 
were made on crude (cylinder) oxygen. On the theoretical side, the 
calculation of a.p-^ is perhaps uncertain on account of the proximity of the 
two ionization potentials. Nothing much better than agreement in order 
of magnitude is therefore to be expected, which is, in fact, attained. There 
is, however, one possibly important new feature in this case: as Xp~^ 
increases 0^ progressively decreases from 44 to 1 -96. An obvious inter¬ 
pretation would be that for Xp~^ less than 40, there is a considerable deficit 
of electrons capable of ionizing referred to the Maxwellian as standards. 
But it is also possible that the effect is attributable, at least in part, to the 
attachment of electrons to molecules forming relatively stable negative 
molecular ions (since these are known to be formed readily in oxygen), the 
diminution of 0^ with increasing Xp-^ then corresponding to a diminishing 
chance of their formation. 

♦ Ayres, ‘ Phil. Mag.,’ vol. 45, p. 353 (1923); Sanders, ‘ Phys. Rev.,’ vol. 41, p. 667 
(1932); Masch,/oc. ctr. 
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Argon —In argon the results are entirely different from those already 
discussed. The values of 0 are of the order of 10*, at the lower end of the 
range of Xp~^, and even at the higher end are about 10. No significant 
part of this discrepancy can be attributed to the (small) uncertainties in 
the actual values of k and W previously mentioned (p. 401). Whilst this 
discrepancy might be due in part to the large effect of impurities, it is 
more likely to be due to a real departure from the Maxwellian distribution 
such as Druyvesteyn* has shown may be expected in another inert gas, 
neon. This discrepancy, which seems likely to remain even if the experi¬ 
mental values should be somewhat in error, then leads to the inference that 
in the actual discharge there are many fewer electrons with energy greater 
than the ionization potential than would be expected if the distribution 
were Maxwellian. 

Townsend Disirihution—ConsidcTing firstly the results obtained by using 
this distribution function and the data for P(V) in hydrogen. Table VI, 
it wilitje seen that the values of 0, increase with Xp but never attain 
sensible constancy; they are everywhere smaller than the corresponding 
values for a Maxwellian distribution. The divergence of the calculated 
values from the results of direct experiment is not appreciably lessened by 
using the approximate expression for P(V) and equation (3,4). Similar 
discrepancies occur for air and nitrogen. Tables VII and Vlll. For air 
an arbitrary expression for P (V) has also been used together with equation 
(3.5) without, however, leading to any improvement in the 0 values. The 
application of the approximate expression for P(V) and equation (3.4) 
to argon again leads to values of ap * which are much greater than those 
obtained by direct experiment. 

Conclusions 

Taking the results for an assumed Maxwellian distribution in the 
diatomic gases as a whole, there is a very satisfactory concordance between 
the calculated and experimental values of a/>-‘; for the one atomic gas, 
argon, the two sets of values are widely different. When Townsend’s 
distribution function is used there is no such concordance. 

The origin of the difference between argon and the diatomic gases is 
probably that all collisions between electrons and atoms are elastic up to 
the resonance potential (11 - 5 volts), whereas in diatomic gases inelastic 
collisions, e.g., exciting vibration, can occur from a fraction of a volt 
upwards. Druyvesteyn’s* discussion of the motion of electrons in another 

• • Phys. Z..’ vol. 33, p. 857 (1932). 

VOL. CLVI.—A. 3 B 
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inert gas (neon) shows dearly that the velodty distribution function is 
far from Maxwellian when the current density is comparable with that 
in the experiments to measure Our failure to calculate ctp~^ for 

argon on the assumption of a Maxwellian distribution is compatible with 
this. In this connexion it is significant that the value of V varies little 
with X/7~^ in argon, and is close to the resonance potential (Table V), 
whereas, in the other gases considered by us, it varies much more with 

Our results for the diatomic gases, particularly for hydrogen, show that 
the experimental data for ap" V, and W are consistent with one another 
over a wide range of Xp^ ^ values if it is assumed that the electron velocity 
distribution is Maxwellian. It seems difficult to avoid the conclusion 
that in these cases the assumed Maxwellian distribution is a good approxi¬ 
mation to the actual distribution, at least for electron energies greater 
than about the ionization energy. It can be only an approximation 
because the conditions are not those which give rise to a thermal velocity 
distribution. The mimicking of the Maxwellian distribution may be due 
to the large variety and wide energy range of the inelastic collisions which 
can take place between an electron and a diatomic molecule. So far as 
we know, no evidence other than that adduced in this paper exists to 
show what the velocity distribution must be for electrons moving through 
diatomic gases with energies about equal to, or greater than, the ioniza¬ 
tion energy. We cannot suggest any satisfactory reason for the apparent 
excess of fast electrons for very low values of Xp~^. 

The calculations have not been extended to the highest values of Xp~* 
for which there are data for ap '^ Instead of a random motion on which 
is superposed a relatively small drift due to the field, at large values of 
Xp“^ the movement of the electrons becomes more nearly a directed 
motion along the field slightly perturbed by collisions with the molecules: 
for these conditions the description of the motion in the former way, 
which is essential to our analysis, therefore becomes invalid. Further, in 
the extension of the analysis developed here to excitation by electron 
impact and subsequent chemical reaction, it is found that the range of 
Xp"* investigated in this paper is the relevant one. 


Summary 

This paper makes an attempt to calculate the absolute values of 
Townsend’s coefficient of ionization, ap-*, in various gases. The only 
data employed are the experimental results on the absolute efficiencies 
of ionization by electrons of known energy as determined by Tate and 
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Smith, the ratio of the mean energy of the electron swarm to the thermal 
energy of the gas, and the drift velocity of the swarm as determined by 
Townsend. The only assumption made is that of the form of the dis¬ 
tribution function for the velocities in the electron swarm. Except for 
low values of good agreement with the experimental results over a 
wide range of Xp-^ is found for diatomic gases, particularly for hydrogen, 
by assuming a Maxwellian distribution and without the use of any adjust¬ 
able constants. A brief discussion of other cases in which agreement is 
not obtained is also included. 


Investigation of the Tensile Properties of Solid Mercury 
and a Comparison with Those of Other Metals at Low 

Temperatures 

By Professor C. H. Lander, C.B.E., D.Sc., and J. V. Howard, D.Sc., 
Imperial College of Science and Technology 

{Communicated by W. E. Dolby, F.R.S.—Received 23 Janmry, 1936) 

Introduction 

The mechanical properties of metals at temperatures approaching 
their melting points present a field of investigation which has not yet 
been adequately explored. Experimental procedure will vary according 
to the melting point of the metal. With the exception of mercury, all 
metals have a melting point considerably above atmospheric temperature. 
Mercury, however, freezes at — 39*7® C and, on this account, it is com¬ 
paratively easy to carry out tension tests at temperatures close to the 
melting point. 

The present investigation deals with the strength of mercury under such 
conditions and a comparison is made with several other metals and alloys 
at similar temperatures, namely, from 17° C to —130° C. 

At such temperatures the value of the tenacity obtained for the metals 
of low melting point is affected by the duration of the test due to “ creep ”. 
In the following experiments the duration of the test has been made as 
short as is reasonably practicable, for mercury approximately two seconds. 
The diagrams are therefore comparative among diemselves. 


2 E 2 
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The study of other metals near their melting points, which are above 
atmospheric temperature, will necessitate a different experimental pro¬ 
cedure. It is hoped to extend the work in this direction to other metals 
which have relatively low melting points. 

So far as is known, the first tension test on solid mercury was made by 
Dewar* who constructed a machine by which test-pieces were slowly 
broken in tension while immersed in liquid air at a temperature of — 182° C. 
The test-pieces were 0 • 2 inch in diameter and 2 inches long; and he obtained 
a value of 0-44 tons/sq in for the tenacity of mercury. Tests with a 
number of other metals led to the conclusion that all the common metals 
and alloys increase in tenacity at low temperatures with the exception of 
cast zinc, cast bismuth, and cast antimony. This exception, however, 
may be only apparent and due to weakening by cooling stresses. 

More recently, Andrade and Hutchings,! in an investigation of the 
mechanical behaviour of single crystals of mercury, carried out tension 
tests on mercury specimens 1 -66 mm in diameter and determined the 
critical shear stress at —43° C as 9-3 gm wt/sq mm corresponding to a 
longitudinal tensile stress of 18-4 gm/sq mm or 0-116 tons/sq in on the 
specimen. 

The present work differs from the preceding in the following par¬ 
ticulars— 

(1) the test-pieces used were of relatively large dimensions, namely, 
cross-sectional area 0-71 square inches, gauge length 3^ inches; 

(2) the tests have been made over a range of temperature from —58“ 
to -130“ C; 

(3) by means of the Dalby Autographic Load-Extension Recorder, 
load-extension diagrams have ^n obtained for each of the tests, 
the duration of which was of the order of 2 seconds. For the 
present only the complete diagrams from the beginning of the pull 
up to the instant of fracture have been recorded. These do not 
reveal the behaviour of the metal below the elastic limit if this 
exists. A detailed examination of this portion of the test is reserved 
for future work. 


Experimental Procedure 

Ordinary pure redistilled mercury was used in the investigation and it 
was strained through wash-leather between tests. At the end, it was 

• • Proc. Roy. Inst.,’ vol. 14, p. 400 (1894). 
t ‘ Proc. Roy. Soc.,’ A, vol. 148, p. 120 (1 January, 1935). 
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thought that some contamination might have resulted from contact with 
the copper core tube. A qualitative test, for which the authors are 
indebted to Professor Briscoe of the Imperial College, gave a negative 
result which proved the absence of copper, iron, lead, zinc, and tin as 
well as nickel and cobalt. As a further check, a final tensile test at a 
temperature of - 130° C afforded results identical with those of a test at 
this temperature made at the beginning of the series several months 
previously. 

Fig. 1 shows the arrangement of the mercury test-piece, together with 
the mould in which it was cast and the Dalby Load-Extension instrument, 
set up in the hydraulic testing machine. The shackles of the machine 
were provided with conical ebonite seatings of low conductivity and the 
mercury was cast in situ in the mould which was removed just before the 
test. A core tube, 5/16 inch diameter, made of varnished copper foil, 
0-002 inch thick was inserted in the mould and liquid air was passed 
through this until the desired temperature, recorded by thermo-couples 
embedded in the test-piece, was reached. In this way, solid mercury 
test-pieces at various temperatures down to —130° C were obtained. 
Temperatures lower than this could not be reached owing to conduction 
of heat through the ends of the specimen. The freezing process occupied 
about half an hour. 

The test-piece was actually a compound mercury-copper bar, 1 inch 
in external diameter and 3lj inches gauge length between the shoulders, 
but the cross-sectional area of the copper was only 0-0018 square inches 
as compared with the 0-71 square inches of mercury. The copper tube 
fractured, sometimes at two or three places, at an early stage in the pull; 
while its contribution to the strength of the test-piece was practically 
negligible as can be seen from an inspection of the load-extension 
diagrams. 

The duration of a tension test, for a given rate of straining, will depend 
on the total elongation of the test-piece. For the mercury tests, the time 
from the beginning of the pull to the instant of fracture was on the average 
between 1 and 2 seconds.' In this short time very little heat could enter 
the test-piece from external sources while it sufficed for the complete 
history of the test to be recorded photographically on the load-extension 
diagram. The energy expended in breaking is small compared with the 
volume of the test-pieces owing to the low stresses involved, and it is 
computed that it would produce a temperature rise of considerably less 
than one degree. The tests were thus sensibly at constant temperature. 

The test-pieces of the solid metals used for comparison were similar, 
the core tube being replaced by a central hole drilled through the test- 
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piece and conical nuts being screwed to the ends to suit the non-conducting 
seatings. The average duration of these tests was 5 seconds. 

The solid metals tested at low temperatures were: a typical mild steel 
of 0 15% carbon content, a 5% nickel low-carbon case-hardening steel, 
extruded zinc, extruded lead, duralumin, and nickel. The last has been 
shown by Hadfield"' to be an exceptional metal in that its ductility increases 
at low temperatures. 


Load-Extension Diagrams 

In general, the load-extension diagram of the tension test on a metal 
consists of— 

(1) a sensibly straight line ending at 

(2) a more or less well-defined “ yield point ”; 

(3) a curve of “ plastic ” deformation rising to a maximum load, which 

is usually the greatest load recorded during the test and on which 
the conventional “ tenacity ” is computed; 

(4) a droop in the curve following the maximum load and corresponding 

to the drawing-down of the metal to a neck at the point of fracture. 

For any particular metal or alloy, the load-extension diagram possesses 
characteristic features which distinguish it from the diagram of any other 
metal. The present investigation shows that, in general, for temperatures 
down to —130" C, the individuality of the load-extension diagram of each 
metal is preserved, the charges brought about by lowering the temperature 
being quantitative rather than qualitative. 

Figs. 2, 3, and 4, show the load-extension diagrams of tests on mercury 
at different temperatures. These have all the features of the diagrams 
of other metals: an elastic line, a definite yield point, a curve of plastic 
deformation rising to a maximum load, and a final droop to fracture. The 
ductility of solid mercury is so great that this final droop is carried right 
down to the extension axis even at the lowest temperature employed. 
In this respect it resembles lead. Towards the end of the tests, the curve 
has a tendency to undergo a reverse of curvature and to approach the 
extension axis asymptotically. This suggests that at this stage of the 
test the metal had become more or less viscous. 

The small “ kinks ” observable in some of the diagrams may be ascribed 
to the fracture of the copper core tube. This is probably exaggerated 
hy the momentary disturbance of the delicate extensometer mechanism 

• ‘ J. Iron and Steel Inst.,’ vol. I, p. 147 (1905); ‘ Phil. Trans.,’ A, vol. 232, p. 297 
(1934). 
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and, in any case, indicates the relative unimportance of the strength of 
the tube. In some cases, when the copper was so brittle as to have 
broken in more than one place, the effect on the diagram is not so obvious. 
The diagram of the test at —115° is slightly faulty owing to the freezing 
of the extcnsometer finger-pieces on to the gauge-point pins, and this has 
the effect of giving an apparently sharply defined yield point before the 
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Fig. 2. 

(fl) Temperature — 130“ C. 


Diameter of test-piece - 

Bore of test-piece . 

Length between shoulders., 

1 inch 

5/16 inch 
inches 

Maximum load .. 

Tenacity. 

Extension . 

0*46 tons 

0-67 tons/sq in 
1 ■ 54 inches 

{b) Temperature .J20"^ C 




Diameter of test-piece ,... 

Bore of test-piece . 

Length between shoulders., 

1 inch 

5/16 inch 
inches 

Maximum load .. 

Tenacity. 

Extension . 

0-34 tons 

0-48 tons/sq in 
1 -62 inches 

(e) Temperature —115° C. 




Diameter of test-piece _ 

Bore of test-piece . 

Length between shoulders.. 

1 inch 

5/16 inch 

3i inches 

Maximum load .. 

Tenacity. 

Extension ...... 

0-37 tons 

0-53 tons/sq in 
1 -25 inches 


First attempt with mercury test-piece, 15 December, 1933. 
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extensometer freed itself and the extension could be recorded. This 
does not invalidate the subsequent portion of the diagram. 

As the test temperature is lowered, the metal becomes progressively 
stronger and the height of the load-extension diagram is raised. Both 
the yield point and the maximum load are increased sensibly in the same 
proportion so that the ratio yield stress : tenacity has an average value 
of 0-3 throughout the range of temperature of the experiments. 

The total elongation, measured from the length of the diagrams, shows 
somewhat wide and erratic variations. Roughly, the elongation is 
reduced as the temperature is lowered, but some of the diagrams are much 
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Fig, 3. 

(a) Temperature -112'* C. 


Diameter of test^piece _ 

1 inch 

Maximum load . 

0 *32 tons 

Bore of test-piece . 

5/16 inch 

Tenacity. 

0 -45 tons/sq in 

Length between shoulders.. 

3^ inches 

Extension . 

1'7! inches 

{b) Temperature - 105'’ C 

Diameter of test-piece _ 

1 inch 

Maximum load .. 

0 23 tons 

Bore of test-piece . 

5/16 inch 

Tenacity. 

0*32 tons/sq in 

Length between shoulders.. 

inches 

Extension . 

1 • 82 inches 

(c) Temperature —100“ C. 

Diameter of test-piece .... 

1 inch 

Maximum load .. 

0-20 tons 

Bore of test-piece . 

S/16 indi 

Tenacity . 

0*29 tons/sq in 

Length between shoulders.. 

inches 

Extension . 

I '40 inches 
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shorter than would have been expected. The elongation was 1 '95 inches 
in 3^ inches, or 55 • 7%, at — 58° C, and 44% at —130° C. It was observed 
that all the test-pieces broke with a “ knife-edge ” fracture, the final 
separation being along a diameter. A possible explanation of this is 
that the test-piece consists of a comparatively small number of crystallites 
and therefore tends to rupture in the same manner as a single crystal. 
Such a coarse crystalline structure might also account for the wide varia¬ 
tions in ductility. 

The load-extension diagrams of the other metals, included for com¬ 
parison, are given in figs. 5-10. The diagrams are set out en echelon on a 
base of test temperature. 



(«) 




Fio. 4. 

(fl) Temperature —70° C. 


Diameter of test-piece _ 

Bore of test-piece . 

Length between shoulders.. 

1 inch 

5/16 inch 
inches 

Maximum load .. 

Tenacity. 

Extension . 

o il tons 

0'16 tons/sqin 
1 > 20 inches 

{b) Temperature “65° C 

Diameter of test-piece _ 

Bore of test-piece . 

Length between shoulders.. 

1 inch 

5/16 inch 

3i inches 

Maximum load .. 

Tenacity. 

Extension . 

0-14 tons 

0-20 tons/sq in 
1 • 12 inches 

(c) Temperature —SS"" C. 

Diameter of test-piece _ 

Bore of test-piece ... 

Length between shoulders.. 

2 inch 

5/16 inch 
inches 

Maximum load .. 

Tenacity. 

Extension . 

0< 13 tons 

0 18 tons/sq in 
1-95 inches 
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Lead —The diagrams resemble most nearly those of mercury, the 
ductility of the metal being so great that the curve droops right down to the 
extension axis, corresponding to a reduction of area at fracture of 100%. 
The diagrams are distinguished from those of mercury by a lower ratio 



Fio. 5—Lead, test-piece diameter 0-825 inch; bore S/16 inch; gauge length 4 inches. 

of yield load : maximum load, which increases as the temperature falls 
from a value of 0-15 at 17° C to 0’23 at —98° C. 

Zinc —The metal appears to have no true modulus of elasticity, the 
“ elastic line ” being definitely curved from the origin. At atmospheric 



Fio. 6 —Zinc, test piece diameter 0-825 inch; bore 5/16 inch; gauge length4 inches. 
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temperature the “ plastic ” portion of the curve is almost horizontal and 
there is only a vestige of the final droop. As the temperature is lowered, 
fracture takes place at a progressively earlier stage in the test. The dia¬ 
grams indicate that zinc, like all other metals, becomes stronger at low 
temperatures, but is also increasingly embrittled so that fracture inter¬ 
venes before the full tensile properties (and the complete load-extension 
diagram) can be developed. The tenacity, based on the breaking load, 
is thus meaningless. 

iV/cA:c/—The load-extension diagrams are characterized by a flat curve 
of plastic deformation and by a remarkably sudden and pronounced 



Fig. 7—Nickel, test-piece diameter 0-525 inch; boro 5/16 inch; gauge length 

4 inches. 

droop at fracture, the curve at this stage being almost vertical. The 
plastic portion of the curve slopes downwards slightly at 17'’ C so that the 
maximum load occurs immediately after the yield point; at — 60° it is 
practically horizontal; while at lower temperatures it slopes upwards so 
that the maximum load is just before the final droop. The ductility 
improves continuously with fall in temperature. 

Duralumin —The diagrams of this alloy are distinguished by an abrupt 
yield point and the complete absence of the final droop in the curve. 
The test-pieces all broke without local reduction of area. The outstanding 
feature is the stability with regard to temperature. Down to —60° all 
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the diagrams are sensibly identical. At lower temperatures the loads 
are slightly raised but the character of the diagram is preserved. 



Fig. 8—Duralumin, test-piece diameter 0 • 625 inch bore; 5/16 inch; gauge length 4 inches. 

Mild Steel —The load-extension diagram at atmospheric temperature 
possesses distinctive features in the region of the yield point. This stage 



Fio. 9—Mild steel, test-piece diameter 0 • 525 inch; bore 5/16 inch; gauge length 4 inches. 
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consists of a “ peak ” load followed by a sudden drop to a “ yield period ” 
during which the test-piece extends by a relatively large amount while the 
load fluctuates about a constant value. As the temperature falls:— 

(1) the peak load rises and the sudden drop becomes more pronounced; 

(2) the irregular link of the yield period becomes progressively shorter 
until it disappears at about —80° C; (3) the curve of plastic deformation 
shortens and its maximum moves nearer to the yield. At —110° C the 
maximum coincides with the bottom of the sudden drop following the 
yield peak; (4) finally, in the test at —115° C, fracture took place at or 
before the yield peak load without permanent extension. The metal was 
completely embrittled. 

Nickel Steel —The diagrams differ from those of mild steel as there is a 
smooth transition curve between the elastic and plastic portions. 



Fio. 10—5% nickel steel, test-piece diameter 0 50 inch; bore 5/16 inch; gauge length 

4 inches. 

Previous investigations have shown that this modification of the steel 
diagram occurs when the nickel content exceeds about 4%. As pointed 
out by Hadfield, the effect of nickel is to neutralize the properties of the 
iron and to render the alloy more stable with respect to temperature. As 
the test temperature is lowered, the height of the diagram is raised pro¬ 
gressively and the total extension is reduced; but the diagram retains its 
general characteristics. It could be inferred that a temperature approach¬ 
ing absolute zero would be required to induce the same degree of brittle¬ 
ness brought about in mild steel at a temperature of — -llS* C. 
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Curves of Tenacity v. Temperature 

In fig. 11 the tenacity of mercury (maximum load ~ original cross- 
sectional area) with a test duration of 2 seconds is plotted against test 
temperature. The curve is convex to the temperature axis. The infer¬ 
ence is that the effect of reduction in temperature is increasingly greater 
the further the metal is from its melting point. 

At the higher temperatures the curve tends to become horizontal. 
Extrapolation suggests a value of 0-14 ton$/sq in for the tenacity of 
solid mercury at its melting point. 



Fio. 11—Mercury, tenacity v. temperature. 


The tenacity at —130° C is considerably higher than that recorded by 
Dewar at —182° C. No information, however, is given regarding the 
duration of the test which by its nature must have extended over a period 
many times longer than the 2 seconds adhered to in the present investiga¬ 
tion. It is therefore probable that considerable creep had taken place 
in Dewar’s work with a corresponding low value for the apparent tenacity. 

Fig. 12 shows the tenacities of the other metals tested also plotted 
against temperature. All the curves are convex to the temperature axis 
in varying degrees. For mild steel, inspection of the load-extension 
diagrams shows that the position of the maximum load on the diagram 
changes from the plastic region at the higher temperatures to the yield 
peak at the lower. The curve of tenacity based on the maximum load 
occurring during the plastic stage is therefore given and, in addition. 
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Fio. 12—Tenacity v. temperature. 
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curves of the yield stresses. Tension tests for this type of metal would be 
apt to be misleading unless the load-extension diagrams were recorded. 


Conclusions 

Solid mercury, within the temperature range — 58" C to —130° C, 
possesses all the tensile attributes of the more ordinary metals. The load- 
extension diagrams of the tension tests exhibit an “ elastic line ”, a yield 
point, and a curve of plastic deformation which rises to a maximum load 
and then droops as the test-piece draws down to the point of fracture. 
At the same time, the diagrams have characteristic features which serve 
to distinguish them from the diagrams of any other metal yet tested. 

Of the other metals so far studied, lead, with a melting point of 325° C, 
most resembles mercury. In particular, the load-extension diagram 
falls right down to the extension axis, indicating a 100% reduction in area 
at fracture, as occurs with mercury also. This property persists at least 
down to a temperature 425° C below its melting point. 

Zinc, with a melting point of 415° C, affords a load-extension diagram 
of entirely different characteristics. At a temperature 400° C below its 
melting point there is only a trace of the final droop in the curve and the 
elongation is 13%; while at 460” C below melting point the metal is 
completely embrittled. 

Mercury, in common with other metals, is strengthened by fall in 
temperature, and, over the temperature range of the experiments, the 
strengthening effect is increasingly great the lower the temperature. 

Acknowledgments are due to the Worshipful Company of Cloth- 
workers whose financial assistance made the work possible. 

Summary 

The mechanical properties of metals near their melting points have 
not been adequately explored. The low melting point of mercury 
renders it a convenient metal with which to start such an investigation. 

Dewar, in 1894, made tension tests on mercury test-pieces, 0-2 inch dia¬ 
meter, immersed in liquid air. His results were possibly influenced by 
the duration of the tests and the resulting “ creep ” of the metal. 

In the present investigation, mercury test-pieces, 1 inch diameter and 
H inches long, were cast in place in a testing machine fitted with non¬ 
conducting seatings by passing liquid air through a central core tube of 
varnished copper foil. Each pull occupied about 2 seconds, and tests 
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were made over a range of temperature down to —130“ C. Complete 
load-extension diagrams up to the instant of fracture were obtained with 
the Dalby recorder. For comparison, a number of other metals was 
tested over the same range of temperature. 

The load-extension diagrams of solid mercury were found to have the 
same general characteristics as those of other metals, namely an elastic 
line, a curve of plastic deformation, and a final droop to fracture which, 
in mercury, extends down to the extension axis. 

In common with other metals, mercury is strengthened by fall in 
temperature and the strengthening is increasingly greater the lower the 
temperature. 

The diagrams of the other metals have distinguishing features which 
persist throughout the range of temperature of the experiments. Lead 
most resembles mercury, its diagram being continued down to the 
extension axis down to a temperature 425° C below its melting point. 
Zinc, however, at 400° C below melting point shows only a trace of final 
droop, and at 460° below is completely embrittled. 

The total extension of solid mercury, on the whole, decreases with fall 
in temperature but irregularity in this respect suggests a coarsely crystalline 
structure. 
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Micro-Plasticity in Crystals of Tin 

By Bruce Chalmers, B.Sc., Ph.D. 

(Communicated by E. N. da C. Andrade, F.R.S.—Received 2 February — 

Revised 15 April, 1936) 

1—Introduction 

It has been increasingly realized in recent years that many problems 
relating to the fundamental properties of the metallic state can best be 
approached through experimental investigations on specimens consisting 
of single crystals of metals of known purity. 

It has been demonstrated, for example, that a metal crystal shows no 
deviation from Hooke’s Law until a definite stress is reached, when 
permanent deformation or fracture takes place by glide on definite 
crystallographic planes. The yield point, from this point of view, is the 
least stress at which permanent deformation can be detected; the value of 
the yield point obtained in any determination depends on the sensitive¬ 
ness of the method used for detecting permanent deformation. 

The object of the present investigation was to examine more closely the 
nature and characteristics of the yield point, in particular to determine 
whether it has a real value or whether its measured value is a function of 
the accuracy of measurement. The problem, reduced to its simplest 
terms, is to investigate within what limits the strain caused by a homo¬ 
geneous stress applied isothemially is a single valued function of the 
stress, and to examine the circumstances which attend a departure from 
this relation. 

Single crystals of tin of high purity have been subjected to tension, the 
distance between two points on the specimen being measured by an 
optical interference arrangement. Relations between tension, length, and 
time have been obtained, involving phenomena which have previously 
escaped notice; in particular, the existence has been established of a type of 
plasticity below the point usually regarded as the yield point, and it is 
suggested that this phenomenon be designated as “ micro-plasticity ”. 

The experimental work consisted of the preparation of single crystal 
rods of tin, the determination of the orientations of their crystal axes 
relative to the axis of the rod, the investigation of the variations of length 
f'f the specimen under tension, and various subsidiary experiments 
relating to the main investigation. 


2 F 2 
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2—Preparation of the Crystals 

The form of the apparatus to be used for the stress-strain measurements 
necessitated the use of cylindrical specimens 7 cm in length and of diameter 
not less than 3 mm, the central 3*cm of the length consisting of a single 
crystal. Such specimens were prepared from tin of two grades of purity 
by two different methods. 

The first, applied to “ Chempur ” tin (tin 99-987%, copper 0-00132%, 
antimony 0-00118%, lead 0-(X)585%, iron 0-00055%, bismuth 0-00352%, 
arsenic 0-00005%, nickel 0-00003%, silver 0-00018%, zinc, cobalt, and 
sulphur, nil) has been described in a previous publication* and is carried 
out by drawing the tin upwards in glass tubes from a crucible containing 
the molten metal. This method gave quite satisfactory results, but it 
could not be adapted to producing crystals in vacuo, and as this was con¬ 
sidered advisable, in view of the possibility of the disturbing effect of 
dissolved gases, the Bridgman methodf of lowering the molten metal in a 
glass tube through a tube furnace was employed. The tube was con¬ 
nected to a Hyvac pump, and the metal was allowed to melt and solidify 
several times under reduced pressure before being cooled as a single 
crystal. The tin used for this procedure was supplied by Messrs. Williams, 
Harvey & Co., and was of considerably higher purity than the “ Chem¬ 
pur ” tin, a spectroscopic analysis giving lead 0-0009%, copper 0-0005%, 
bismuth 0-0006%, zinc 0-0(X)5%, iron 0-001%, antimony 0-(XX)I4%, 
arsenic 0-00005%, slight traces of silver, indium and calcium, and (by 
difference) tin 99-996%. 

3—The Orientation of the Crystals 

The orientation of the crystal axes was determined by the reflexion of 
a beam of light from the surface of the specimens, after etching with 5% 
aqueous solution of ferric chloride. The details of the method, which 
depends upon the measurement of the directions of beams of light reflected 
from etch-facets, have been described elsewhcre.t While most of the 
specimens obtained consisted of single crystals, showing clearly defined 
reflexion spots, some were found to consist of two crystals with a longi¬ 
tudinal boundary for the whole length of the specimen. 

Tin exists in the solid state in three forms, of which the ^ form, white 
tin, is stable between the temperatures of about 20° C and about 180° C. 

• Chalmers, ‘ Proc. Phys. Soc.,’ vol. 47, p. 733 (1935). 

t Bridgman, ‘ Proc. Amer. Acad. Arts Sci.,’ vol. 60, p. 305 (1925). 

{ Chalmers, * Proc. Phys. Soc.,’ vol. 47, p. 733 (1935). 
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The crystal structure of white (P) tin is tetragonal, the lattice constants* * * § 
being a — 5 ■ 824 A, c — 3 • 165 A. * The present experiments were carried 
out on tin in this form. 

Several investigations have been made concerning the glide systems of 
tin, the most complete being those of Mark and Polanyi,t and of Obinata 
and Schmid. J The results of these investigations indicate that glide may 
take place at room temperature on four different planes, {110}, (lOO), 
(101), and {121}, in one or more directions in each of these planes, the 
plane and direction actually operating depending on the direction of the 
applied force. The critical shear stress required to cause glide varies 
for the different planes, and appears to bear no direct relation to the 
closeness of atomic packing in either the glide plane or glide direction. 

From the fact that there are at least these four possible types of glide 
plane it follows that in a given crystal there are at least 14 sets of parallel 
planes that can act as glide planes; hence there will always be at least one set 
of planes well situated for glide, i.e., inclined at about 45° to the direction of 
applied stress. It follows that for the present work the orientation of the 
crystal axes should not be of much importance, and it was, in fact, found 
that its influence on the properties under discussion was small. It would 
be difficult in any given case to decide which set of glide planes was 
effective, since usually the amount of glide was too small to produce 
visible slip bands. 

Considerable attention has recently been directed to large-scale or 
macro-mosaic structure ;§ this constitutes a sub-structure in what is 
nominally a single crystal, and appears to consist of alternations of 
regions of slightly differing orientation. In certain of the specimens used 
in these experiments such a structure was ob.served by the technique 
described above. When light is reflected from the etched surface some of 
the spots are broadened or doubled, while others retain their usual sharp¬ 
ness. The general indication is that the structure may be a growth twin 
on a plane of very high indices. Some such explanation appears likely, 
as the usual single crystal phenomenon of glide under tension and twinning 
by shock, as well as the micro-plasticity phenomena here dealt with, are 
not always inhibited by the presence of such a structure, whereas the 

* ‘ Int. Crit. Tables.’ 

t Mark and Polanyi, ‘ Z. Physik,’ vol. 18. p. 75 (1923). 

t Obinata and Schmid, ‘ Z. Physik,’ vol. 82, p. 224 (1923); see also Haase and 
Schmid, iftfe/., vol. 35, p. 413 (1925); Polanyi and Schmid, ibid., vol. 32, p. 684 (1925). 

§ Schilling, ‘ Physics,’ vol. 5, p. 1 (1934); Poppy, ‘Phys. Rev.,’ vol. 46, p. 815 
1934); George, * Nature,’ vol. 36, p. 392 (1935); Elam, ‘ Proc. Roy. Soc.,’ A, vol. 121, 
P. 237 (1928). 
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presence of a definite crystal boundary, as in the “ double crystal ” 
specimen described in § 4, either prevents or greatly modifies these effects. 

4—Varution of Length with Stress and Time 

The variation with tension and time of the length of the single crystal 
rods was investigated by means of an extensometer described in a previous 
publication* in which changes of length are measured by means of optical 
interference fringes, extensions of 3 x 10"^ cm being measured on a length 
of 3 cm of specimen. The extensometer was immersed in a thermostatic 
water bath of which the temperature variation was less than 0-05° C. 
Regular changes of temperature within this range, resulting from the 
periodic action of the heating element, caused regular small changes of 
length which could be separated from changes due to other causes by 
their relation to the action of the thermostat control. 

It is found that any increase of tension on a single crystal specimen 
results in an increase of length which takes place simultaneously with the 
application of the stress, while a further gradual increase of length occurs 
if the tension is then kept constant at the increased value. When the 
stress is reduced or removed, a simultaneous reduction of length takes 
place, followed by a gradual further reduction. 

It is a familiar fact of thermodynamics that the application of a tension 
to any material whose length increases with temperature causes a lowering 
of temperature and vice versa. Any change of stress must therefore be 
followed by a change of temperature (i.e., return to the thermostat 
temperature) and so a change of length, due to this thermal effect of a 
change of tension must occur after the stress has ceased to change. It has 
been shown* that this thermal effect can be detected with the present 
experimental technique. In order to determine the magnitude of this 
effect, a series of experiments was carried out as follows. A specimen 
of tin, similar in shape and size to those used in the extensometer experi¬ 
ments, was drilled along its axis and a copper-constantan thermocouple 
was inserted so as to be in contact with the specimen at its centre. The 
hole was sealed with shellac. The specimen was suspended in a water 
bath, and the temperature difference measured between the two junctions 
of the thermocouple, the second junction being placed in a second water 
bath differing in temperature from the first by a few degrees. 

When the temperature of the specimen had become uniform, it was 
rapidly transferred to the other water bath, and the variation with time of 
the temperature of the centre of the specimen was observed. The read- 
♦ Chalmers, ‘ Proc. Phys. Soc.,’ vol. 47, p. 352 (1935). 
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ings so obtained gave the time variation of the temperature of the centre 
of a rod originally at one temperature, when placed in surroundings at a 
different temperature. From this the changes of temperature which take 
place in a similar rod subsequently to a given change in tension can be 
found. 

The coefficient of linear expansion of tin has been determined by 
Bridgman* and is 0 0000305/° C parallel to the axis and 0 0000155/° C 
perpendicular to the axis. The coefficient of expansion in the longitudinal 



0 12 3 4 

Time (minutes) 

Flo. 1. 


direction for any crystal of known orientation can be calculated, but since 
only the order of magnitude of the effect is required it is sufficient to take 
the coefficient as 0 • 00002/° C. Hence the changes of length with time of 
the specimen following a sudden change of temperature of its surround¬ 
ings can be determined. This relation between temperature and time is 
expressed by fig. 1. The curve was obtained by changing the tempera¬ 
ture of the surroundings; it will also represent, with suitable modification 
of the ordinate scale, the changes of length resulting from the thermal 
effects of a sudden change of stress. 

• ‘ Proc. Amer. Acad. Arts Sci.,’ vol. 60, p. 305 (1925). 
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If for any particular change of stress, the immediate change of tempo'a- 
ture is calculated, the total thermal change of length can be found. In 
this way the point on the curve of hg. 1 which must be chosen as the initial 
length is obtained. 

The total thermal change of length per unit length is proportional to 
the stress which causes it, providing that the material behaves elastically ; 
for tin it is of the order of 3'5 x 10~* per gm wt/sq mm stress. At 
stresses above about 150 gm wt/sq mm the crystals become markedly 
plastic, so the greatest value of the thermal effect that can usefully be 
considered is that due to a change of stress of 150 gm wt/sq mm, which 
would amount to about 5 x 10 *; this corresponds to the point A in 
fig. 1. 

The greater part of the change of length subsequent to the point A 
takes place in the first minute, the part occurring after that time being 
only 10“'^ which is the limit of detection. 

Hence if any change occurs more than one minute after the application 
of a stress, it cannot be thermal in origin, and must therefore be true or 
isothermal creep. In what follows the thermal creep, which was always 
observed, is allowed for on these lines, and will not be considered. 

Experiments were performed in order to investigate the following 
phenomena quantitatively: (a) the immediate increase of length that 
accompanies an increase of tension, (6) the immediate decrease of length 
that accompanies a decrease of tension, (c) the increase of length at con¬ 
stant tension, and (d) the gradual recovery subsequent to a decrease of 
tension. The investigation of (a) and (b) is complicated by the fact that, 
owing to the thermal effects discussed above, a certain time must elapse 
after a change of stress before the change of length is measured, and during 
this time (c) and (cf) will have had some effect. It is therefore necessary 
first to investigate the gradual or residual changes of length and then 
either to eliminate or allow for them in investigating the immediate changes. 

With any single crystal prepared from either grade of tin, it was found, 
except in certain conditions discussed below, that the extension following 
an increase of stress continued for a much longer time than was to be 
expected from the thermal effect alone; the contraction following a 
reduction of the stress to zero was usually that expected from the thermal 
effect alone. 

Typical length-time curves for small stresses are shown in fig. 2; the 
stresses are respectively 20 gm wt/sq mm and 10 gm wt/sq mm, the 
temperature of this and all the other experiments being 21 -S” C. Two 
features are noteworthy (i) the clearly marked periodic change super¬ 
imposed on a steady change, which has been, shown to be due to the 
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fluctuations of the temperature of the thermostat, the increases of length 
coinciding with the action of the heating element. This effect varies in 
amplitude according to the thickness of the specimen and the speed of the 
stirrer, but is always present; (ii) the rate of change of length is approxi¬ 
mately constant after the thermal changes have finished. 

The curves of fig. 2 represent only the beginning of the extension, the 
rate of which, as will be shown later, is not actually constant, but decreases 
continuously. Fig. 2 shows, however, that there is a definite initial rate 
of creep which is a characteristic of the tin crystal and of the stress. It 
should be observed that with very small changes of length of the order 
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concerned in these experiments, the cross-section of the specimen remains 
sensibly constant; hence a constant stress device,* such as would be 
essential with large changes of shape, is unnecessary. 

The initial rate of creep for a given specimen is found to depend on the 
stress and the temperature but not, apart from the exception mentioned 
below, on the previous treatment of the specimen. At a constant tempera¬ 
ture (21 '3° C) the initial creep rate is related to the stress in the manner 
indicated in fig. 3 which represents the results for a specimen of Chempur 
tin Ai and A 2 , and one of Williams-Harvey tin Bi. The curves are typical 
of those obtained with the two materials. The top curve A, is obtained 
from the same data as Ai, but is compressed 50 times horizontally in order 
to indicate the features of the curve beyond the end of Aj. 

• Andrade, ‘Proc. Roy. Soc.,’ A. vol. 84, p. 1 (1910); Andrade and Chalmers, 
‘ Proc. Roy. Soc..’ A, vol. 138, p. 348 (1932). 
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The curves A^, A a, or Bj each consist of two approximately linear parts 
(OP, QR) referred to as the « and {3 regions respectively, widi a transi¬ 
tional curve PQ between them. The a region is a part where the rate of 
creep is directly proportional to the stress, while the p region is a much 
more rapid increase of creep rate with stress. Extrapolation of the curve 
to the smallest stresses indicates that the creep rate becomes zero only at 
zero stress. 

The order in which the points are taken with a given specimen in 
obtaining the stress-initial creep rate curve is immaterial, provided that 



Fig. 3—Chempur tin, Ai lower. A, upper scale abscissae; WiUiams-Harvey tin, upper 

scale abscissae. 

the stress has been reduced to zero and that the length has settled down 
to a constant value before such stress is applied. 

For larger stresses than those which give length-time curves such as 
fig. 2, but which still correspond to the a part of fig. 3, the departures from 
linearity of the length-time curves ntake themselves evident more quickly, 
and curves such as those of fig. 4 are obtained. Fig. 4 shows typical 
length-time curves of the a stress range for the two grades of tin, and, 
independently, the relation between length and rate, which is stten in each 
case to be approximately linear, indicating an exponential form for the 
length-time curve. If the stress is applied for a sufficiently long time, the 
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creep rate reaches a value apparently constant but very small and of the 
order of 10~®cm/cm/minute. The expo'iments could not show whether 
this rate is maintained indefinitely, owing to the long time required for 
observing such a slow creep. Approximately, then, the length reaches 
a limiting value, the total extension obtained being apparently independent 
of the stress and of the order of 10“®. This applies only to stresses in the 
a region of fig. 3. 

If, as a result of prolonged application of a stress in the a range, the 
small final rate of creep mentioned in the previous paragraph has been 



Time (minutes) 

Fio. 4—A, Chempur tin; B, WilHams-Harvey tin, stress = 120 gm/sq mm; x dififer- 
ential curve A; © differential curve B. 

reached, and the stress is then suddenly increased to another value, still 
lying within the a region, no increase in the rate of creep is observed. 

The property of creep under these small stresses is recovered either by 
resting under no stress for a period of several hours or by the application 
for a short time of a stress in the fi range of fig. 3. 

When stresses cdrresponding to the P range of fig. 3 are applied, much 
larger rates of creep are obtained, and in such cases, the creep rate remains 
constant to within 1% for a total creep of 10"* cm/cm, this representing the 
ntaximum extension that can be conveniently measured in the extenso- 
meter. It was found that no measurable reduction of length took place 
after the removal of such a stress except for the thermal change. 
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We may now consider the “ instantaneous *’ variation of length with 
tension for stresses in the a region of fig. 3. This can be done either by 
applying a stress until the creep rate has reached its final, negligible, value, 
and then taking a stress-strain curve before the material has had time to 
recover its property of creep, or else by taking the stress-strain curve with 
material that has not recently been strained, and correcting for the creep 
that occurs during the observations. In either case a “ zero time 
stress-strain curve results, and it was found that both methods gave 
identical results, of which fig. 5 is typical. It shows a slight bend near the 
origin of zero stress, but is sensibly linear for a considerable length. The 
curve shows no hysteresis loop or permanent set when correction is made 



Stress (gm/sq mm) 
Fig. 5. 


for any creep which occurs during the readings, providing that the greatest 
stress applied does not exceed the stress at the point P of fig. 3. When 
that stress is exceeded, creep becomes more rapid, its extent becomes 
larger coriipared with the elastic extension, so correction for creep 
becomes less certain, and the stress-strain curve.becomes indefinite. 

It was pointed out above (§ 3) that specimens are occasionally found 
to consist of two crystals side by side, with a crystal boundary separating 
them. Extensometer experiments on such a specimen showed that its 
behaviour is different in several respects from that of a single crystal 
specimen. No creep is observed until a considerable stress is applied, the 
creep-stress curve taking the form indicated by fig, 6. 

It was found also that the yield point of this specimen, i.e., the point C 



Stress (gm/sq mm) 
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in fig. 6, corresponds to a considerably higher stress than the corresponding 
point C in fig. 3. 

A qualitative difference of behaviour was apparent between the two 
grades of tin used, the macroscopic yield point being slightly lower, and 
the micro-creep reaching its limit sooner with the purer tin. The general 
behaviour was, however, the same, and the relation between initial rate of 
micro-creep and stress showed no difference between the two grades of 
tin (see fig. 3). 

The experiments described show that there are departures from perfect 
elasticity of single crystals of tin even at the lowest stresses used, and that 
these deviations are of two kinds, i.e., deviation from Hooke’s Law when 



immediate extension is considered, and a variation of length with time at 
constant stress. 

Before discussing the significance of the experimental results, we may 
consider certain possible criticisms of their validity. An apparent 
deviation from Hooke’s Law could be caused by (1) faulty calibration of 
the stress or strain measurement or, (2) friction or other similar effect 
causing the strain to be incorrectly recorded. 

(1) The stress was calibrated by adding known volumes of water to the 
stress tube and noting the resulting water levels, and the strain is measured 
in terms of the wave-length of the monochromatic light used. A check 
on the calibration is that in certain experiments on polycrystalline lead* 
a straight line was obtained for the stress-strain curve. 


• Chalmers, ‘ Proc. Phys. Soc.,’ vol. 47, p. 352 (1935). 
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As regards (2) any defect causing a lag of the recorded strain relatively 
to the applied stress would necessarily result in a loop when the stress is 
alternately increased and decreased. No such loop has been detected in 
the present series of experiments of single tin crystals {see fig. 5), although 
with the same apparatus such hysteresis effects have been observed with 
polycrystalline lead under special conditions. As regards the variation of 
length with time, the fact that the substitution of a specimen consisting of 
two crystals with a longitudinal boundary in place of a single crystal 
reduces the rate of creep for the a region of the curve to zero (compare 
figs. 3 and 6) shows that the creep phenomenon is not a property of the 
apparatus but of the test specimen. The possibility of either of these 
effects being due to slipping in the chucks which hold the end of the 
specimen is precluded by the design of the extensoraeter. 


5—Discussion 

The question of the elasticity of single metal crystals has been the subject 
of many investigations,* which have mainly been carried out either by 
flexure or by torsion. Flexural and torsional strains are easier to measure 
than extensional strains, but the results obtained from such mea.surements 
are open to criticism, inasmuch as the stresses are not homogeneous, and 
if the material does not obey Hooke’s Law, the assumptions underlying 
the determinations of elastic constants by either bending or twisting no 
longer hold. 

Such experiments yield mean values of the elastic constants over a 
fairly wide range of stress and do not therefore give definite information 
regarding the question of adherence to or departure from Hooke’s Law. 
There are indications that the crystals arc not perfectly elastic, e.g., 
Hanson* has found evidence of hysteresis loops with zinc crystals. Much 
doubt has been expressed as to the existence of a yield point, Haase and 
Schmidt suggesting, for example, that an unstrained crystal of a pure 
metal should yield under any stress, however small, and that the experi¬ 
mental value of the yield point would depend only on the sensitivity of the 
experimental method adopted. This view is not supported by experiments 
such as those cited by AndradeJ on the values of critical shear stress 

* Bridgman, ‘ Proc. Amer. Acad. Arts Sci.,’ vol. 60, p. 305 (1925); Hanson, ‘.Phys. 
Rev.,’ vol. 43, p. 325 (1934); Goens, ‘ Ann. Physik,’ vol. 17, pp. 3, 233 (1933); Boas, 
‘ Helv. Phys. Acta,’ vols. 7-8, p. 878 (1935); Bruggman, ‘ Z. Physik,’ vol. 92, pp. 9, 10, 
561 (19.34); Keulegan and Houseman, ‘ Bur. Standards, J. Res.,’ vol. 10, p. 289 (1933). 

t • Z. Physik,’ vol. 35, p. 413 (1925). 

t Andrade, ‘ Int, Conf. Phys., Lond.,’ vol. 2, p. 174 (1934). 



Micro-Plasticity in Crystals of Tin 


439 


obtained with very pure metals which seem to suggest a general value of 
about 9 gm wt/sq mm. 

The present experiments show that for small stresses rates of creep of 
two different orders called « and can be detected, with a fairly sharp value 
of the stress separating the two classes. The lowest curve of fig. 3, for 
instance, shows that for stresses less than 120 gm wt/sq mm we have 
rates of creep of 0-04 x lO"*' cm/cm/min and less, and the results indicate 
that the rate of creep becomes zero only at zero stress. A finite rate of 
creep was actually detected, for instance, for a stress as low as 10 gm wt/ 
sq mm. The maximum possible shear stress on a glide plane is that on a 
plane at 45" to the axis of the rod, and will be half the above values, i.e., 
60 gm wt/sq mm as the limiting stress for the a rate of creep and 5 gm wt/ 
sq mm for the shear stress under which creep has actually been detected. 
The rate of creep in the ot region is given by 

rate = 3 x 10"“ x stress 

where rate is expressed in cm/cm/min, and stress in gm wt/sq mm. 

For stresses above 60 gm wt/sq mm on a glide plane the rate of creep is 
much larger. Since the stress which corresponds to the region of 
the bend PQ of the curve of fig. 3 represents a critical stress such as would 
be detected by less sensitive methods as the yield point, i.e., the point at 
which an arbitrarily chosen amount of plastic extension occurs, it will be 
defined as the macroscopic yield point. Owing to the fact that the rate of 
creep ultimately diminishes to zero the total creep that occurs for stresses 
in the a region cannot exceed 3 x 10-'^ cm/cm, however long the test may 
be continued, which will not be detected by an insensitive instrument. 
Hence, long time tests by methods of lower sensitivity cannot give the 
information that can be obtained from short tests of high sensitivity. 

It is suggested that the phenomena associated with the creep below the 
macroscopic yield point be described as micro-plasticity and that the 
creep of single crystals be classified as micro-creep or macro-creep accord¬ 
ing to whether the stress is below or above the critical stress at P (fig. 3). 
While slip bands have not been observed on the surface of crystals that 
have only undergone micro-creep, this fact cannot be taken as indicating 
that the process is not due to slip, since the total micro-creep that can 
occur without an interposed period of recovery being about 3 x 10 cm/ 
cm, the size of the “steps” formed by glide planes separated by 0-01 mm 
would be 2 X 10~* cm, which could not be observed. 

We shall now discuss the occurrence of micro-creep in terms of the 
various theoretical views that have been expressed regarding the deforma- 
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tion of metal crystals. It is generally accepted that a perfect crystal should 
have a strength greatly in excess of that which is observed experimentally, 
and two general types of explanation of the weakness have been advanced. 
These explanations are in terms of surface cracks* and of a system of 
internal flaws, or a superstructure, respectively.! The evidence for surface 
cracks as the cause of weakness was chiefly obtained with glass, rock-salt, 
and mica,! although recent work shows an analogous effect in cadmium.§ 
A polished surface on a tin crystal should, from this point of view, have 
the same effect as an oxide layer which, on cadmium, raises the critical 
shear stress, since a polished surface is regarded as being covered with an 
amorphous layer of the material. It has been found, however, that a 
crystal of tin with a polished surface (given a microscopic polish with 
metal polish) behaves no differently from an etched crystal as regards 
either micro-creep or critical shear stress. Hence the mechanism of micro- 
creep does not appear to be related to the propagation of cracks from the 
surface. It is possible, however, that the polished layer may not have the 
same effect as an oxide layer in preventing the propagation of surface 
cracks, and that micro-creep may be connected with surface faults; further 
experiments on the effect of surface finish {e.g., polished, etched, oxidized, 
and covered with an electro-deposited metal layer) are being undertaken 
to elucidate the matter. 

Explanations of the weakness of crystals based upon the idea of a 
periodic or pseudo-periodic distribution of irregularities in the lattice 
have been advanced, the earlier theories regarding the superstructure as 
being the cause of weakness, the planes of irregularity being less resistant 
to shear than the regular planes. Such theories purport to explain the 
comparatively low value of the critical shear stress in terms of a super- 
lattice structure for which there is considerable other evidence; they do not, 
however, explain the phenomena of micro-creep or of strain hardening 
of single crystals. 

G. I. Taylor,|| however, has proposed a theory which accounts for 
strain hardening of single crystals, and which can be extended to include 
an explanation of micro-plasticity. He assumes a superstructure of the 
Darwin type {i.e., blocks mutually inclined at small angles) and postulates 
the existence of “ dislocations ” or points of misfit in the lattice. He 
further suggests that above a certain temperature T^ the dislocations 

* Smekal, * Int, Conf. Phys. Lond.,’ vol. 2, p. 106 (1934). 
t Goetz, ibid., p. 62 (1934). 
t Joffe, ibid., p. 72 (1934). 

§ Roscoe, ‘ Nature,’ vol. 133, p. 912 (1934). 
li ‘ Proc. Roy. Soc.,’ A, vol. 145, p. 362 (1934). 
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should move under any stress however small, except when they approach 
near to one another and their movement is stopped by the action of one 
dislocation on the other. The movement of the dislocations under 
tension is such as to cause extension of the crystal. 

Tbe critical temperature (the T„ of Taylor’s theory) represents a 
temperature at which the atoms have a certain freedom to move, and this 
should bear some relation to, and perhaps be identical with, the re¬ 
crystallization or annealing temperature of the particular metal concerned. 
In the present instance the experiments were performed at a temperature 
well above the annealing temperature, and probably, therefore, above Tp. 

At such a temperature under a very small stress the dislocations would 
all have moved to their equilibrium positions, from which, according to 
Taylor, they can only be displaced by the application of a stress exceeding 
a certain minimum, i.e., the critical shear stress. It is suggested that if a 
macroscopic stress less than the critical stress be applied, it will still be 
possible for dislocations to move owing to the thermal agitation producing 
local increases of stress, but that this will only happen infrequently, as it 
depends on the thermal movement being sufficient to increase the effect 
of the applied tension up to the value required to cause movement of the 
dislocations. Each time this happens, a definite extension takes place, 
and since the number of remaining dislocations is thus continually 
decreased, the rate of extension gradually decreases. This explains the 
experimental fact that the rate of creep depends on the stress, and under 
constant stress decreases with increasing length, giving a finite limit for the 
total creep. The differential curves of fig. 4 indicate that the relation 
dljdt Qc Loo — L, which is consistent with this view, is approximately true. 

The very small residual rate of micro-creep may be due to the formation 
of new dislocations at a constant rate, perhaps as a result of thermal 
agitation. 

This theory accounts for the fact that when micro-creep has reached its 
limiting (very small) value, no greater micro-creep can be obtained even 
by increasing the stress, providing it docs not exceed the macroscopic 
yield value. The effect of leaving the specimen under no stress for some 
lime would allow the dislocations to re-establish themselves in their 
normal, or equilibrium number. 

Taylor also postulates that a sufficient stress will cause the appearance 
of new dislocations in pairs (one positive and one negative) and the 
propagation of the two dislocations will cause extension. Such an effect 
will commence at the macroscopic yield point. On this view the yield 
point marks the boundary between stresses that do and stresses that do not 
produce new dislocations. When a number of new pairs of dislocations 

VOLvCLVr.—A. 2 G 
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is produced in the neighbourhood of the same lattice plane, definite 
translation, in addition to migration of faults, may occur, giving visible 
slip bands on the surface. 

It may be observed that the p-creep or macro-creep, which has a con¬ 
stant rate for a given stress in the range of the experiments, is too small in 
extent to show the strain hardening that Taylor’s theory deals with, lliis 
constant rate above the yield point agrees with the results to be expected 
from Taylor’s theory. 

The observed differences of behaviour between the two grades of tin 
used indicate the effect of impurities on the formation and movement of 
dislocations. It appears that the purer grade of tin has a slightly lower 
yield point, and a smaller total micaro-creep than, but the same initial 
micro-creep rate as, the “ Chempur ” tin. This would suggest that the 
presence of impurities hinders the production of new dislocations under 
stress. The change of yield point is slight, and the difference is not 
sufficient to justify any suggestion of a large change with absolute purity. 

The effect of a single longitudinal crystal boundary between two crystals 
has previously received some attention* and should throw some light on 
the nature of the properties of the distorted lattice in the neighbourhood of 
the boundary. Although further experiments on these lines are necessary 
before any very definite conclusions can be drawn, the results described 
above suggest a new method of studying the problem. Two crystals, 
each of which would undergo micro-creep, do not do so when joined 
together; the boundary material inhibits the distortion of a single crystal 
with micro-creep. The boundary material thus exhibits a resistance to 
change of shape, /.e., a high rigidity, even when a long time is allowed for 
changes to occur, as with micro-creq). 

The absence of any observable trace of elastic hysteresis confirms the 
view suggested by Tomlinsonf that mechanical hysteresis is a result of the 
action of crystal boundaries; this is, however, not in agreement with 
Hanson,t who found hysteresis in the torsion of zinc crystals but not in 
bending. The deviation from Hooke’s Law (see fig, 5) is small, and may 
be a property either of the true lattice or of the block structure. It 
indicates, in general, that the restoring force increases less rapidly than 
the displacement between neighbouring parts of the lattice. 

In conclusion, the author wishes to thank Professor E. N. da C. Andrade, 
F.R.S., for helpful discussions and encouraging suggestions during the 
progress of this work. 

• Aston, ‘ Proc. Camb. Phil. Soc.,’ vol. 23, p. 549 (1925) 
t ‘ Phil. Mag.,’ vol. 9, p. 913 (1913). 
t * Phys. Rev.,’ vol, 43, p. 325 (1934). 
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Summary 

Experiments are described on the isothermal stress-strain-time relations 
of single crystals of tin of two grades of purity (99-987% and 99-996%), 
the stress being pure tension and the strain being measured to lO-'^ cm/cm 
on a length of 3 cm. Creep is found to occur under all stresses; its 
initial rate being proportional to stress for small stresses, and of the order 
of 3 X 10"“ cm/cm/min per gm wt/sq mm (micro-creep), while above a 
fairly definite stress of the order of 120 gm wt/sq mm, the rate of creep 
increases much more rapidly with stress (macro-creep). Micro-creep 
decreases with time in a roughly exponential manner, and macro-creep 
remains constant for a considerable time. 

The phenomena are considered from the point of view of the current 
theories concerning the mechanical strength of metallic crystals, and it is 
shown that the phenomenon of micro-creep can be accounted for by an 
extension of G. I. Taylor’s theory of fault propagation. 
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The Kinetics of the Thermal Decomposition of 
Benzalazine Vapour 

By Gwyn Williams and Arthur Stuart Clark Lawrence, Colloid 
Science Laboratory, Cambridge 

{Communicated by Eric K. Rideal, F.R.S.—Received 18 March, 1936) 

Ramsperger has investigated the kinetics of the thermal decomposition 
of a number of aliphatic azo-compounds at temperatures between 250° 
and 330° C.* The principal reaction is in each instance of the type 

R . CH - N == N -- CH . R' = Nj + Jt . R . CH . CH . R 

+ X . R'. CH . CH . R' + (1 - 2x) . R . CH . CH . R', 

For a symmetrical azo-compound (R = R'), x = 0. 

When heated to about 300° C., benzalazine undergoes an analogous 
decomposition, mainly to nitrogen and stilbene;t but the liberation of 
nitrogen from benzalazine involves the rupture of two double bonds, 
instead of two single bonds as in the azo-compounds 

CjHsCH == N - N = CHC,H6 = Ng + C,H,CH = CHCgHj. 

A study of the kinetics of the benzalazine decomposition therefore offers 
the opportunity for a comparison of the breakage of the single and double 
carbon-nitrogen bonds. We find that the reaction can be followed 
manometrically at temperatures between 315° and 360° C. These 
temperatures lie above the boiling-point of benzalazine and stilbene (b.p. 
306"), and therefore the reaction proceeds with increase of pressure over 
a wide range of initial concentrations. 

No aromatic first-order decomposition has hitherto been investigated; 
in order to strengthen our comparison of the azine and azo-compounds, 
we have also investigated the decomposition of o-azotoluene. 


Experimental 

In order to avoid condensation of vapours in outlying portions of the 
apparatus, the pressure measurements were made with a glass Bourdon 

* C/. Kassel, “ Kinetics of Homogeneous Gas Reactions,’* New York, 1932, 
chap. X. 

+ Curtius and Jay,' J. prakt. Chem.,’ vol. 39, p. 44 (1889). 
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gauge, used as a null instrument, the pressure in the reaction bulb being 
balanced against a measured air pressure. The reaction vessel (fig. 1) was 
a glass bulb A (usually of about 250 cc. capacity) connected to the gauge 
G. Gauge and bulb could be heated by means of an electric furnace. 
Crystals of pure benzalazine were weighed into the side-tube B, which 
was then sealed off. The apparatus was exhausted to 10 ® mm. by a 
Hyvac pump working through a liquid-air trap. Connexion with the 
interior of the reaction bulb was made through a short length of pressure¬ 
tubing K, inserted to facilitate the subsequent sealing off under vacuum 



at D. During these initial stages the furnace top was at the level YZ; the 
benzalazine crystals were protected from the heat and kept below their 
melting-point. Finally, the tap C was closed, the reaction vessel was 
isolated by sealing off at the constriction D, and the furnace (already a 
few degrees above the temperature of the experiment) was raised to the 
position MN, thus initiating the evaporation and subsequent decom¬ 
position of the benzalazine crystals. Time and pressure readings were 
commenced at once. The pressures in the reaction vessel and in the 
gauge envelope G were equalized by admission or withdrawal of air through 
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the two-way tap H. During an experiment, the pressure in G was 
regulated and measured on a mercury manometer at E, and the times at 
which the gauge needle crossed the zero-mark in the eye-piece of an 
observing telescope were noted. With initial pressures of 5 mm. and 
under, a sensitive gauge was calibrated and used as a direct-readii^ 
instrument. 

The electric furnace had a cylindrical copper core, with walls 3/8 inch 
thick, and of such a length that the bulb and gauge were contained in a 
uniform temperature zone at its middle portion. The temperature was 
controlled to within 1 ° by Phillips regulator lamps and adjustable resis¬ 
tances, and was measured on a standardized mercury thermometer. The 
drop in temperature, when the furnace was lifted into position at the 
beginning of a run, was minimized by the large heat capacity of the copper 
core, together with a slight preliminary superheating of the furnace. 

At the end of a run, the gauge membrane was protected from break¬ 
age, when opening the apparatus, by slipping a piece of rubber tubing, 
connected to a tap, over the tube at D, breaking the capillary inside the 
rubber, and admitting air at equal rates through H and D. A new tube 
and capillary was then sealed on at D and the apparatus cleaned for 
another run by pumping out at 360° C. The reaction products condensed 
in the cooler tube. 

Two further points require mention: (I) when the initial pressure of 
benzalazine exceeded 100 mm., it was necessary to heat the whole of the 
gauge envelope G to 300° by means of an auxiliary winding, in order to 
eliminate pressure fluctuations in the air in G. (2) The theoretical initial 
pressure of completely vaporized benzalazine was calculated from the 
weight of crystals and the known temperature and volume of the bulb. 
Zero-time for the decomposition was estimated as x the transition, on 
the pressure-time curves, from the evaporation curve below the calculated 
“ initial pressure ” to the decomposition curve (of much gentler gradient) 
above that pressure. Above 325° C. the theoretical initial pressure was 
attained within 2 min. No correction was made for decomposition of 
benzalazine during evaporation; the substance does not decompose 
appreciably below 290°* and the final stages of the evaporation were 
always extremely rapid. Special methods for calculating the results 
have been used, in order to eliminate zero error in time or pressure. 

The benzalazine was prepared, in 85% yield, by heating benzaldehyde 
with hydrazine hydrate in alcoholic solution, in the presence of ammonia. 
The substance separated on cooling and was repeatedly recrystallized 

• Pascal and Nonnand, ‘ Bull. Soc. chim,,’ vol. 9, p. 1029 (1911). 
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from alcohol; (final m.p. 92 • 1 °). We arc indebted to the Authorities of 
the Davy Faraday Laboratory for a comparison specimen used for certain 
runs. 


Results 

The Course of the Reaction —The decomposition of benzalazine to 
stilbene and nitrogen is not quantitative; by-products detected by previous 
workers are benzonitrile,* ammonia,t and small amounts of phenanthrene 
and complex nitrogeneous compounds,t among which, one, boiling at 
about 460°, has been distinguished as akin to carbazole. The experimental 
method employed in these investigations was the rather brutal one of 
boiling liquid benzalazine under reflux; there is reason to expect that the 
gaseous decomposition may give simpler results, since we have obtained 
higher yields of nitrogen (and higher Nj/NH, ratios) than those recorded 
previously. 

If Po and Pec are the initial and final pressures in a gaseous reaction 
system, then, for a quantitative decomposition of benzalazine into stilbene 
and nitrogen Poc/Po = 2-00. Actually, as shown in Tables 111 and V, 
Pco/Po 1 '85, with a mean deviation from the mean of 1 -4% in 19 experi¬ 
ments. Table I gives the results of experiments on the composition of 
the permanent gas formed. Known weights of vaporized ^nzalazine 
were heated in sealed evacuated bulbs. After cooling the bulbs, the 
residual gas was examined by gas-analysis over mercury. 


Table 1 

Vol. as 



Initial 



Duration 

permanent gas 

N« as 


No. 

benzal¬ 

Temp. 

Po 

of 

at N.T.P. 

% theo¬ 

N,/NH; 


azine 



heating 

-- 

•- -- 

retical 



gm. 

°abs. 

mm. 

min. 

Na 

NH, 








cc. 

cc. 



I 

0-4970 

607 

449 

65 

40-5 

4-4 

75 0 

9-2 

III 

0-5014 

608 

393 

95 

39-6 

3-9 

73-5 

10’2 

11 

0-5000 

606 

450 

11 

25-7 

2-6 

(47-7) 

9-9 

IV 

0-5020 

608 

453 

4-5 

6-6 

0-6 

(12-2) 

ll-O 


In two experiments a test was applied for hydrogen; none was found. 
The results II and IV show that the ratio Nj/NHa remains constant 
throughout the reaction, which suggests that nitrogen formation and 
ammonia formation are simultaneous reactions. About 75% of the 


• Meisenheimer and Heim, ‘ Liebig’s Ann.,’ vol. 355, p, 274 (1907). 
t Pascal and Normand, ‘ Bull. Soc. chim.,’ vol. 9, p. 1029 (1911). 
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gaseous decomposition proceeds with liberation of nitrogen. The corre¬ 
sponding formation of stilbene was tested roughly by heating 1 -00 gm. of 
benzalazine in a scaled, evacuated bulb at 340° C. for 53 min. (initial 
pressure 460 mm.). After cooling, the residual solid was dissolved in 
carbon tetrachloride and the stilbene was precipitated as dibromidc. 
106 gm. of stilbene dibromidc (m.p. 231°, uncorr.) were recovered, 
corresponding to a 65% theoretical yield of stilbene from benzalazine.* 

Of the remaining 25% of benzalazine which does not decompose to stil¬ 
bene and nitrogen, about 8% gives ammonia as one decomposition pro¬ 
duct (Table 1). There are also some relatively non-volatile products 
(which remained behind as a brown stain when the bulb was pumped out 
at 360° C. after a reaction), corresponding possibly to the high-boiling 
fraction detected by Pascal and Normand. Organic vapours (other 
than stilbene) are also formed in the reaction, as shown in Table II. In 
the experiments shown in this table, the pressure of permanent gas 
present at the end of a run was determined by cooling the reaction bulb 
sufficiently to condense the organic vapours. In experiments (8) and 
(9) the reaction was not taken to completion. 

Table II 

Pressure of 

permanent gas Final pressure at 
at 0“ C. experimental 


No. 

Temp. 

Po 

pec 

..- 

mm. 

Calc. 

temperature, mm. 


"abs. 

mm. 

mm. 

Obs. 

theo¬ 

retical 

N, 

Permanent 

gas 

Vapour 

8 

591 

^ 72 

(127) 

27 

34 

59 

68 

9 

591 

250 

(440) 

96 

116 

208 

232 

13 

608 

301 

532 

117 

135 

260 

272 

14 

626 

302 

551 

108 

132 

248 

303 

15 

619 

303 

552 

115 

134 

261 

291 


The final development of organic vapous always exceeds that due to 
stilbene alone. The formation of benzonitrilef might account for part 
of the excess; this substance was detected by smell in every experiment and 
in one instance 4% of the initial weight of benzalazine was recovered as 
benzonitrile. 

Order of the Reaction —The reaction is predominantly homogeneous. 
Its rate is the same in different reaction vessels of varying volume and 

♦ C/. Kuhn and Winterstein, ‘ Helv. Chim. Acto,’ vol. 11, p. 103 (1928). 
t Meisenheimcr and Heim, ‘ Leibig’s Ann.,’ vol. 355, p. 274 (1907). 
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shape, and is not affected by slight accumulations of involatile reaction 
products in the bulb. Finally, the rate of decomposition is not changed 
when the reaction vessel is packed with powdered glass {see Table III). 
Different preparations of benzalazine gave identical results. 

The order of reaction was determined mainly by experiments at 608° 
abs., which are recorded in Table 111. At higher temperatures the reaction 
becomes inconveniently rapid and at lower ones there is more uncertainty 
in determining “ zero-time ” (p. 446) owing to the slower initial evaporation 
of the benzalazine crystals. Nevertheless, the results at other temperatures 
(Table VI) support the conclusion to be drawn from Table 111, that the 
reaction is of the first order. The times of half-decomposition are 
sensibly constant over nearly a hundredfold pressure range (column 5 in 
Table 111); and the same is true for the values given in column 6, which 


Table 111— Temperature 607 -608° Abs. 


No. 

Temp. 

Po 

PooIPo 

i 0 - 50 

^ 80-80 

Ati 

kx 


°abs. 

mm. 


min. 

min. 

min.~* 

min.-* 

21 

607 

378 

1*83 

4*2 

7*3 

0165 

017 

13 

608 

301 

1*77 

4*6 

9*6 

(0*14) 

013 

16 

607 

296 

1*84 

4*4 

8*6 

(0*15) 

(016) 

25 

608 

234 

1*83 

(2*8) 

8*0 

— 

016 

17 

607 

116 

1*83 

5*1 

8*0 

0*140 

015 

35 

608 

101 

1*91 

5*1 

9*3 

0*134 

014 

36 

608 

66 

1*88 

4*8 

8*9 

0*139 

014 

20 

608 

35 

1*83 

4*0 

7*8 

(0*16) 

0M4 

32 

608 

5*41 

— 

4*6 

8*3 

0*146 

/ 015 

34 

608 

2*75 

1*82 

5*3 

(12*8) 

— 

012 


are times for the range 30 to 80% decomposition, taken from the pressure¬ 
time curves. We have used values for tso-go more particularly at other 
temperatures, since they are independent of zero errors in time or pres¬ 
sure. Throughout this paper times are given in minutes and pressure in 
mm. of mercury. 

In experiments 35 and 36 the reaction vessel was packed with powdered 
glass. 

Calculation of Velocity Coefficients —Column 7 gives the unimolecular 
velocity coefficients calculated, in the usual way, from the equations 


fci = ^.Iogio^ 
t P» 


Pt,^Po 


Pm 


Poo Po 


( 1 ) 


( 2 ) 
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where po and />o, are respectively the initial and final pressures; p, />» are 
the total pressure and the partial pressure of benzalazine, respectively, at 
time t. Experiments 35 and 11, Table IV, are quoted as examples. 


Table IV 

Experiment 35—Temperature 608° abs. Initial pressure of benzalazine 101 mm. 
Reaction vessel packed with glass powder. 


Time 

Pressure 

Ph 

% change 


0 

101 

— 

— 

— 

0-97 

113 

88 

13*0 

0 144 

3-32 

133 

66 

34*8 

0*129 

465 

143 

55 

45*6 

0*131 

5-73 

150 

47 

53*3 

0133 

7*25 

158 

38 

62 0 

0*133 

1005 

169 

26 

73*9 

0*133 

1410 

179 

15 

84*8 

0*133 

20-4 

187 

7 

95*6 

0*134 

30-6 

191 

2 

97*8 

— 

54 

193 

— 

100 

— 

65 

193 


— 

— 

Experiment 11 — 

-Temperature 59 T 

abs. Initial pressure 300 mm. 

Unpacked 

Time 

Pressure 

Pb 

% change 

ki 

0 

300 

— 

— 

— 

0*75 

313 

284 

51 

(0*069) 

4*45 

350 

241 

19-6 

0*049 

8-70 

380 

206 

31-4 

0*043 

12*50 

412 

168 

43-9 

0*046 

19*15 

442 

133 

55-7 

0*042 

27*8 

475 

94 

68-6 

0*042 

45 

503 

61 

79-6 

0*035 

00 calc. 

555 

— 

— 

— 


Although this method of calculation frequently gives satisfactory con¬ 
stants, it is not, in principle, the soundest, since excessive weight is thrown 
upon the initial readings, which are, in our experiments, precisely the ones 
most liable to be in error. Drifting velocity coefiicients sometimes ensue 
(bracketed ki values in Table III). The unimolecular character of the 
individual runs is best tested graphically by methods which eliminate the 
initial readings. 

(A) From equations (1) and (2), 


A. 

2-30 


Pec—P 


(3) 


The value of ki can then be determined from the slope of the straight line 
obtained by plotting logjo (p® — p) againt t for each run. The values of 
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to and Po are not used in the determination. This procedure has been 
applied to every run and the derived slopes are entered in Tables III 
and VI under ky.* Specimen plots are shown in fig. 2. 

(B) Method A throws undue weight upon the measurement of p®. 
This is not a serious disadvantage, since />„ can be measured with greater 
accuracy than the other readings. Nevertheless, both initial and end 
values can be eliminated by adapting the method of Guggenheim.f Two 



Fio. 2. 


series of pressure readings pi, pj, .... p*, and p/, p,', ..., p„' are chosen, 

for each run, at times ti, /„ ...» and + t, /, + t, . + t, 

respectively, where t is a constant time interval. Then, it follows from 
equation (3) that the velocity coeflScient may be derived from the slope of 
the straight line obtained by plotting logio (p — p') against t. For 

* Thus, in experiment 25 (Table HI), with a bulb packed with glass tubing, to-M >s 
abnormally small, owing to accidental initial superheating at the beginning of the 
run. The values for and ki' are normal. 

t ‘ Phil. Mag., vol. 2, p. 538 (1926); cf. Roseveare, ‘ J. Amer. Chem. Soc.,’ vol. 53, 
P. 1651 (1931). 




452 


G. Williams and A. S. C. Lawrence 


accuracy, this procedure requires a large number of pressure readings in 
any given run. Satisfactory straight lines have been obtained for those 
experiments in which this condition was sufficiently fulfilled and the derived 
velocity coefficients are indicated by ky’ in Table V. They may be com¬ 
pared with those given in Tables III and VI. 


Table V 

Number . 21 17 35 31 

Temperature . 607“ 607° 608° 599“ 

. 0 16 015 014 0-086 


Energy of Activation —The temperature coefficient of the reaction was 
determined from the results shown in Table VI. 


Table VI 


No. 

Temp. 

Pq 

Poo/Po 

^0 fiO 


ki 


°abs. 

mm. 


min. 

min. 

min.~* 

14 

626 

302 

1-83 

1*2 

20 

0-65 

27 

627 

149 

1-89 

0-9 

21 

0-65 

15 

619 

303 

1*82 

2‘3 

4.4 

0-27 [0-28] 

26 

619 

152 

1*86 

1*3 

4-5 

0-26 

28 

598 

139 

1-83 

5-7 

15'4 

0 081 

31 

598 

72 

1 89 

BO 

16 3 

0 078 [0-80] 

11 

591 

300 


160 

35 0 

0-041 [0-043] 

23 

590 

264 

1-85 

100 

28-4 

0-046 

9 

591 

251 

— 

7-4 

310 

0-041 

8 

591 

73 


— 

— 

0-025 


At 591 ° abs., the values for <o~ 5 o are widely divergent. This temperature 
is only a few degrees above the boiling-point of benzalazine and the time 
taken for the crystals to evaporate at the beginning of a run sometimes 
amounts to several minutes. Appreciable decomposition must un¬ 
doubtedly have occurred in such a period. The error in observation of 
zero time may be gauged roughly by calculating to from the plots in fig. 2. 
The error is found to be small for those runs for which good constants 
can be calculated by equations (1) and (2) (coefficients shown in square 
brackets in Table VI), and is uniformly less at higher temperatures. Thus, 
at 581° abs., the corrected values of for experiments (11), (23), and 
(9) are 16-6, 16-8, and 14-6 min., respectively. At 598° abs., corrected 
half-periods for experiments (28) and (31) are 9-0 and 8 5 min., respec¬ 
tively and at 619° abs., 2*6 and 2-4 min., respectively, for experiments 
(15) and (26). 
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In fig. 3 the logarithm of the reaction rate is plotted against 1 /T for 
three sets of data. Straight lines drawn through these points give the 
following values for the energy of activation: from I, (tso-so)* E 52,800 
± 1400 cal. Application of the method of least squares to mean values 
for <so -80 E == 53,100 cal. From II, (hi), E ~ 53,100 ± 3000 cal. 

From 111, (to so). E 52,500 cal.; this line is the least reliable. 



For calculation the energy of activation is taken to be 53,000 cal. The 
rate of reaction is given approximately by the equation 

= 2-25 X 10«. e-w.ooo/BT 

Molecular Statistics —With the value E = 53,000 cal., the number of 
active collisions, calculated from the expression Z. (where Z is the 
total collision number), turns out to be smaller than the observed rate of 
reaction at 608® abs., and 300 mm. pressure by a factor of 10“’', The 
decomposition of benzalazine is thus in line with all the other known first- 
ordCT reactions (except the isomerization of maleic ester) in that some 
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special activation mechanism has to be assumed to account for the high 
reaction velocity observed. 

Making the usual assumption that the internal degrees of freedom of the 
molecule contribute to the activation energy necessary for its decom¬ 
position, we can calculate a lower limit for the number contributing. 
Our experimental arrangement was unsuitable for pressures below 1 mm. 
and it is not certain whether the apparent slowing off of the reaction at 
2-75 mm. initial pressure (Table III) is real or not. Supposing the high- 
pressure rate to be just sustained at 2-00 mm. pressure at 608° abs., and 
taking a molecular diameter of 8 -0 x 10“* cm., Hinshelwood’s method of 
calculation* gives F == 22 for the total number of degrees of freedom over 
which the energy of activation is distributed. (No. of molecular collisions 
■— 3-62 X 10“; No. of molecules reacting — 8-00 x 10^* per cc. per 
sec.; = 9-55 x lO"*®). If the high pressure rate is preserved down 

to 0-2 ram. pressure (as for azo-wo-propane), F = 29. 

The values of F are reduced if larger collision diameters are taken, and 
when F is so large its calculated value is sensitive to alterations of the 
collision diameter. Taking a molecular diameter for benzalazine equal 
to its longest dimension (about 16 A.),t since the average interval between 
molecular collisions is large compared with the period of molecular 
vibration and rotation, F is reduced to 17 and 24 for 2 -00 mm. and 0 • 2 mm. 
respectively. But the choice of an appropriate collision diameter is made 
still more ambiguous by the uncertainty which exists regarding the 
efficiency of energy transfer in molecular collisions. Evidence that 
energy transfer (and especially conversion of translational into vibra¬ 
tional energy) is relatively inefficient is available (a) from experiments on 
the velocity of sound in gases, (h) from experiments on the quenching of 
fluorescence, (c) from the effects of foreign gases on reaction rate. 

Provided that no chain mechanism operates in the decomposition of 
benzalazine (and the evidence against a chain mechanism in the azo 
decompositions seems to be fairly strong —see following paper), we con¬ 
clude that the energy of activation for this decomposition is distributed 
over at least 22 degrees of freedom.! 

In the absence of low-pressure data, the theori6s of Rice, Ramsperger, 
and Kassel§ have not been applied. 

* Hinshelwood, “ Kinetics of Chemical Change in Gaseous Systems,” Oxford, 
1933, 3rd Ed., p. 188. 

t Unpublished X-ray measurements indicate that the benzalazine and 6>-azotolueoe 
molecules are both about 16 A. long in the crystal. 

t The present values for E and F, based on more extoisive experiments, supersede 
the provisional ones quoted previously (‘ Proc. Roy. Soc.,’ A, vol. 146, p. 267 (1934)). 

g “ Kinetics of Homogeneous Gas Reactions,” New York, 1932, chap. x. 
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Summary 

The thermal decomposition of benzalazine vapour proceeds with a 
75% formation of nitrogen and stilbene. It is a homogeneous reaction 
between 318° and 354“ C., and is of the first order over the pressure range 
5-380 mm. The energy of activation is approximately 53,000 cal./gm. 
mol. and is distributed over at least 22 degrees of freedom (> 40 “ square 
terms ”)• The rate of reaction is given approximately by the equation 
fe = 2-25 X 10“ . e-"'*sec. ’. 


The Rupture of Carbon-nitrogen Bonds. Kinetics of the 
Thermal Decomposition of w-Azotoluene Vapour 

By Gwyn Williams and Arthur Stuart Clark Lawrence, Colloid 
Science Laboratory, Cambridge 

{Communicated by Eric K. Rideal, F.R.S.—Received 19 March, 1936) 

The energy of activation found for the benzalazine decomposition is 
somewhat higher than those hitherto recorded for the decompositions of 
azo-compounds. The difference between the azine- and azo-decom¬ 
positions can only be appreciated, however, on comparing the decom¬ 
position of benzalazine with that of its aromatic azo-analogue, i.e., w- 
azotoluene. According to Thiele,* when the latter substance is heated 
in vacuo, gas liberation begins at 150°-160“ C and dibenzyl distils over in 
copious yield at 175°-180° C. 

C,Hj. CHj-N-N-CH, . CeHj = N, + C,H* . CHg . CH* . C.H,. 

This reaction is analogous to the benzalazine decomposition (measured 
at 318°-354'’ C), 

C,Hj. CH=N-N=CH . CoH, - -f C«Hj. CH-CH . C.H^, 

and resembles the aliphatic azo-decompositions investigated by Rams- 
pergerf over the temperature range 250‘“-350° C, though occurring at a 
lower temperature than these. 

• ‘ Leibig’s Ann.,’ vol. 376, p. 239 (1910). 
t Curtius and Jay, ‘ J. prakt. Cheni.,’ vol. 39, p. 44 (1889). 
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We have applied the experimental method of the preceding paper to 
a)-azotoluene and we find that the vapour decomposes rapidly between 
185° and 240° C. For reasons explained below, the low decomposition 
temperature of w-azotoluene gives rise to experimental difficulties. The 
rate of decomposition of w-azotoluene at 187° C, is rather faster than 
that of benzalazine at 335° C. In general, the azotoluene reaction is so 
rapid at accessible temperatures and pressures that the experimental 
method cannot give very accurate quantitative results; but the comparison 
of the two reactions is probably not seriously affected, since the temperature 
interval separating them is so large. 

Experimental 

w-Azotoluene was prepared by the method described by Thiele (Joe. 
cit.)\ dibenzylhydrazine was made by electrolytic reduction of benzal¬ 
azine and was subsequently oxidized to w-azotoluene by the action of 
hydrogen peroxide. The final product, recrystallized repeatedly from 
methyl alcohol below 0° C, gave m.p. 31 "5°. As noted by Thiele, the 
substance decomposes on keeping, even at room temperature, and becomes 
viscid.* We find that, when pure, it can be preserved unchanged for 
some weeks in a sealed, evacuated tube in a refrigerator. 

The decomposition of the vapour was followed manometrically in the 
way described previously for benzalazine. The apparatus was that shown 
in fig. 1 of the preceding paper, except that, for some experiments, the 
Bourdon Gauge was mounted horizontally. Measurable reaction rates 
could be obtained only at temperatures at which the vapour pressure of 
u-azotoluene was small. 

Results 

The formation of nitrogen and dibenzyl is not quantitative; as shown 
in Table I, the ratio of final pressure to initial pressure is about 1'77. 
The main organic decomposition product was isolated and proved to be 
dibenzyl, but the nature of the by-products has not been determined. 
The reaction products, when superheated, followed the gas-laws and 
therefore contained no condensed di benzyl or other component whose 
vapour pressure varied appreciably over the temperature range employed, 
e.g., with 3 00 mm initial pressure of co-azotoluene, the final pressure of 
reaction products after complete decomposition at 187° C was 5 15 mm. 
On heating the reaction bulb to 232° C, the calculated and observed 

* An oxidation process is involved; benzaldehyde is a product of this low-tonpera- 
ture decomposition. 
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pressures for the higher temperature were found to be 5’66 mm and 
5 ■ 70 mm respectively. 

The reaction is predominantly homogeneous, because its rate is not 
increased by packing the reaction vessel with powdered glass and is 
unaffected by change of vessel. First order velocity coefficients can be 
calculated from equations (1) and (2) of the preceding paper, but the 
values given under ki in Table I were determined by plotting log (poo — P) 
against time for each experiment.* This method of evaluating has 
marked advantages for to-azotoluene, because the rapidity of the reactions 
makes it difficult to determine zero-time accffrately, and the graphical 
values of k^ are independent both of to and of Po-f Owing to the small 
vapour pressure of w-azotoluene at temperatures at which the rate of 
decomposition is measurable, the range of initial reactant pressures 


Table I 


Temp. 

* Abs 

Pa 

mm 

Poolpo 

min 

min 

kt 

460 

3*00 

1-72 

3-2 

[7-5] 

0*18 

473 

3-94 

1’83 

1-3 

1*9 

0-63 

475 

8-61 

182 

1-2 

2*1 

0*58 

475 

7-34 

1*75 

0*94 

1-6 

0-77 

483 

4*89 

1-73 

0*60 

1-2 

1*02 

484 

10-6 

[160] 

0*59 

1*2 

ill 

488 

3*41 

1*76 

0 40 

0*74 

1-7 

489 

7*29 

1-84 

0‘41 

0-58 

2*0 

511 

12-6 

1-75 

— 

— 

— 

472 

2'95 

1 70 

— 

—- 

[0*26] 

483 

2*59 

— 

0*78 

1*7 

0*87 

485 

3*23 

1-79 

0-80 

2*4 

0-83 


available for testing the order of the reaction is limited. There is evidence 
in Table I (under to_r,o and hn-no) and in fig. 2, line II, that the time taken 
for a given percentage decomposition is invariant for a doubling of the 
initial pressure of reactant, but otherwise the linear plots of log (p<» — p) 
against time (fig. 1) furnish the principal evidence that the reaction is of 
the first order. 

• Ai =«= 2*30 X (slope of line). 

t Po should be known accurately since it depends on a measurement of weight; 
but, in order to avoid saturation of the vapour, the amount of o-azotoluene weighed 
out was usudly less than 0 -01 gm. 
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From the plot of logA'x against 1/T (fig. 2), the energy of activation E 
is estimated to be 36,000 cals.* The half-decomposition periods (for 
varying initial pressures) also fall reasonably consistently on a straight 
line when their logarithms are plotted against 1/T (line II in fig. 2), and 
give E = 33,000 cal. 



10 20 30 

Time in minutes 
Fio. 1. 


Molecular Statistics 

Taking the value E = 35,000 cal, and assuming a molecular diameter 
of 8 A, the observed rate of decomposition at 10*6 mm, and 484° abs, is 
greater than the rate of activation by collision by a factor of 10*. If the 
“high pressure" reaction rate is supposed to be sustained down to 

* The crossed circles in fig. 2 refer to experiments (one with an onpty and oi» with 
a packed buib) which are not directly comparable with the rest owing to a small 
constant temperature error. These results are included at the end of Table I. 
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0-2 mm pressure (as for azo-wo-propane), then the measured reaction 
rate at 484" abs can be accounted for on the assumption that 15 degrees of 
freedom of internal energy contribute to the activation energy. (Number 
of molecular collisions at 0-2 mm, and 484° abs is equal to 5-1 x 10“ 
/cc/sec; number of molecules reacting is equal to 6-7 x 10^®/cc/sec; 

'^' 1 ' - 1 .g2 X 10 With the same experimental conditions, and 
assuming a molecular diameter of 16 A, 13 internal degrees of freedom are 
required. 



The measured rate of decomposition is given approximately by the 
equation 

it == 1 -22 X 10»<. sec-^ 


Discussion 

In Table II the results for benzalazine and w-azotoluene are compared 
with Ramsperger’s data* for aliphatic azo-compounds. 

The decompositions of the compounds in Table II are all of the same 
chemical type, so their quantitative comparison as first order reactions is 
♦ ‘ Chem. Rev.,* vol. 10, p. 27 (1932). 
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justified, provided that no chain mechanism is operative. There is 
evidence against a chain mechanism in the thermal decomposition of 
azomethane. Although methyl radicals have been detected in decom¬ 
posing azomethane,* * * § they do not seem to carry on a chain,t and the 
introduction of ethyl radicals does flot accelerate the decomposition at 
275° C. Moreover, the thermal explosion at 340"-390" C can be accounted 
for without the assumption of chains and the photochemical decom¬ 
position has a quantum efficiency tending to unity and an inappreciable 
temperature coefficient over the range 20°-260°.§ll According to Rams- 
perger.^f and Patat,t two alkyl radicals break off in the primary process 

Table II 


k A . 


Structure 


I. CHa-N -N-CH, . 

II. CHs- N N CH(CHa)., . 

III. (CHalaCH N N -CH(CH,), . 

QHa. CHa -N - N -CHj. CJi, . 

C.Hs. CH -N-N--CH . C.Hj . 


,-K/RT sgjj-l 

F 


Temp 


E 

No. of 

range 

A 

cals/ 

degrees 



gm mol 

of 




freedom 

270-330 

31 X 10»« 

51,200 

12 

250 330 

2-8 x 10*^ 

47,430 

16 

250-290 

5-7 X 10*» 

40,900 

>20 

187-238 

1’2 X 10^^ 

35,000 

A 

318-354 

2-3 X 

53,000 

>15 


of thermal decomposition and subsequently recombine. It is evident 
from Table II that the energy of activation decreases with increasing 
molecular complexity in the azo-series and that the activation energy 
required for the rupture of the C—N double bonds is considerably 
greater than for the C-N single bonds. 

The F-values given in Table II for benzalazine and w-azotoluene are 
minimum values, based on unproved assumptions about the pressure 
necessary to maintain the maximum reaction rate. Further, on account 
of the low vapour pressure of (o-azotoluene, we cannot prove that the 
observed rate of decomposition at 10 mm initial pressure really represents 

• Lecrmakers, ‘ J. Amer. Chem. Soc.,’ vol. 55, p. 3499 (1933); Rice and Evcring, 
ibid., p. 3898; Rice and Sickman, ibid., vol. 57, p. 1384 (1935). 

t Patat, ‘ Naturwiss.,’ vol. 23, p. 801 (1935). 

J Leermakers, ‘ J. Amcr. Chem. Soc.,’ vol. 55, p. 4508 (1933). 

§ Allen and Rice, ‘ J. Amcr. Chem. Soc.,’ vol. 57, p. 310 (1935). 

II Ramsperger, ‘ Proc. Nat. Acad. Sci. Wash.,’ vol. 13, p. 849 (1927); ‘ J. Amer. 
Chem. Soc.,’ vol. 50, p. 123 (1928); Forbes, Heidt, and Sickman, ibid., vol. 57, p. 1935 
(1935). 

If Ramsperger, ‘ J. Amer. Chem. Soc.,’ vol. 51, p. 2134 (1929). 
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the maximum “ high-pyressure ” rate, though, with so complex a molecule, 
it would be surprising if the rate fell off at a much higher pressure than 
that observed for azo-wo-propane. It is therefore uncertain whether the 
rather low F-value found for co-azotoluene has a real significance or not. 
The F-value for benzalazine seems consistent with the size of the mole¬ 
cule. The only aromatic first order reactions available for comparison 
arc the isomerizations of slilbene and methyl cinnamate* for which 
minimum F-values are given as 12 and 6 respectively. 

The A-term (Table II) for azo-wo-propane is almost equal to the vibra¬ 
tion frequency of the C—N bondf (3-1 x 10*® sec-*),! whereas the A- 
term for azomethane is much higher. Using more precise theoretical 
expressions, involving frequencies, for the A-term, Rice and Gershinowitz§ 
connect the high A-term for azomethane with the small moments of 
inertia of the methyl radical which make exact orientation unnecessary 
in ihe trimolecular association of two methyl radicals with a nitrogen 
molecule, and, correspondingly, in the reverse unimolecular decom¬ 
position. Exact orientation will be required for the wo-propyl radical 
with large moments of inertia. The A-value found for to-azotoluene is, 
within the experimental uncertainty, close to that for azo-wo-propane. 
On the other hand, the A-value for benzalazine is larger than the vibra¬ 
tion frequency for the C~-N bond, which is about 4-7 x 10*® sec~* if 
it is assumed to lie niid-way between the C—N and CeN frequencies. 

Assuming a theoretical expression of the form 

^ ^ B . e-®/'*’’’. 

in which B — kTih,\\ entropies of activation S can be calculated from the 
A-terms in Table II. These are given below for the compounds indicated 
by Roman numerals in Table II, T being taken in the middle of the 
temperature range for each compound:— 


Compound .. I If III IV V 

S. 15-6 10-8 3*27 4-93 14-8 

E~ST . 42,300 41,300 39,100 33,000 44,000 


If B in the above equation is put equal to v,^ the entropies are reduced by 
one to two units. 

• Kistiakowsky, * Chem. Rev.,’ vol. 17, p. 47 (1935). 
t E.g,, Polanyi and Wigner, ‘Z. phys. Chem.,’ vol. 139. p. 439 (1928). 
t Kohlrausch, “ Der Smekal-Raman Effekt.,” Berlin (1931). 

§ ‘ J. Chem. Physics,’ vol. 3, p. 479 (1935). 
f| Eyring, ‘ Chem. Rev.,’ vol. 17, p. 65 (1935). 

If Rodebush, ‘ J. Chem. Phys.,’ vol. 1, p. 440 (1933). 
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We are much indebted to Professor E. K. Rideal, F,R.S., for affording 
us the facilities of his laboratory and for his helpful interest in this work. 

Summary 

The thermal decomposition of w-azotoluene vapour proceeds rapidly 
at 187'’-238° C, mainly to nitrogen and dibenzyl. Over the pressure 
range 2 -5-11 mm (limited by the small vapour pressure of the substance), 
the reaction appears to be homogeneous and of the first order, having an 
activation energy of approximately 35,000 cals/gm mol, distributed over at 
least 15 degrees of freedom. Comparison of the azine- and azo-decom¬ 
positions shows that jthe activation energy required for the rupture of 
the C—N double bond is considerably greater than for the C—N single 
bond. 


The Crystal Structure of SCdSO^. 8 H 2 O 

By H. Lipson, M.Sc., Oliver Lodge Fellow in Physics, University of 

Liverpool 

(Communicated by W. L. Bragg, F,R.S.—Received 25 March, 1936) 

Introduction 

The investigation described in the present paper represents a continua¬ 
tion of work on crystals containing water of crystallization which has 
been carried out by Mr. C. A. Beevers and the author. The particular 
interest of the crystal 3 CdS 04 • is that the proportion of water is 
small. In other cases studied there have been many molecules of water 
to each metal atom (e.g., alum, KA^SOJa. 12HsO;* Epsom salt, 
MgSOi. THaOt), and the water has been shown to play an essential 
part in the structure. In the present case, 3 CdS 04 . 8 HaO, it is clear 
from the structure that the main feature is a packing of Cd and SO4 
ions, and the water molecules adapt themselves in the interstices in the 
structure. It is interesting to study the environments of the waters 
under these conditions. 

Since the analysis has followed lines similar to those of other investi¬ 
gations, it is not described in full; the results alone are given, together 

• Lipson and Beevers, ‘ Proc. Roy. Soc.,’ A, vol. 148, p. 664 (1935); Lipson, ‘ Proc. 
Roy. Soc.,’ A, vol. 151, p. .347 (1935). 

t Beevers and Schwartz, ‘ Z. Kristallog.,’ A, vol. 91, p. 157 (1935). 
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with a comparative table of calculated and observed F’s, which shows 
that the structure is correct. 


The Structure 

The unit cell adopted has the dimensions 

= 9-44±0 01 A, *0 - 11-87 ± 0-01 A, Co-= 16-49 ± 0-02 A 

p - 117° 16' ± 5'. 

This is related to the data given by Groth* in that the c axis is doubled; 
this conclusion is supported by the results of Egartner, Halla, and 
Schwarz,t whose unit cell, however, has an inconveniently small mono¬ 
clinic angle, 34° 48'. 

The space group is I2/a of which the general equivalent points 
are:— 

X y 2, X y 2, 

i 4 - JC y 2, i — X y 2, 

i + -v i + 3' i + .J, i ~ X i i — 2 , 

X i — y i + 2, X i + y i —2. 


The unit cell contains four molecules of BCdSO^. SHjO, so that almost 
all the atoms lie in general positions. The complete structure is defined 


by 38 parameters 



X 

y 

2 


Cd.. 

i 

0-05 

0 

(on the twofold axis) 

Cd,. 

012 

0-405 

0155 


s. 

i 

0-50 

0 

(on the twofold axis) 

O’sl . 

0-39 

0-58 

0-02 


2 . 

0-29 

0-42 

0-08 


s. . 

0-08 

0-12 

0-13 


0’s3 . 

0-17 

0-03 

0-11 


4 . 

0-09 

0-23 

0-09 


5 . 

o-io 

0-08 

0-09 


6 . 

0-15 

0-13 

0-23 


HgO’s7 .... 

0-41 

0-19 

0-10 


8 .... 

0-61 

0-39 

0-21 


9 .... 

0-49 

0-58 

0-23 


10 .... 

0-69 

0-24 

O-II 



• * Chem. Kiystallog.,’ vol. 2, p. 410 (1908). 
t ‘ Z, Kristallog.,’ vol. 83, p. 411 (1932). 
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The positions of the cadmiums were found by the use of Patterson* 
syntheses. Owing to the heaviness of cadmium, these sufficed to give 
the signs of practically all the F’s (0 k 1) and F’s {h 0 /), thus allowing 
the use of ordinary two-dimensional syntheses. The predominance of 
cadmium, however, renders it difficult to estimate accurately the positions 
of the lighter atoms. 

The agreement of calculated and observed F’s is shown in Table I. 
A high degree of accuracy is not claimed for the observed F’s which 
were obtained from oscillation photographs.f 

Table I— Comparison of Calculated and Observed F's 


F (Ti /: /) ~ 0 if A + A: + / is odd 
F(AOi) = 0 if A is odd 


h 

k 

/ 

Calc 

Obs 

h 

k 

/ 

Calc 

Obs 

0 

1 

1 

1 

abs 

4 

0 

0 

Yl 

24 

0 

0 

2 

9 

12 

0 

1 

7 

4 

abs 

0 

2 

0 

30 

32 

0 

6 

0 

35 

36 

2 

0 

2 

12 

19 

0 

6 

2 

4 

abs 

0 

2 

2 

11 

21 

0 

4 

6 

To 

10 

0 

1 

3 

23 

29 

‘4 

0 

8 

17 

10 

2 

0 

0 

12 

10 

0 

0 

8 

27 

32 

0 

3 

1 

1 

abs 

0 

3 

7 

5 

3 

0 

0 

4 

15 

16 

0 

5 

5 

2 

abs 

2 

0 

4 

46 

42 

2 

0 

6 

6 

6 

0 

2 

4 

14 

18 

4 

0 

2 

17 

10 

0 

3 

3 

2 

abs 

0 

2 

8 

11 

17 

2 

0 

2 

"55 

52 

0 

6 

4 

12 

13 

0 

4 

0 

23 

28 

0 

7 

1 

0 

abs 

0 

1 

5 

12 

16 

2 

0 

10 

U 

12 

0 

4 

2 

23 

23 

4 

0 

10 

24 

27 

2 

0 

6 

31 

38 

0 

7 

3 

19 

12 

0 

3 

5 

9 

12 

0 

1 

9 

25 

30 

0 

0 

6 

17 

24 

0 

5 

7 

12 

6 

4 

0 

4 

34 

28 

0 

4 

8 

1 

abs 

4 

0 

2 

24 

25 

6 

0 

4 

15 

8 

0 

5 

1 

18 

13 

0 

6 

6 

11 

12 

0 

4 

4 

15 

20 

4 

0 

4 

37 

19 

0 

2 

6 

23 

29 

6 

0 

6 

15 

6 

2 

0 

4 

9 

8 

6 

0 

8 

29 

15 

4 

0 

6 

5 

7 

6 

0 

2 

31 

24 

0 

5 

3 

25 

20 

0 

3 

9 

"4 

abs 

2 

0 

8 

6 

9 

0 

8 

0 

1 

abs 


• ‘ Z. Kristallog.,’ A, voL 90, p. 517 (1935). 

t Cf. Lipson and Bcevers, ‘ Proc. Roy. Soc.,’ A, vol. 148, p, 664 (1935). 
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Table I—(continued) 


h 

k 

/ 

Calc 

Obs 

h 

k 

/ 

Calc 

Obs 

0 

1 

5 

T 

6 

8 

0 

2 

2 

abs 

2 

0 

8 

26 

13 

8 

0 

12 

31 

10 

0 

8 

2 

10 

10 

0 

3 

13 

5 

3 

0 

0 

10 

4 

abs 

0 

11 

1 

25 

16 

0 

2 

10 

2 

ab$ 

0 

10 

6 

8 

4 

0 

8 

4 

10 

9 

0 

11 

3 

8 

4 

4 

0 

12 

6 

abs 

2 

0 

12 

4 

abs 

6 

0 

0 

23 

17 

0 

0 

14 

19 

12 

6 

0 

10 

4 

abs 

0 

8 

10 

9 

4 

2 

0 

12 

35 

27 

0 

7 

11 

16 

9 

0 

6 

8 

0 

abs 

4 

0 

16 

38 

18 

0 

5 

9 

\4 

10 

8 

0 

0 

26 

11 

0 

7 

7 

2 

abs 

0 

2 

14 

14 

11 

4 

0 

6 

[ 

abs 

0 

6 

12 

13 

8 

0 

9 

1 

13 

10 

0 

9 

9 

1 

abs 

0 

1 

11 

9 

9 

6 

0 

6 

fs 

10 

0 

4 

10 

23 

17 

8 

0 

14 

24 

9 

0 

9 

3 

3 

3 

0 

5 

13 

14 

8 

6 

0 

2 

1 

abs 

0 

1 

15 

12 

9 

0 

8 

6 

2 

3 

6 

0 

16 

... 

4 

0 

3 

11 

4 

abs 

0 

11 

5 

12 

5 

6 

0 

12 

7 

abs 

0 

10 

8 

8 

abs 

2 

0 

10 

16 

9 

2 

0 

16 

10 

7 

0 

0 

12 

21 

16 

4 

0 

10 

21 

9 

0 

9 

5 

18 

9 

0 

12 

0 

5 

4 

4 

0 

14 

1 

abs 

8 

0 

2 

7 

4 

0 

10 

0 

11 

10 

0 

12 

2 

5 

3 

0 

2 

12 

13 

8 

0 

4 

14 

7 

5 

0 

6 

10 

11 

8 

0 

1 

15 

12 

9 

0 

10 

2 

13 

9 

0 

It 

7 

23 

11 

0 

7 

9 

13 

8 

0 

12 

4 

9 

4 

8 

0 

6 

32 

11 

0 

8 

12 

10 

5 

8 

0 

8 

1 

abs 

0 

3 

15 

1 

abs 

8 

0 

4 

16 

8 

8 

0 16 

ll 

4 

2 

0 

14 

1 

abs 

10 

0 

6 

10 

5 

0 

5 

11 

2 

abs 

10 

0 

8 

6 

abs 

0 

8 

8 

1 

abs 

10 

0 10 

20 

6 

0 10 

4 

15 

12 

10 

0 

12 

18 

5 

4 

0 

8 

2 

abs 

0 

9 

11 

10 

6 

6 

0 

4 

10 

8 

0 

7 

13 

3 

abs 

1 

0 

14 

32 

18 

0 

6 14 

8 

6 

§ 

0 

10 

7 

abs 

0 

10 10 

18 

9 

0 

4 

12 

1 

abs 

0 

12 

6 

2 

abs 

0 

1 

13 

B 

9 

2 

) 14 

16 

9 

0 

9 

7 

T6 

9 

4 

0 18 

9 

5 

vot. a.vi.— *4. 
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Table I—(continued) 




h 

k 

/ 

Calc 

Obs 

h 

k 

/ 

Calc 

Obs 

6 

0 

8 

2 

abs 

6 

0 

10 

15 

4 

6 

0 

18 

12 

5 

10 

0 

0 

3 

abs 

10 

0 

4 

30 

11 

0 

6 

16 

15 

5 

0 

0 

16 

8 

6 

6 

0 

20 

19 

9 

0 

13 

1 

12 

5 

8 

0 

6 

20 

7 

8 

0 

4 

0 

abs 

0 

12 

10 

11 

5 

0 

2 

16 

4 

abs 

0 

14 

4 

7 

5 

0 

5 

15 

14 

8 

2 

0 

16 

11 

4 

0 

11 

9 

2 

abs 

4 

0 

20 

6 

abs 

0 

13 

3 

3 

abs 

0 

0 

18 

12 

6 

2 

0 

18 

24 

9 

8 

0 

20 

20 

9 

4 

0 

12 

7 

3 

0 

2 

18 

9 

5 

iO 

0 

14 

7 

3 

0 

14 

6 

8 

abs 

10 

0 

2 

3 

abs 

0 

5 

17 

14 

8 

0 

4 

16 

13 

5 

4 

0 

14 

6 

4 

0 

12 

8 

7 

4 

10 

0 

18 

30 

10 

8 

0 

18 

16 

6 

0 

13 

9 

9 

3 

0 

13 

5 

5 

abs 

10 

0 

2 

15 

6 

0 

I 

17 

16 

8 

0 

15 

I 

4 

2 

10 

0 

16 

17 

7 

2 

0 

20 

1 

abs 

0 

9 

13 

19 

9 

12 

0 

8 

20 

5 

0 

14 

0 

3 

4 

12 

0 

10 

19 

5 

0 

10 

12 

5 

abs 

0 

4 

18 

5 

abs 

0 

8 

14 

2 

abs 

0 

8 

16 

0 

abs 

0 

14 

2 

2 

abs 

0 

10 

14 

2 

2 

0 

3 

17 

0 

abs 

0 

9 

15 

3 

abs 

0 

7 

15 

8 

4 

0 

11 

13 

24 

8 

0 

11 

11 

2 

abs 

0 

15 

3 

16 

4 

0 

13 

7 

11 

3 

12 

0 

12 

3 

abs 


Consideration of the Structure 

As in other ionic crystals, we find that the metal atoms and the acid 
radicles are distributed in a more or less uniform manner. There are 
certain distances Cd-S, however, which are particularly small, being 
included within the range 3-4 ± 0-1 A. The arrangement of these is 
such that each SO 4 group is closely surrounded by four cadmiums, and 
the orientations of the SO 4 groups in both the general and special positions 
are such that each oxygen touches one, and only one, of the cadmiums. 
These contacts are shown in fig. 1. 

The cadmiums in general and special positions also have environments 
similar to each other. These environments, which are also shown in 
fig. 1 , may be described as approximately regular octahedra of oxygens. 
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of which four are provided by four different SO 4 groups and two by 
HjO molecules. These octahedra cannot be compared with the co¬ 
ordination groups which have been found in other structures,* as the 
atoms comprising the groups in this case are not in contact. This must 
be due to the large radius of cadmium, as the distances to the atoms are 



Fio. 1—Projection of atomic positions parallel to the a axis. The numbers in the 
circles represent the x parameters. This diagram shows (a) four general SO 4 
groups; (Jb) the special SO 4 group about S at 0-75,0-50,0 00 ; (c) the four Cd-O 
bonds of the SO, groups at x 0 08 and x = 0 -92; (</) two Cd-O bonds of the 
special SO, groups; the other two are obtained by operation of the twofold 
axis; (e) the octahedron round Cd at x 0-62; (/) the octahedron round the 
special Cd at 0-25, 0-45, 0-50, 

much greater than the 2*0 A which would be required for coordination 
groups. The distances are shown in Table II. 

Owing to the difficulty of fixing the water molecules accurately, their 
contacts are not all immediately obvious, and a reasonable bond structure 
could be derived only from the knowledge of the functions of the water 

* E 4 ., the Alums, Upson ‘Proc. Roy. Soc.’, A, vol 151, p. 347 (1935). 
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Table II— Distances of the Cadmiums from their Nearest 

Neighbours 


Cdg™3 

2-26 A 

Cd,^l 

2-30 A 

—5 

216 

—2 

2-44 

—7 

2*35 


2-30 



—6 

2*18 



—8 

2-63 



—9 

212 


molecules in other CT7stals.* The bonds of the water molecules in 
SCdSO*. 8H jO are shown in fig. 2, but for the sake of clarity the environ¬ 
ments are also shown separately in fig. 3. 



Fio. 2—Projection of atomic positions paraUel to the b axis, showing the bonds of 
the water molecules. The numbers in the circles are the y parameters. 


The water molecule 7, which is at a distance of 2 *35 A from the special 
cadmium, is also near to several other atoms. These are 2 (2*92 A), 
3 (3 02 A), 8 (3*06 A), 9 (2-82 A), and 10 (2*64 A). If 3 and 8, at the 
largest distances, are neglected, we find a distribution of bonds which is 
nearly regular, two negative ones to Cd and H,0 and two positive ones 
to O’s (fig. 3a). 

The water molecule 8 is near to Cd, (2 • 63 A), to 2 (2 • 81 A), to 10 (2 * 77 
A), and to 9 (2 *62 A). This last distance is that between two watw 

• E.g„ CuS 04 .5H|0, Beevers and Lipson, * Proc. Roy. Soc.,’ A, vol. 146, p. 570 
(1934). 
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molecules which touch the same metal atom, and thus probably does not 
represent a bond, as is the case in the ordinary coordination groups. If 
this is true, 8 has one negative bond to Cd, and two positive ones to 
O and HgO. These bonds are far from being coplanai,* (fig. 36). 

The atoms which are nearest to 9 are Cd„ (2-12 A), 7 (2*82 A), and 
6 (3 04 A). Despite the large value of this last distance, it seems neces- 



O O O 

Cd H.’O ® 

Fia. 3—Environments of the four water molecules, the projection being similar to 

that of fig. 2. 

sary to consider it as representing a bond, in order that the molecule may 
have three external bonds (fig. 3c). 

The remaining water molecule, 10, is not in contact with cadmium, but 
touches 1 (2 • 88 A), 5 (2 • 88 A), 8 (2 • 77 A), and 7 (2 • 64 A). Though this 
has four bonds, the distribution is far from uniform (fig. 3d). 

Thus we see that two of the waters, 8 and 9, are of type If with three 

* Cf., the alums. 

t Beevers and Schwartz, * Z. Kristallog.,’ A, vol. 91, p. 157 (1935). 
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bonds, and the other two, 7 and 10, are of type* 2,* Vrith four bonds. 
The strengths of these bonds cannot be found from a knowledge of the 
structure only, but it is probable that they are very weak. The average 
distance representing a bond between HjO and HgO, or H,0 and O is • 
2-85 A, which is rather large. The weakness of these bonds is also 
suggested by a general consideration of the structure as shown below. 

The SO4 groups and the cadmiums fit so well together that it is probable 
that the forces between them are the determining factors in the structure. 
This is suggested by the fact that, whereas in CUSO 4 . 5 H 20 t the distance 
Cu-O (2 -4 A) is greater than the distance Cu-H 20 (2-0 A), in 3 CdS 04 . 
8 H 2 O there is no definite distinction between the corresponding distances 
(2-3 A and 2-35 A). Relatively, then, the forces between the metal 
atoms and the SO4 groups must be much greater in the latter crystal, and 
to a first approximation the structure may be regarded as being composed 
of Cd atoms and SO4 groups only. The water molecules are included 
to fill up the interstices in the structure, and it appears that under these 
circumstances the dispositions of the bonds can be greatly distorted from 
their idealized planar and tetrahedral nature. 

My thanks are due to Professor W. L. Bragg for his advice and constant 
encouragement, and to the University of Liverpool and Professor J. 
Chadwick for affording me the facilities to carry out this work. 

Summary 

The structure of 3 CdS 04 .8HgO is based on the unit cell;— 

a„ 9-44 A, h„ - 11 -87 A, t„ - 16-49 A, 
fi - 117' 16'. 

The space group is 12 /a (Ca^*) and there are four molecules of 3 CdS 04 . 
8 HaO in the unit cell. The 38 parameters which define the structure arc 
given. 

A study of the environments of the various atoms suggests there are 
strong forces between the cadmiums and the SO 4 groups, and that much 
weaker ones are involved in the contacts of the watCT molecules. XKough 
the bonds of the water molecules are similar in distribution to those 
found in other hydrated crystals, they appear to be more distorted; it is 
thought that this is a consequence of the weakness of the bonds. 

• Beevers and Schwartz, ‘ Z. Kristallog., A, vol. 91, p. 157 (1935), 
t Beevers and Lipson, ‘ Proc. Roy. Soc.,‘ A, vol. 146, p, 570 (1934). 
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The Electromagnetic Field Due to a Uniformly and 
Rigidly Electrified Sphere in Spinless Accelerated Motion 
and its Mechanical Reaction on the Sphere^I 

By G. A. Schott, F.R.S. 

{ Received December 16, 1935) 

1—It is well known that the Quantum Theory has failed to account 
for many nuclear phenomena, particularly those connected with the 
emission and absorption of {i particles, e.g., their passage through con¬ 
siderable thicknesses of lead in spite of radiation damping. This failme 
can fairly be attributed to faulty methods in classical electrodynamics, 
on which quantum mechanical methods have been largely based by 
analogy.* In an attempt made some years ago to explain the con¬ 
tinuous P-ray spectrum on the basis of classical electrodynamics, I was 
confronted by the difficulty that the so-called radiation pressure on a 
fast electron, which I wished to take into account in a second approxi¬ 
mation, actually turned out to be greater than the supposedly principal 
term of the mechanical reaction of the electromagnetic field—the term 
which accounts for the electromagnetic momentum and mass. Thus 
the usual hypothesis of quasi-stationary motion, on which this kind of 
approximation is based, broke down completely near the nucleus, where 
the acceleration of the p-particle was very large, so that it became necessary 
to search for a more powerful method than the classical one of deter¬ 
mining the rfiechanical reaction on an accelerated electron due to its 
own field, if possible.one which will avoid all expansions or other approxi¬ 
mations, or at least defer them to a late stage of the investigation when 
the error due to them can be estimated. As a preliminary to such an 
investigation we'need a new metrod of calculating the electromagnetic 
field of a moving electrified system with as few restrictions as practicable; 
such a one can be based on a recent investigation of my own,t which 
makes it possible to determine it exactly for a uniformly and rigidly 
electrified sphere moving in any manner, subject only to the restriction 
that its speed must be always less than that of light, the usual Lorentzian 
expressions for the potentials being assumed. It may be objected that 
so specialized a system is unlikely to satisfy the requirements of atomic 

, * Oppenheimer, ‘ Phyj. Rev.,’vol. 47, p. 44 (1935). 

t ‘ Proc. Roy. Soc.,’ A, vo!. 139, P- 37 (1933), quoted as A. 

2 L 
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theory as a representation of the particles postulated in it; whilst this 
objection must be admitted, it is more important for our purpose to treat 
one such system, however artificial it may be, rigorously and completely 
than a more general one only approximately with the aid of additional 
simplificatory hypotheses of doubtful validity, such as the quasi-stationary 
hypothesis employed in classical electrodynamics. The sphere in question 
admits of rigorous and complete treatment, and so far it is the only 
system that I have found to do so, although I hope to extend some of the 
results obtained for it to other systems by applying the Lorentz trans¬ 
formation. We may expect that the exact solutions found for it with an 
unrestricted motion will prove useful in illustrating, qualitatively at 
least, the behaviour of electrified systems in general. This expectation 
has already been justified by the discovery that this particular system 
possesses periodic orbits of comparatively small dimensions, whose 
frequencies are integral multiples of a fundamental frequency peculiar 
to the sphere, but which are otherwise unrestricted as to form and mode 
of description and possess a static distant field, so that they do not lose 
energy irreversibly by radiation.* This behaviour—-no radiation in 
spite of often large acceleration—has been unsuspected hitherto and 
contradicts the generally accepted conclusions of classical electro¬ 
dynamics. Some more new results of this kind will be found in Paper II 
of this series. 

In the present paper, numbered I, exact expressions are found for the 
scalar and vector potentials of the moving sphere in terms of single 
definite integrals for the unrestricted spinless motion with speed less 
than that of light. Similar expressions are deduced for the electric and 
magnetic forces inside and outside the sphere, and their discontinuities 
are investigated. A proof is given that their values at a point actually 
on the surface and moving with it are the arithmetic means of their 
values at infinitely near points just inside and just outside—a result of 
fundamental importance for our purpose but usually taken for granted. 
Hence an exact expression is obtained for the mechanical force per unit 
charge due to the sphere’s own electromagnetic field acting on an element 
of charge on its surface and moving with it. This expression is needed 
for the determination of the force and couple components of the reaction 
on the sphere due to its own electromagnetic field, but this is the subject 
of the next paper II and the succeeding papers of this series. The 
expressions for the potentials and forces are checked by applying them 
to the case of uniform rectilinear motion, and they are found to agree 


* Schott, ‘ Phil. Mag.,’ vol. 15, p. 752 (1933), quoted as B. 
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with the expressions obtained by Abraham for the perfectly conducting 
sphere for the same motion, as we should expect. In the last section the 
potentials as well as the comparatively simple expression for the magnetic 
force are obtained for the hyperbolic rectilinear motion; the last leads 
to the unexpected result that the magnetic force vanishes inside the 
sphere. 


2—^The Retarded Potentials 

Putting Rj == \a — r\, R 2 = a + r in equation (4) of paper B and 
introducing the velocity u of the centre of the sphere at the time t as an 
additional factor of the integrand, we obtain for the vector potential 

a ~ 1 f ^{sin H (r - T -- \a — r|) — sin (X (r — -c — a — /•)}, 
27^0 J r Jo [X 

( 2 . 1 ) 

the unit of time being the time taken by light to travel unit distance in 
vacuo, a denoting the radius of the sphere and r the distance from the 
position of its centre at the time t to the field-point. The range of 

integration for t is from — w to 00 , but it is broken up into separate 

portions by the instants 0^, Oj, ..., at which r changes from values greater 

than to values less than a and back again. The scalar potential is 

obtained by emitting the factor u. 

Separating the intervals in which r is less than a from those in which it 
is greater we obtain from (2.1) 



sin g, {( .T - 

-r-a)] 

— ^ S [ ' —^ {sin g. (/ — T 4 - fl — r) 
27ra J,. r J„ }x 

— sin (X (/ — T 

- « 4 r)} 

= .£. [ 52^ f ^ sin [xa cos (X (r — T — r) 



r Jo IX 



- i. s p r ^ sin fx (0 - r) cos {x (t ■ 

- t), 

(2.2) 



where the summation is for all the pairs 9i, Oj. In some cases, e.g., 
of spiral orbits, there may be an odd number of these limits, but these 
may be included in the general scheme by an artifice: if Oq be an instant 
before at which r changes from being less than a to being greater, as 
in an expanding spiral, we may group Oo as upper limit with —00 as 
lower limit of an interval in which r is less than a. The (i integrals are 


2 L 2 
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Dirichlet discontinuous factors each equal to rcjl when t lies between 
certain limits and vanishing otherwise. Let us call these limits Tj, tj for 
the first integral and Tg, Tj for the second; they are given by the character¬ 
istic equations 

■^1 + '"i = < " Tg + rg = < + a, Tg — Tg ™ r — a. (2.3) 

The limits 0,, Og, are fixed limits depending upon the form of the 
orbit and the position of the fieldpoint but not on the time /, or the position 
of the centre of the sphere at that time. When the fieldpoint is at a 
distance from the path of the centre greater than a these limits are 
imaginary; otherwise one pair generally exists, but for an oscillatory 
orbit with sufficiently short periods there may be more. For the sake of 
simplicity we shall consider only the case of a single pair, as the method 
can be generalized easily. 

The limits ri, tg, Tg are variable, depending not only on the position 
of the fieldpoint relative to the path, but also on the position of the 
centre of the sphere, i.e., on the time /; we must determine their location 
relative to the fixed limits Oi, Og. We shall assume once for all that the 
speed of the centre of the sphere is always less than that of light, so that 
|u| is less than unity. 

The easiest way is to plot characteristic curves, i.e., graphs in a (t, tj) 
plane, where 

Tj = T ± r, dtild-: -- 1 (u . r)/r = K^,. (2.4) 

Since \vi\ is less than unity, K* is positive, thus both graphs rise 
continually as r increases, so that t assumes the values Tj, tj, t, each 
once and only once as it increases from — oo to <». Hence these variable 
limits are determined uniquely by the characteristic equations (2.3). 

Fig. 1 shows the characteristic curves for uniform rectilinear motion 
with speed 1 1\/2 times that of light, the upper graph (-1- +) belonging to 

Tij T + r, the lower one (-) to t) == t — r. The straight line = t 

bisects the vertical distance between them everywhere; the straight 
lines ri = r ± a intersect the graphs vj = t ± r on the ordinates given 
by T = 01 (AiBi) and t == Og (AgBg) corresponding to the fixed limits. 
These properties hold in all cases. 

If a strip of paper of width 2a with its upper and lower edges (at 
t; t ± a) horizontal is moved upwards across the graphs, the inter¬ 
sections of its lower edge with the graphs (++) and (-) determine 

the successive values of the variable limits and t, respectively, whilst 
the intersection of its upper edge with the graph (++) determines the 
successive values of the variable limit t, for increasing values of t, which 
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are given by the intersection of the median line of the strip with the line 
Y) ^ T. Then we see that— 

(1) "''i* ^ 2 , Tg all increase as t increases. 

(2) Tj is always less than both xg and Xg. 

(3) When t < Gj, Xg < t < Xg < 0 ,, > r, > a. 

(4) When 6^ < t < Gg, G^ < Xg < t xg < Gg, rg and <' a. 

(5) When Gg < t, Gg < Xg < t <; x,, r.., '• /-g > a. 



Fio. 1—Characteristic curves for uniform rectilinear motion a = 2, u— \/y/2, 
/ + */« = 0, t3 = 1. Straight lines tq = x + a (A,A,), tj - x — a 
Y) == X (CiCi) also shown. 

(6) When / coincides with either fixed limit, x, = xg = t, rg = r# = a. 
The most important result of this discussion is (4), which shows that 
when /■ < fl, the actual time t and the two variable limits x* and xg all 
lie between the fixed limits Gj and Gg. Since the Dirichlet factors in 
the second line of (2.2) reduce to k/2 when x lies between xg and x, 
and vanish otherwise, the only one of the corresponding terms which 
does not vanish is that one whose fixed limits enclose the limits xg and 
; however many pairs of fixed limits there may be, only this one pair 
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(Oj, 62 ) contributes anything to the sum in the second line of ( 2 . 2 ), and 
in it the fixed limits can be reduced to the variable limits and Xg. 
When t whilst increasing passes the limit Oj, this term suddenly increases 
from zero to its full value; when (passes the limit Oa, it suddenly decreases 
to zero; and when t actually has the value Oj, or Og, as the case may be, 
the term has half of its full value according to the usual behaviour of 
Dirichlet discontinuous factors at a discontinuity. When t passes 
through the next pair of fixed limits, the same thing happens again and 
so on for each pair. 

Moreover, result (5) shows that when t is actually equal to one of the 
fixed limits, both Tj and Xg have the same value as t, and both and 
are equal to a, the radius of the sphere. Hence all the fieldpoints for 
which this occurs lie on the surface of the sphere in its position at the 
actual time t. 

Consequently we obtain from (2.2) 


Outside points 

e T’Uc/t 

e r**ds 

Inside points 

2fl J., 

r 

'■ 20)], 

u c/x u d-v\ 

— ^ 

tt dx 

~ “ j,.~l 

2a. 


Surface points 

e XL dx 

_ ^ f 

• ds 


^ 2a J,, r 2a],,/-’ 


(2.5) 

( 2 . 6 ) 

(2.7) 


where ds is an element of the path of the centre. The scalar potential <f> 
is as usual obtained by omitting the factor u from the time integrals with 
corresponding changes in the space integrals. The result (2.5) agrees 
with that already given in paper B, but the others are new; they show that 
the potentials are continuous at the surface of the sphere as we should 
expect. 


3—The Electric and Magnetic F6rces 

We adopt the Larmor-Lorentz expressions for the electric force d and 
the magnetic force h, viz., 

d = — ^ — grad <f>, ii = rot a, (3.1) 


with our unit of time. For the regions inside and outside the sphere we 
can obtain them by differentiating (2.5) and (2.6) directly and using (3.1), 
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bearing in mind that t only occurs in the limits t,, t*, Tg, but that the 
coordinates of the fieldpoint occur in r under the signs of integration as 
well as in tj, Tj implicitly owing to their occurrence in r^, r^. 
Using (2.3) and (2.4) we obtain 


Outside points 


d ^ 

e ( TT ds 


(3.2) 


2 S II. 

K.,/-,* KgTg® ) • 

Inside points 




d- 

e 1 r* r dr 

Ti — r^Mi Ta “f TgUal 

(3.3) 


2^ 0., /■» 

Kj/-!* Kgrg* 1 ’ 

where K^, Kg, Kg 

are the Ddppler factors corresponding to x^. 

^ 3 * 


The values of h are obtained from (3.2) and (3.3) by multiplying by a 
vectorially under the sign of integration and by Ui, or Ug, or Uj, as the 
case may be, outside. 

The expressions (3.2) and (3.3) have dilferent values at neighbouring 
points just outside and just inside the surface; taking a fieldpoint P on 
the surface at the time t we shall denote by d+(, and d_o the values of d at 
points infinitely close to P, the first just outside and the second just inside 
the surface. These are obtained by putting xg ~ Tg = r, Uj — U3 = v 
and omitting the suffixes 2 and 3, so that letters without suffixes correspond 
to the time t. Then we obtain with v for the velocity at the time t 


d+o — 


1 . 4. 

2a I KjT* ^ 


rgjfjgUg) = - t^nV} 

Kgr* ) fl*(l-0’ 


(3.4) 


since at the surface we have r == o, r = on. Kg == 1 — Kg = 1 + v„, 
where n denotes the unit vector drawn in the direction of the outward 
normal to the sphere at P and v„ the component of v along n. We sec 
that the discontinuity in the normal electric force is c/a* as it should be in 
accordance with our initial hypothesis of a uniformly and rigidly electrified 
sphere. 

There is a corresponding discontinuity in the magnetic force, obtained 
by multiplying (3.4) vectorially by v and given by 

where v a n is the tangential component of v turned through a right angle 
so as to be perpendicular to the meridian plane. 
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4— The Electric and Magnetic Forces on an Element Moving 

WITH the Surface 

We cannot obtain these directly from (3.2) and (3.3) on account of the 
discontinuity, nor can they be got by differentiating (2.7) directly because 
the coordinates of the fieldpoint disappeared from the upper limits 
when Tj and T 3 were put equal to t. But it is permissible to differentiate 
both integrals in ( 2 . 2 ) once with respect to t or one of the coordinates of 
the fieldpoint under the signs of integration, as I have shown elsewhere.* 
The second integral need not be differentiated with respect to the fixed 
limits 0 j, Oj, for, as we have seen above, these limits lie outside the range 
from T, to Tj, and therefore the {a integral vanishes for each of them. 
We put 

d - d, f ds, (4.1) 


where dj denotes the part of the electric force at the surface due to the 
infinite integral in ( 2 . 2 ), and da denotes the part due to the finite corrective 
integrals, in our case just the single one between the limits and Oj, 
which are not to be differentiated. 

Differentiating the first, infinite, integral we obtain 


, <• r dr r® dfi . . 

dj _ _r sin ufl cos |ji (r — t — r) 

7ra._« r a 


(A 


—- 1 -— dr f sin iJta sin (A (/ — t — r) d|A. (4.2) 

wJ -00 Jo 


The first integral is of the same type as those considered above, and, 
since 1:2 — 1 for a fieldpoint on the surface, it reduces to 


S- r 

2 a J,. 


(4.3) 


The second integral can be reduced to the difference between two Fourier 
integrals by changing the variable from x to •>)(.= x + r; we get 


e r“ 
27ia j-o) 




a — IJ+) — cos (A (/ + a — T)+)} d(A 


e ( Ti-rjUi 
2a \ Kiri* 


n —V ) 

a (1 - Fjj 


(4.4) 


on putting x® = l, rj — a, 12 == an, Ka == 1 — v„ in the second integral 
as before. Substituting from (4.3) and (4.4) in (4.2) we obtain 


di- 


—I r 

2a ij,. 


gi- I n-V ) 
Kjrj* ^a(l-vjr 


(4.5) 


* Schott. ‘ Phil. Mag.,’ scr. 7, voJ. J5, p. 40 (1933). 
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Differentiating the second integral in (2.2) in order to find d 2 and 
bearing in mind that 6 , and 62 need not be differentiated, as we have 
explained above, we obtain 


r) cos [ 1 . (t — t) 


Tc/r . , 

J^ —I — sin[x(o 


( '* (4 T 

— {r cos (X (a r) cos (x (/ — t) 

(\ Jo 

+ u sin jx (a — r) sin [x (r 


€ 

rta]e. r* J„ pi 

e r"' Jt r® 

Tia 


T)}d|x. (4.6) 


The first integral is of the same type as before and reduces to an integral 
with respect to t from Tg to tj, but, since Tg = xg = / at every point 
on the surface, it vanishes. By taking >) ±= x ± r, defined by (2.4) as 
variable instead of x, the second integral becomes 


2Tia 


' ViT [ cos [X (/ — a - Y)^^) d\L 


r ^ r«> \ 

+ dfi i. j cos |X (t + n — >)+) d(X|. 


Since these integrals vanish except for values of x within the range from 
Tg to xj, which is enclosed by the interval from Oj to Oj, we can extend 
the limits to ± 00 without making any difference to the result. Then the 
integrals reduce to Fourier integrals, but these have discontinuities at 
the limits xg and xj. In the first integral the discontinuity Xg corresponds 
to ri_ = t — a, and in the second the discontinuity xg corresponds to 
’f}+ = t + a on account of the characteristic equations and because at 
the surface xj = xg = t, rg = rg -- a. Hence only one-half of the usual 
value of the integrals is to be taken, so that we obtain with Fj - on — Fg, 
Kg = 1 — r„, Kg = 1 -f V„y 




e ( n -f V , n — v l 
40® ll + ^ 1 — 


(4.7) 


Substituting from (4.5) and (4.7) in (4.1) we obtain 
Surface elements 


d= i-iT 4 - P + ^ ) 

2a ll. r« Ki/-i* ^ 2o(l - tO 2o(l + 

=r £. /r Ei! _ 4 - 

■2al.l,. r» Kgrg* ^a(l-v„*)r 


(4.8) 


The first expression shows that the electric force at the surface is the 
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arithmetic mean of d., ^ and d_ „ as determined by (3.2) and (3.3) respec¬ 
tively. This is usually assumed without proof for a moving as well as a 
stationary surface, but, as the assumption is of fundamental importance 
for our purpose, we have proved it rigorously by means of the well-known 
properties of Fourier integrals at discontinuities. 

The value of the magnetic force h at the surface is obtained as usual 
by forming the vector product of each term, the first under the sign of 
integration, by its appropriate velocity. Thus we get 


h = -1 [1^ U AT^T _ Ui Ati , t>„V A p I 
2a J i, /•« K,V ^a(I - V.*)/• 


(4.9) 


5—Mechanical Force on Unit Charge at the Surface 

We shall adopt the Larmor-Lorentz formula for the mechanical force 
per unit charge, viz., 

f = d + VAh, (5.1) 

with our unit of time. Thus we obtain from (4.8) and (4.9) 


i}. (5.2) 

This expression is needed for finding the total mechanical reaction on 
the sphere due to its own electromagnetic field and its equations of 
motion, a problem to be left for the succeeding paper II. 


S 

2a 


‘ [(1 — (v . u)} r + (V . r) n] dr 


_ (1 -(v-Ui))ri-{/-i-(v.ri)}Ui , (1 - t>^) t>„n 

^a(l-u„*) 


6—Field Due to Rectilinear Motion 

We shall study this particular case more particularly on account of the 
simplification due to the symmetry about the line of motion of the centre 
of the system of sphere and electromagnetic field. This simplified problem 
admits of complete solution in terms of known functions in several 
important cases and thus enables us to gain an insight into the nature of 
the field and its change with the motion. 

We shall take the line of motion of the centre as the x-axis and use a 
moving origin O coinciding with the centre at the time t at which the 
field is required. Let (x, tn) be the cylindrical coordinates in the meridian 
plane of the fieldpoint, and k the distance, regarded as positive, of O 
from the centre C in its position at the time t, x being reckoned positive 
when measured in the direction CO. Then we have 

r = V{(^ + k)® + a*}, s = /c, dg = <//«=(6.1) 
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where u is the velocity of C, now along Ox. For the sake of brevity we 
shall consider the two cases of outside and inside heldpoints together, 
using the notation (tj, t^) to mean that either tj, or Tj, as the case may 
be, is to be taken according as we are dealing with an outside or an inside 
point respectively, and similarly in other cases. Then we obtain from 
(2.5) and (2.6) 

, e dr 



_ X + x-i + Ti _ 

(x + “f“ ^ 2 * '‘'a "1“ /"a) 


(6.3) 


a, = 0, 


(6.4) 


where the suffixes 1, 2, 3 correspond to Tj, tj, Tj respectively. 

Similarly we obtain for the force components from (3.2) and (3.3) 
with (2.3) and (2.4) 


e 

2a 


II 


(x + *f) dx ur (x + k) 




, _ e [rndz , 
■-S J-; 3 -± 


/• [r -f M (x + k)] 


(t*, t,) 


h„ hv 0 , == ^ 


r [/• =F M (x 4 - <f)] 
um dr , 


(tj. T,) 

ri 


um 


I (T|. t,) 


/• (r T M (x + k)] j 


(6.5) 


where the upper sign is to be taken for and tj and the lower one for t, 
and h is along the parallel of latitude in the right-handed direction relative 
to Ox. Putting dx = — dKju and integrating the integrals in (6.5) by 
parts with respect to e we obtain after some reduction the alternative 
expressions 


f du 

J mV 


2a 


+ 


1 


I (T|. T,) 


w [r =F «(x + k)] I 


— 0 , -- 


X + Kip ur 


e 

2ats 


[r If u{x + /f)] 

(T|, T,) 


(u, T,) 


x-t- K^ ur 
r If u{x + k) 


( 6 . 6 ) 


The last equation can also be got by differentiating (6.3) with respect to 
ts and using (2.3). 

When the law of motion of the centre of the sphere is prescribed, the 
characteristic equations (2.3) together with (6.1) determine the limits 
■^1' “fi. 'fs' Then the vector potential a„ and the magnetic force A* arc 
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determined explicitly by (6.3) and (6.6), but the scalar potential ^ and 
electric force components d* and require the evaluation of integrals 
with respect to the time t and velocity u respectively. We shall illustrate 
the method by the examples of uniform rectilinear motion and hyper¬ 
bolic rectilinear motion. 

7—Uniform Rectilinear Motion 

We shall make the usual assumption that the centre of the sphere has 
been moving along the x-axis in the positive direction with the constant 
velocity fi times c, the velocity of light, for all past time and will continue 
to do so in the future. Then we have k = p (t — t), so that the variable 
limits Ti, Tg are the roots of the quadratic equation 

/•* (.V + pt — Pr)* + CT* = (/ — T — of, (7.1) 

whilst Tg is a root of the equation obtained by changing the sign of a in 
(7.1). We obtain from (7.1) 

(1 ~ p*) (I - t) = Px 4- a ± 5+ I 

(1 - p*) /• = ± P (x + Po) + . (7.2) 

where I 

= V{(x ± Pa)* + (I - p*) n*} ' 

The upper sign gives tj, ri, the lower Tg, r* are obtained by taking 
the upper sign and changing the sign of a, using in place of to corre¬ 
spond. We find from (7.2) 

(1 - P*) (x + K -t- r) = (1 ± P) (x + Pa + .r+), 

r±t/(x-|-»<) = s+, x + '<=Fta‘==x-fPa 

for Ti (upper sign) and Tg (lower sign), whilst similar quantities for t, 
are obtained by taking the upper sign, changing the sign of a and using 
in place of .y+ as before. Hence we obtain from (6.2), (6.3) and (6.6) 


p <^ = = ^^08 


X -f Pa + 
X — Pa 4- 


Outside points 


(7.3) 
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Inside points 




(7.5) 

li 

d 

II 

X 

11 

(7.6) 


The expressions for the potentials agree with (112e) and (112/) given 
by Abraham* for those of the perfectly conducting electrified sphere in 
uniform motion along Ox with velocity pc. This is due to the fact 
that for this particular motion and for it alone that sphere has a uniform 
surface density, as our sphere has permanently. This agreement may 
serve as a confirmation of our general formulae. 

8—Hyperbolic Rectilinear Motion 

It will take too long to discuss this important example in detail, so 
that we will content ourselves with a sketch of the method of calculation 
and the chief results. In our units the motion is defined by the equations 

_ ,2 ... ,, = lix^ „ .= (gj) 

where b is an arbitrary but constant length, and the origins of time and 
space are chosen so that the motion is reversed at time zero at the point 
A (6, 0), where the acceleration is greatest and equal to 1 jb in our units 
or c^lb in the usual ones. 

The potentials and forces can be expressed in terms of elliptic functions; 
for this purpose we write with the usual notation 

X — b cna-jdn^ft., ra — bkk' sn^uldn^a. | 

fc* = {(g+/)*--462}/4/g, = {46® - (g-/)»}/4/g , (8.2) 

/= ^ (1 — cnoiL)!dnx, g — b (1 + cnx)!dnaL, fg — brslkk’ ^ 

where/is the distance of the field point P (x, w) from A and g is its distance 
from B (—6, 0). By eliminating k and cnx in turn from (8.2) we can 
show that the curves of constant cnx and k are the two orthogonal families 
of coaxial circles with A and B as limiting points; at A, B and along the 
5!-axis cna 1, —1,0 respectively, whilst along the x-axis between A, B 
and outside them ^ = 0, 1 respectively. The curves along which a itself 
is constant are ovals surrounding A; all cut the x-axis perpendicularly 
between A and oo, those for which a lies between 0 and n do so between 
A and B, and those for which a is greater than n all pass through B, 
where « = 2K, but B is singular in so far as the numerical value attained 

* “ Theorie der Elektrizitat,” H, p. 178 (1905). 
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by a there varies from u to oo according to the curve k —• constant along 
which B is approached. 

In order to represent the motion of the centre of the sphere we introduce 
a new independent variable m’ by the equations 

T - b 1 = b ^ ~~ u = (8 3) 

cnx - enw ’ ' cnx — enw ' 1 — cnx enw 


In order to obtain all the possible values of t and ^ and also to ensure 
that 5 shall always be positive, as it must be, we take w to lie between the 
limits a and 4K - a, where h’ = a, 2K, 4K — a respectively give t -- oo, 
0, — 00, ^ = a, b. Of', and m = 1, 0, —1. 

With the new space origin we must replace x f k, the difference 
between the x coordinates of the field point and the centre at time t, by 
X then we obtain from (8.2) and (8.3) 


X 


^ - - b 


srfix (k'^ + k^ cnx enw) 
dti^x {cnx ~ enw) 


r = b 


sn^x dnw 


dnx (cnx — enw) 


(8.4) 


From (8.2), (8.3), and (8.4) we find, using familiar elliptic function 
formulae,* 

snocsn (w ^ x) sn (h> ^ a) 


r±r b 


dnx {1 — cn (w ^ a)} 1 — cn (w ^ a) 

We obtain from the characteristic equations (2.3) with (8.5) 

(t - af~fg 


Vifg)- (8-5) 


cn (Wj — x) ~ cn (Wa + «) 


(/ — o)* +fg 


sn (H-i - x)^sn (H'a 4 x) = 


( 8 . 6 ) 


Similar equations with / + o in place of / — a determine Wj — care 
must be taken in choosing Wj, Wj, w^, as the case may be, so that they do 
not fall outside the limits a and 4K ■— a, thus ensuring that ^i, 
are all positive. 

From (6.2) and (6.3) we obtain with (8.3) and (8.4) after some reduction,t 
bearing in mind that x + k is to be replaced by x — 




_e_ f"'* dnx (1 — cnx enw) dw 
2fl J (»„«.,) snx (cnx — enw) 


2a 


cnx dnx 
snx 


w + n (w, a) — i log 


1 — cw (w + g) 
I — cn{w — x) 




(M’j. W,) 


• Dixon, “ Elliptic Functions,” p. 35 (1894). 
t Dixon, ” Elliptic Functions,” p. 51, ex. 4 (1894). 


(8.7) 
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e \ ,^dnxdnw 
2 ^I log- 


k'^ — cnx cnw 


cnx 


cnw 


4a 


log 


dn (w x) — cn (w + «) 
1 + £/« (w + (x) 


log 


(«?„ W|) 

dn(w 


a) cn {w — a) 


1 dn{w — a) 


( 8 . 8 ) 


The electric and magnetic forces are obtained most easily from (6.6), 
but the expressions for the electric force components are so complicated 
that we shall not give them here, but will confine ourselves to the magnetic 
force, which is the most interesting as well as the easiest to determine. 
Bearing in mind that in (6.6) we must replace x + k by x — we find 
from (8.3) and (8.4)* 

^ ^ (1 cnxcnw){k''^+k'^cnxcnw) ih snxsnwdnxdnw 

' dri^x (I — cnx cnw) (cnx — c/jh’) 

_ ^ sn'^X A (1 ~ cn {w ± a)} {A:'" + k^ cn (w a)} 
dn^x (I • - cnx cnw) (cnx — cnw) 

n- (. I \ -= h ^ (1 — cnx cnw) dnx dnw j:. (k’^ + kh'nx cnw)snx snw 

— A {1 — cn (h’ d: «)} dn (w T «) 

dn^x (1 --c7?a r/jw) (cna — ortH') 


Substituting these values in the last equation (6.6) and bearing in mind 
that the upper sign corresponds to h’, and and the lower to m-, through¬ 
out we obtain, since Wj and Wj belong to the outside and Wg to the inside of 
the sphere, 


Outside points 

h ~ — 1 ^''^ + k’^ cn (Wa — g) _ k'^ + k^ cn jw^ — a) ) „ q. 

2a5T ( dn (Wj — a) dn (w^ — a) I ' ' ' 


Inside points 

h == -£_ I + k^ cn (Wa + at) 
* 2flBT \ dn (Wa + a) 


A:'» + Ar^ca _ (w , -- a) j ^ 
dn (w, — a) I 


because by (8.6) cn (w^ — a) and cn (wj + a) are equal. The result that 
the magnetic force vanishes inside the sphere is somewhat unexpected, 
especially in view of the fact that there may be considerable acceleration. 


• Ibid., p. 39. 
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At a great distance, where/, g are large in comparison with t, we obtain 
from (8.6) to a second approximation 


cn (ivi — a) 


1 


2{t-af 


fg 

k'^ + cn (H>i - g) 
(in (Wi ~ a) 


dn (m>i — a) — 1 — 


2k^{t~af 


fg 


A:'* - /t* + 


(t - af 
fg 


The corresponding expression for ivg — a is got by putting r + o in place 
of t ~ a; hence substituting in (8.9) and using (8.2) we obtain 


At a great distance 

, e \6k^k'Ha 

'h ~ - 7 - 

2atn fg 


Setb^a 

fY ' 


( 8 . 11 ) 


This expression shows that at a great distance the magnetic force h is 
small of the order of the inverse fifth power of the distance. 


The further development and discussion of these results would take 
us too far and will be carried out in a future paper. I have to thank 
Mr. T. Lewis, M.Sc., for checking the equations of this paper. 


Summary 

The object of the series of papers of which this is the first, is to establish 
the mechanics of electrified systems on a rigorous basis in view of the 
failure to account for some nuclear phenomena by quantum mechanical 
methods, which are based largely on merely approximate and hypo¬ 
thetical methods of classical electrodynamics. It is extremely difficult 
to obtain rigorous and complete results for an electrified system of general 
type, but a method of doing this for a uniformly and rigidly electrified 
sphere is developed in this and succeeding papers for a spinless motion 
with speeds less than that of light but otherwise unrestricted. In this 
paper exact expressions in the form of single definite integrals are obtained 
for the scalar and vector potentials and the electric and magnetic forces 
inside and outside the sphere and checked by comparison with the known 
expressions for the Abraham electron in uniform rectilinear motion. They 
are applied to the case of hyperbolic rectilinear motion and a remark¬ 
able result is obtained; the magnetic force inside the sphere always 
vanishes. The forces are also found for the general motion at a point 
on the surface of the moving sphere, and the mechanical force per unit 
charge is deduced, which is needed for the determination of the total 
mechanical reaction on the sphere, to be carried out in the remaining 
papers of the series. 
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On the Spinless Rectilinear Motion of a Uniformly and 
Rigidly Electrified Sphere—II 

By G. A. Schott, F.R.S. 

(Received 16 December, 1935) 


1—Introduction 

This paper constitutes the second instalment of a series of investigations 
foreshadowed in paper 1; its object is to obtain a rigorous and exact 
expression for the total mechanical reaction on the moving sphere due 
to its own field and to deduce the complete equation of motion. With 
the exception of some papers on the perfectly conducting sphere by 
Searle, Sommerfeld, G. W. Walker, and Livens, which are of purely 
academic interest in so far as they do not appear to have been applied to 
concrete problems, nothing seems to have been done in this field of 
knowledge beyond the work of Abraham on the perfectly conducting 
sphere and that of Lorentz on the deformable Heaviside spheroid, both 
only for quasi-stationary motion. Their work, as well as my own previous 
work based upon it, is only approximate and hypothetical, for it is based 
fundamentally on series for the potentials and electric and magnetic 
forces, whose convergence has never been established and only the two 
first terms of which have ever been used, viz., the principal term defining 
the electromagnetic mass and the second representing the pressure due to 
radiation. Consequently this approximate electrodynamics, based on 
the hypothesis of quasi-stationary motion, has led to contradictions with 
experiment, particularly as regards the behaviour of fJ-particles near 
atomic nuclei. Only a rigorous and exact electrodynamics can reasonably 
be expected to explain such phenomena, but, unfortunately, we find 
ourselves on the horns of a dilemma: to develop such an electrodynamics 
without restrictions either as to the nature of the electrified system or as 
to the character of its motion seems to be impracticable in the present 
state of analysis. It happens that the method developed in the previous 
paper (I) leads to a rigorous and exact expression for the total mechanical 
reaction on a uniformly and rigidly electrified sphere due to its own electro¬ 
magnetic field without any other restriction on its motion beyond that 
which secures that the speed of every one of its elements shall be less 
than that of light—indeed, this restriction is only imposed to simplify 
the analysis and is not serious in view of relativity considerations. Neither 
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the perfectly conducting sphere of Abraham nor the deformable Heavi¬ 
side spheroid of Lorentz lends itself so easily to analysis, but I have hopes 
of being able to extend some of the results to the case of the Heaviside 
spheroid. 

As a beginning the present paper treats only of the rectilinear motion 
without spin, in which every element of the sphere at any one instant 
for the fixed observer has the same velocity as the centre, but this velocity 
can vary with the time according to any law, not necessarily the same law 
for all time, provided only that it never exceeds the velocity of light. The 
case of curvilinear motion and the effect of spin will be treated in future 
papers. In spite of the restricted character of the motion and the very 
specialized and artificial nature of the electrified system, some surprising 
results are obtained which cast considerable doubt on some of the con¬ 
clusions generally accepted as certain in classical electrodynamics. 

The principal result of this paper is the establishment in § 3 of a rigorous 
and exact expression (3.2) for the total mechanical reaction on the sphere 
due to the electromagnetic field generated by its previous motion, which, 
apart from a term depending on the actual velocity, contains a single 
definite integral involving past velocities. This expression is applied 
to two particular ca.ses of continuous motion always according to one and 
the same law: (1) uniform acceleration limited by the restriction on the 
speed; (2) hyperbolic motion. 

In (1) an exact but complicated expression in finite terms is obtained 
for the reaction, and in addition a more interesting and useful expansion 
in ascending powers of the acceleration is found in which each term can 
be obtained from that preceding it by two easy differentiations. The 
first term is identical with the principal term of Abraham*—that which 
defines the electromagnetic mass—and the second with his radiation 
pressure term,t an agreement which serves as a check on the accuracy of 
our exact formula. This exact expression as well as the general term of 
the series and its mode of generation are new. 

In (2) again an exact expression for the reaction is obtained, and it 
proves to be identical with the principal term of Abraham; there is no 
radiation pressure term present, nor indeed any term of higher order in 
the acceleration. This result is new and very surprising, and it means 
that all Abraham's results for the momentum and energy of his perfectly 
conducting sphere are true for our sphere also in hyperbolic rectilinear 
motion, exactly, however great the acceleration, and not merely approxi- 

* “Theorie der Elektrizitat,” vol. 2, p. 191, equation (117), (1905). 
t Ibid, p. 123, equation (85). 
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mately as with Abraham’s quasi-stationary motion. In § 5 the important 
case of discontinuous motion is considered, where the law of the velocity, 
but not its value, changes at some instant owing to the imposition of an 
external force or a change in a force already acting. The very important 
result is obtained that the mechanical reaction, although continuous in 
value, does not at once follow the new formula appropriate to the new 
law of the velocity: there are two intermediate stages, usually of short 
duration, during which the formula for the reaction changes gradually 
from the old to the new one. This is due to the fact that, owing to the 
finiteness of the speed of light, electromagnetic waves emitted during the 
old motion of the sphere continue to reach it after the new motion has 
begun. 

The equation of motion of the sphere is established in the usual way 
by applying d'Alembert's principle and treating the mechanical reaction 
just found as an external force. This equation is applied to the small 
disturbance from the uniform rectilinear motion of the sphere generated 
by a momentary impulse in the direction of the motion. The disturbance 
of the velocity after the cessation of the impulse is found to be determined 
by a linear integral equation of the second kind, but in general the kernel 
is too complicated to admit of a simple solution although its existence 
can be verified as usual. But in the initial stage of the new motion the 
solution is elementary; the small increase of velocity due to the impulse 
is not conserved, as it should be according to classical electrodynamics 
and mechanics; it is damped exponentially with a constant damping 
coefficient, which increases with the speed of the undisturbed motion and 
varies directly as the ratio of the electromagnetic rest mass to the constant 
intrinsic mass of the sphere. In the particularly important case of zero 
intrinsic mass, when all the mass is electromagnetic, as usually assumed 
in electron theory, the disturbance is damped out immediately after the 
end of the impulse; none of the added velocity is conserved, so that the 
principle of conservation of momentum as ordinarily applied fails com¬ 
pletely, presumably owing to radiation of momentum during this stage. 
This conclusion is rather suggestive in view of the fact that a similar 
failure of the principle has been sometimes invoked to account for un¬ 
explained atomic phenomena. The damping out of the disturbance 
also shows that the uniform rectilinear motion of a sphere of our type 
without intrinsic mass is stable towards longitudinal disturbances. 


a M 2 
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2—The Total Mechanical Reaction for Rectilinear Spinless 

Motion 

As before,* we take the origin O at the position of the centre of the 
sphere at the time t and Ox in the direction of motion at that time and 
define the position of an element of charge de at a point P on the surface 
at that time by the polar angle 0 “■ POx and azimuth 'J' of the plane 
POx referred to any convenient fixed plane through Ox. Let C, Cj be 
the positions of the centre at the times x, x^ and k, kj the distances CO, 
CjO; then the vectors CP, CjP will be r, Tj and their x-components 
K + a cos 0, /fj -f a cos 0, and the other two components a sin fl cos 
and a sin 0 sin 4'- The unit normal n at P has the components cos 0, 
sin 6 cos (i'll and sin 0 sin <4 along and perpendicular to Ox, the vector 
velocities v, u, Uj at the times t, x, Xj reduce to their .x-components v, «, 
Mj, and the normal velocity reduces to v cos 0. Hence we obtain from 
(5.2) of paper I 

i<i_ V sin'*^ 0 11 

a (I — fv'cos* 0)/ 

(l-r^)t’ ] 

fl*(l — r*cos* 0)i 

( 2 . 1 ) 

where f, is obtained from /„ by changing cos (i* into sin (J*- Also Ki 
is a Ddppler factor defined by (2.4, 1) as before, and we have 

r = i/((c® -f a® -f 2at< cos 0), + o* + 2a/fi cos 0). (2.2) 

The characteristic equation (2.3, I) becomes 

Xi -f Tj Xi -f + n* + 2aKj cos 0) = / — a. (2.3) 

To find the components of P, the resultant force constituent of the 
total forcive on the sphere representing the total mechanical reaction of 
its own electromagnetic field, we must multiply (2.1) by de and integrate 
over the whole sphere in its position at the time t. Since the surface 
density is uniform, using (2.3) and putting x for a cos 0 we can write 

de = e sin 0 dO d4^/4:T == eK/j dx, d<^l4i:aKi = — e dx d4'/4Tta. (2.4) 

The y and z components of P vanish owing to the factors cos <\i and sin 4* 
Similarly the coupler vanishes, for it is obtained by multiplying vectorially 


f e (k -t- a cos 6) dx kj + a cos 0 -- 
•^*“2aU,. /•« “ 

/. = i. sm 0 CO. + { j‘ + 


♦ See preceding paper, I, § 6. 
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by a, whose components are a (cos 0, sin 6 cos sin 6 sin i]/). and 
integrating over the surface of the sphere. The inte^ands of the com¬ 
ponents of r involve either cos or sin or cos sin 4* as a factor in 
every term and therefore are annulled in the (^-integration. Hence the 
only surviving component of the forcive on the sphere is the jc-component 
of the force P, and this is given by 


P-^(P. + Pa 

+ Pa)* 

(2.5) 

where it follows from (2.1) that 



. -a J ?! f 


(2.6) 

p _ r’ ’ (''^1 + A- — MiZ-j) d-Cy 

* .'t. K,r,^ 


(2.7) 

p p sin 0 i/0 2;j 1 — ; 

'* . 0 1 -- r* cos* 0 X) ^ 2r 

r*^i 1 ■f 

- log 

1 ™ V.' 

(2.8) 


say, where Tj and Tj denote what becomes when we put G — 0 and 
TC respectively in (2.3). We shall denote the corresponding values of 
by Kj and Ka respectively, since the letter K is no longer needed for 
the Dbppler factor. It can be shown that Ka is always less than a; for 
if possible suppose it to be greater. Then the corresponding value of 
Ta, which is essentially positive, is Kj — a, and (2.3) gives Ta + Ka = / ; 
a solution is Ta t, Kj = 0, and this is unique, since the speed of the 
centre is less than that of light. Thus there is a contradiction, so that 
Kg cannot be greater than a ; hence (2.3) leads to the following pair of 
characteristic equations for Tj and Tj: 

Ti -f Ki = t - 2a, Tj ~ Ka = t - 2a. (2.9) 

The same reasoning as before gives the useful inequations 

Ti<Ta<t-a, Ka<a. (2.10) 


Obviously the term Ps in (2.5) needs no further consideration; it is 
convenient to treat Pa first. In the second part of (2.7) we change the 
variable of integration from ti to and eliminate x and r^ from the first 
part by means of (2.2), thus obtaining 


Pa = log 


K, 


'''• — g* -|- (r — g — Ti)* 


J 

Jt, 


2«i* (r — a — Ti) 


; dxi. 


( 2 . 11 ) 


In order to reduce (2.6) we change the order of integration, bearing in 
mind that the limits —a and a of jc correspond to the limits Ta and T, 
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of Ti, which is the lower limit of t, and further that increases all the 
way from Tj to T 2 , which is less than t on account of (2.10). A figure in 
a plane of (r, x) shows at once that 







(k -f- x ) dx 
> - 


( 2 . 12 ) 


where x-^ is the value of a: = a cos 0 corresponding to Tj in virtue of 
(2.2). For the sake of comparison with (2.11), it is best to change the 
notation in (2.12) by interchanging t and Tj in the inner and outer 
integrals. Then change the variable of integration in the inner integral 
from X to ri by means of the second equation (2.2), which gives 


dx — Ti dr^jK^. 


Then we obtain from (2.12) 


Pi = 


(■“+'' (ri^ 4- Kj — a^) dtx (' d^ '■ (r^ + — a^) dr^ 


JT, 


r 

Jt, Jo- 


- T, 


1 3a — / + Tj 


+ 


2V 

, . -.} 

(t — a — Tj)/ 


2r,=‘ 


(2.13) 


since rj ~-t~a — tj by (2.3), whilst the second integral vanishes 
identically because kj is less than a by (2.2). On substitution from (2.8), 
(2.11), and (2.13) in (2.5) the first part of the integral in (2.11) and the 
second part of that in (2.13) cancel, and we obtain 


P = 


e* / r’'’’ {2a — t + t) 
2anjT, 2 k ^ 


+ ilog|l- .^(lO), 


(2.14) 


where the sufiix 1 has been dropped inside the integral as it is no longer 
necessary; Tj, Tj are given by (2.9) and <f> (v) by (2.8). 


3—The expression (2.14) can be put in a simpler and often more con¬ 
venient form by transforming the integral by means of the substitution 
of p for T in the integral, where 

T = t — 2a -4- Kp, (1 -f pw) dx ~ K dp, (3.1) 


where the new variable of integration p increases from —1 to 1 as t 
increases from Tj to Tj, as we see from (2.9). We then obtain from 
(2.14) on combining the first two terms 




p + u 
I + pu 


dr — 



(3.2) 
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By means of (2.8) we can write 




1 

2i>* 


log 


1 

1 - V 



P + V 

1 + py 


dp. 


(3.3) 


When u is constant throughout the range of integration, whether it is 
equal to v or not, we obtain from (3.2) and (3.3) 


P- 



^(y)}. 


(3.4) 


showing that P vanishes in the case of continuous uniform rectilinear 
motion, where m = y, as it should do. 

When It is variable, it must be expressed in terms of p by means of 
(3.1) and the given relation between t and u, or t and 

It is important to observe that (2.14) and (3.2) are rigorous and exact 
expressions for the total mechanical reaction on the sphere in spinless 
rectilinear motion with a speed always less than that of light, whatever 
the relation between the coordinate or velocity m, and the time t may 
be. They include not only the usual electromagnetic mass term and the 
radiation pressure term, but also all the terms of higher order in the 
radius of the sphere, as we shall see below. 

As examples of their use we .shall treat the cases of continuous uniform 
acceleration and of hyperbolic rectilinear motion. 

Uniform Acceleration —We choose Ox in the direction of the accelera¬ 
tion,/in our units,//c® in the usual ones; hence/is always positive, but 
u and y may have either sign. The restriction that they shall always be 
numerically less than the speed of light limits the value of /, as well as 
the range of the motion to which our results apply. 

Choosing the origins of space and time to correspond to the turning 
point of the motion, we have f(t — r) — v — u, I/k = r® — m®, and then 
we obtain from (3.1) 

1 4- pu == v'[(l + pvf — 4/i/p], (3.5) 


where the root must be taken positively, as p, u are both numerically less 
than unity. Substituting from (3.5) in (3.2) we obtain at once 


il 

4fl* 




4- y)® — 4/o] — \/[(l — y)® 4- 4/i/] 
y® 


4- log 


\ +v — 2fa + \/[(l 4- vf — Afa] 

vf 4- 4/aj 


4- 


ya_ 


y» 


— y 2fa 4“ v^[(l 
■i^log 


1 4- y — 2falv 4- -y/Kl + 

1 -- V — 2/a/v 4- Vl(l ~ *’)* + 4/i] 


4^-2.^(y)l. (3.6) 
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This expression, although in a finite form, is too complicated to be 
convenient; it is exact, but only valid when 4/a is less than (1 + d)* 
owing to the restriction on the speed. With the usual units this gives 
/ less than {c 4 vfi4a, i.e., less than c^ja in all cases. Even for a sphere 
of dimensions as small as those of nuclei, with a of order 10~*® cm., the 
upper limit becomes 10®* cm./sec.®, which is not impossibly large as it is 
comparable with the acceleration of (^-particles near atomic nuclei. 

For comparison with classical electrodynamics a series of ascending 
powers of the acceleration is more useful than (3.6), but it can be derived 
more easily directly from (3.2). Using (3.3) and (3.5) we obtain 


P 


_£^ p j_J_1_I 

4a® J I (1 4 t’p \/{(^ + ^’P)^ 4/op]) 




1 . 3 ... (2a - 1) 
2.4 ... (2a) 



(1 - P)" - ^ 
(1 4i>p)^"+* 


c/p. 


(3.7) 


In order to evaluate the integral in the general term of the series, it is 
easiest to change to the usual unit of time by putting v/c for v and //c® 
for /; then we obtain in succession 


V J • 3 ■ • ■ (2a - 1) (4/0)” / Jl\"p 1 - p’^ 
2a® " 2.4... (2a) 2a ! \dvdc! J. i (1 4 vpf 


££_® * {J^ /_£LV‘' ' i i / 2c 

2a® 1 (a !)® \ dvdc li>* c* — u® 


i log 

V c — v'I 


(3.8) 


Thus each term of the series can be found from the preceding one by 
two successive differentiations. Replacing vjc by p as usual we find for 
the first four terms 


P 


c®a fi®(l - p®) 


1 - 


1 - p® 
2(i 


'°8i4|)+ 


c* (1 - p*)» 


4/»a£-® (1 4 7(i») , 2/*a®e® (27 4 86p« 4 7p*) 
3c«(l-fi®)'‘ ScMl-P*)^ 


(3.9) 


The coefficient of —/ in (3.9) is identical with Abraham’s expression* 
for the longitudinal electromagnetic mass of the perfectly conducting 
sphere of radius a in uniform rectilinear motion with velocity Pc, and the 
next term with his radiation pressure term;t this agreement serves as a 
check on the accuracy of formulae (3.9) and (3.2). The succeeding 
terms are new; in any case none of the known classical methods give 
such an easy way of obtaining them as we have got above. 

* “Theorie der ElektrizitUt,” vol. 2, p. 191, equation (117). 
t Abraham, “ Theorie dcr Elektrizitat,” vol. 2, p. 123, equation (85). 
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4—Hyperbolic Rectilinear Motion 
This is defined in our units by 


= I* 


/>*, v—tjx, u=lh. 


(4.1) 


where b is an arbitrary but constant length. Hence the equation (3.1) 
defining p gives 

p5 + T -- pa: + r — 2a, 

whence we deduce 


p + M 


p + l> 


a, a =- 2a!b. 


VO ” M^) v'(l ~ y*) 

The identity (1 — p“) (1 — m-) = (1 + pw)® — (p + m)* gives 

^ p -f V — gy y. _ o + u 


(4.2) 

(4.3) 


^ - 


1 + pw 


^(1 V(1 - f'^)v^(l - P^)’ 

from (4.4) we obtain 

j. _ t’ (p -f p — gy) 


, T - VO - (4.4) 


(4.5) 


•v/{(t’*p + V — ay)® 4- tx.V(2v — ay)}‘ 
Substituting and integrating we get 

^ r _, ^ ^ j "■ 

— y* (IJ — ay) log [t.’^p + r — ay 

+ 'v/{(i’’‘p + V ~~ “Y)* + “Y® (2i’ — otY)}] I 


“Y)} 


(4.6) 


When p = 1, the root reduces to p(1 + p — ay), and when p == — 1, it 
reduces to i>(l — i; + ay), so that we get with (3.3) 

i f fr^ ‘'p “ °-=^ (' - T^’) “ * W" 

J„i 1 + pM vr \ 2v 1 -- t’/ V 

a factor 2p — ay cancelling out from the logarithm. Since a = lajh by 
(4.3) we obtain on substituting from (4.7) in (3.2) 


_ _ e^y 
abv 


<^(p). 


(4.8) 


For the sake of comparison with (3.9) we will introduce the acceleration 
/ into this equation by means of (4.1), which gives 
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Eliminating b between (4.8) and (4.9) and returning to the usual units 
by writing pjc — ^ for v and //c® for f we obtain with (3.3) 


P 


r ... 

ji®) 



1 - p® 
2fJ 


log 


l±I\ 

1 - p/ ■ 


(4.10) 


The right-hand side of (4.10) is identical with the first term on the right- 
hand side of (3.9), but the remaining terms on the right-hand side of 
(3.9) are absent altogether. This result is very remarkable; in the first 
place it shows that, if we define the electromagnetic mass to be the 
coefficient of the first power of the instantaneous acceleration in the series 
for the negative of the total mechanical reaction, as is usual in classical 
electrodynamics and mechanics, then the longitudinal electromagnetic 
mass of our sphere is the Abraham mass, at any rate in hyperbolic as 
well as in uniformly accelerated rectilinear motion. Secondly in hyper¬ 
bolic rectilinear motion the mass term constitutes the whole of the 
mechanical reaction of the electromagnetic field due to the motion; there 
is no radiation pressure, nor any term of higher order in the acceleration. 


5—Discontinuous Rectilinear Motions 

So far we have only considered rectilinear motions which are con¬ 
tinuous in the sense that they are governed by a law remaining the same for 
all time, but many of the rectilinear motions actually occurring have not 
this character; their law often changes owing to the imposition of an 
external force or to a change in the law of a force already acting. Our 
formulae (3.1) and (3.2) can easily be adapted to deal with such motions. 

Suppose that the centre of our sphere moves along Ox according to a 
given law connecting the coordinate or the velocity with the time up to 
the time when the coordinate is Xo referred to some convenient origin, 
and that thereafter its motion is governed by a new law, so that at the 
time t greater than the coordinate will be x and the velocity v in our 
units. We can still use (2.14) or (3.2), whichever may be convenient, to 
determine the total mechanical reaction P at the time t, but the evaluation 
of the integrals occurring in them will now depend i^pon the relations 
that t and the variable limits Tj and Tj, defined by (2.9), bear to the fixed 
time to- Replacing k in (3.1) by x — 5 and Kj and Kj by the correspond¬ 
ing expressions x — Xj and x — Xj in (2.14) we obtain 

T 4- = t + px — 2o, Ti — Xi = t — X — 2a, 

T 3 + X,= t-f x-2o, (5.1) 

where X^, Xj denote the x-coordinates of the centre at the times Ti, T, 
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respectively. As t increases, T^, Tj in (5.1) also increase and soonCT or 
later will pass through the value when Tj = /o» t ~ ti, x — aci, 
and when Tg ~ to, let t ~ x x^. Then (5.1) gives 

ti “■ == 'o - -'^0 + 2a, /2 + '^2 = /o + ^0 + 2a. (5.2) 


Now by (2.10) T^, Tg, t are in«algebraically increasing order; hence as 
t increases it will reach the value to first, followed by T 2 and in that 
order, so that to, h also are in algebraically increasing order. These 
three values of t separate the whole motion into four states, in each of 
which the total mechanical reaction P takes a special form best determined 
from (3.2) with (5.1). To distinguish between the old and new motions, 
we shall denote u, v in (3.2) by m_, v_ for the old motion and by m+, v+ 
for the new motion. Then we can summarize our expressions for the 
several stages as follows 


(1) Old motion -, Tj < Tg < t < 


\ 


(2) New motion, initial stage ; Tj < Ta < to<t< ta 


(5.3) 


P 



1 

-1 


p + ».- 

1 + pw- 


dp 




(5.4) 


(3) New motion, transition stage; Tj < to <' Tj < /a < t *" h- 
Since to now lies between Ti and Ta, the integral in (3.2) breaks up into 
two parts separated by the value po of p corresponding to the value to of 
t: in the first part, from Tj to to, or from —1 to Po, « is given by the old 
law, whilst in the second part, from to to Tg, or Po to 1, it is given by the 
new law. To find po we put t = ^ = Xq in the first of equations (5.1) 

and thus obtain 

Po (x — Xo) = to ~ t + 2a. (5.5) 

Then (3.2) gives 





p + g- 
1 4- pM- 



p + g+ 

1 + PM+ 


dp — «^(y4)|- 


(5,6) 


(4) New motion, final stage; to < < T* < ta < ^ < 



p + g+ 

1 + PM+ 


dp — (r+)| . 


(5.7) 
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As regards the duration of the two intermediate stages we find from 
(5.2) 

Duration of the initial stage == /g " = 2o ~ (xj - x^)) 

(5 8) 

Duration of the transition stage ~ fi ~ = Xj + Xg --- 2xo j ' ' ' ^ 

Now .Vj — A'o and Xj -- Xo are both essentially positive unless a reversal 
of the motion has occurred between the times and or as the case 
may be; apart from this exceptional case, we see from (5.8) that the duration 
of the initial stage is always less than 2fl in our units, or 2aIc in the usual 
units, but that that of the transition stage is unlimited, even becoming 
infinitely great in exceptional cases. 

The existence of these intermediate stages is due to the fact that, owing 
to the finiteness of the speed of light, electromagnetic waves emitted by 
the sphere during the old motion continue to reach it for some time after 
the commencement of the new motion; clearly then these intermediate 
stages are not confined to our sphere, but will occur with every electrified 
system when the law of its motion undergoes a change. 

In spite of its generally short duration, the existence of an initial stage, 
especially of every new motion, is of vital importance for the mechanics of 
electrified systems, as it leads to failures of the principles of conservation 
of momentum and energy as usually understood in classical mechanics; 
this will become evident from our study of an example below. We will 
now consider the special case where the sphere after moving for some time 
with uniform speed parallel to Ox is subjected to a force causing its speed 
to vary according to a given law. 


Uniform Motion Followed by a Given Variable Motion in the Same Line 

Let the centre of the sphere move along Ox with uniform speed 
until it reaches the origin at the time zero, and let its speed v thereafter 
vary according to a prescribed law, but not too fast for us to put r = 
during the short intervals tj and ts. Then we may put to — Xq — 0, Xi 
= Xi = Voti in (5.2) and thus obtain approximately 


_ 2a 

^~T^^'^~YTVo- 


(5.9) 


In addition, in order to find po, we put x = Vot in (5.5) and get 


1 


2.CI 

+ VoPo— y 


( 5 . 10 ) 


(5.9) and (5.10) show that, when t — ti, po = — 1, and when / == t,, 
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Po = 1. We need only consider the two intermediate stages and obtain 
from (5.4) and (5.6), omitting the suffix + as no longer necessary. 

New motion, initial stage; 0 < / < 2a/(l + Vq) 

(»’«)- 4>(v)}. (5.11) 


New motion, transition stage; 2a/(I + Vf,) < t < 2a/(l ~ Vq) 




Po 


2a^ 


l.-..£o?iog i.±. Po^:p+ A f 1+JLdp 

1 - t>0 ^ ^ J.. 1 + PM 


(5.12) 


Assuming that there is no sudden change in the value of the velocity 
at the time zero when its law changes, we see from (5.11) that P changes 
continuously during the initial stage of the new motion from its value 
zero at the time zero in the uniform motion to its value at the time t 
when the velocity is v according to the new law, and, if we put po equal 
to 1 and —1 in succession in (5.12) that P again changes continuously in 
value through the transition stage to the final stage of the new motion. 


6—The Dynamics of the Rectilinear Motion of the Sphere 

If in addition to the external force X acting on the sphere in the 
direction Ox we are given the intrinsic mass m of the sphere, which we 
shall assume to be invariable in accordance with the usual assumption of 
electron theory we shall obtain the equation of motion by the method 
usual in classical mechanics of applying d'Alembert’s principle and in 
addition shall treat the total mechanical reaction P as an external force. 
It will be convenient to return to the usual units, so that we shall replace 
I by ct and v by vjc — p in the usual notion. Then we get 

m«> = X + P, (6.1) 

where P is to be replaced by the appropriate expression (5..^), (5.4), (5.6), 
(5.7), (5.11), or (5.12), as the case may be, with the changes in u and v 
needed for the change to the usual units. 

In order to illustrate the use of the equation (6.1) and its nature and 
show the effect of the existence especially of the initial stage of a new 
motion we shall investigate the case where a sphere in uniform rectilinear 
motion undergoes a momentary impulse in the direction of its motion, 
so that its speed is suddenly changed by a small amount. For the sake of 
simplicity, we assume that the duration of the impulse is only a small 
fraction of the duration of the initial stage. This means that, if the small 
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increase of speed is wc and the average acceleration during the impulse is 
/, then wc^jfa is small; this requires / to be at least of the order c^ja, but 
even for a sphere of nuclear dimensions / need not be greater than 1(P 
cm./sec.“, i.e., of the order of the acceleration of a p-particle near a nucleus. 


Sphere in Uniform Rectilinear Motion Slightly Disturbed by a 
Momentary Impulse in the Direction of Motion 

Let the velocity of the centre of the sphere be fic in the positive direction 
of O.r until time zero, when the centre is at O; immediately after zero let 
the velocity be (m'u + fi) c and at the time t later (w + p) c where Wo and 
w are assumed to be so small that their squares and products can be 
neglected. Also since we neglect the duration of the impulse, we may 
put the external force X equal to zero throughout the new as well as the 
old motion. The initial stage can be dealt with at once by means of 
(5.11) and (6.1); with the usual units and our new notation, p in place of 
?>, we get 

New motion, initial stage; 0 < / < 2u/c (1 + P) 

w = _£—. {(p) - ^ (p + M’)} = “ Xh', (6.2) 

2 mca^ 


1 + P 
1 - p 


- 2 ! 


(6.3) 


where by (3.3) with p for v we have 

Since the initial value of w is w®, we obtain from (6.2) 

w ~ Wq Wi — H’o (6.4) 

where w^ is the value of w at the end of the initial stage; from (6.3) and 

1 


(5.9) we obtain 


X/ 


2 — 




mc'‘‘a{l + p ) p*lp 




(6.5) 


When P = 0, the right-hand side of (6.5) reduces to 2c^l3mc‘a, or 
/Mq/w, where m^ is the rest mass of the sphere, so far as it is of electro¬ 
magnetic origin. As p increases to unity the right-hand side of (6.5) 
increases to infinity, whatever value Wo/m may have. When the intrinsic 
mass m is zero—the usual assumption of electron theory—the right-hand 
side of (6.5) is infinitely great whatever the velocity may be, as long as it 
is less than that of light. Hence we conclude that:— 

(1) A sphere without intrinsic mass, when its speed is slightly increased 
momentarily, returns to its original speed at once—its uniform 
rectilinear motion is stable towards longitudinal disturbances. 
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(2) A sphere with finite intrinsic mass moving with a speed nearly 
equal to that of light recovers most of its original speed by the end 
of the initial stage of the new motion, and its uniform rectilinear 
motion is probably stable, but this cannot be decided without a 
consideration of the two last stages of the new motion. 

It is obvious that in any case we cannot determine the effect of the 
impulse by means of the principles of conservation of momentum and 
energy in the way usual in classical mechanics; they fail in the ordinary 
sense, probably because momentum and energy are radiated by the 
sphere, not only during the time that the impulsive force is acting, but also 
during the initial, as well as the transition stages of the new motion. This 
failure of these mechanical principles is almost certainly not confined to 
our sphere, but occurs with every electrified system, for it is due directly 
to the existence of the initial and transition stages of the new motion and 
the radiation taking place in them, and there is every reason for supposing 
that these causes will be effective for every electrified system. It is very 
suggestive in view of the proposals of a similar kind that have been made 
from time to time in order to account for some of the difficulties met with 
in atomic theory. 

The two remaining stages of the new motion can best be treated together, 
by means of the equations (5.6) and (6.1), but the resulting expressions 
are so complicated that we shall content ourselves with a brief sketch of 
the process. In (5.6) we replace u.. by fi and by fi + w, where w is the 
same function of t that w is of t; then we find after some rearrangement: 

New motion, transition and final stages; t ;> 2a/c(I + fi) 




(1 — p'^) b>dp _ 


H -t. 


p2) Wt, (6.6) 


(1 + pp)* 8ma^{i 

where X is given by (6.3), whilst t„ now denotes the value of t corre¬ 
sponding to p — po- In the last integral in (6.6) t has been introduced as 
variable in place of p by means of (3.1), where we have put — Xq - 0 
and replaced x, ^ by (ict, per respectively, which is a sufficient approxi¬ 
mation because the integral is itself small of the first order. In this way 
we get 

1 + Pp == 1 + PPo - (6.7) 


c(t 


the second equation belonging to the transition stage. For this stage po 
corresponds to t = 0, or to to -- t; for the final stage po = — 1, or 
to ~ ti throughout. From (6.6) we easily obtain on integration 


Wo -f- f j V'' (1 — p'*) todt'dx, 
8wa®(5j„ 


( 6 . 8 ) 
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where t' has been introduced as integration variable in place of t with 
p' for p. 

Since w vanishes for all negative values of t, when there is no disturb* 
ance, the double integral only arises from pairs of values of t', t defining 
points within a trapezoidal area U in "the (t, t') plane, which is bounded 
by the straight lines t == 0, t' ~ t, t — t' — ta, t = /' —■ Moreover, 
the factor 1 - p'* has only been defined for the strip bounded by the 
straight lines t — t' — tj, t = /' — t^, being positive inside and vanishing 
on its boundaries. Using (6.7) we put X (t' — t) = o- and obtain 

Inside T 


(6.9) 
( 6 . 10 ) 


where 


„ , . 1 4XV 

F(a)-(-^ 


je' + ^ll - ^)E/(a). 


'ka\ 




E/ (ct) denoting the exponential integral daja as usual. 

J aC) 

Outside T, but inside U, 

K (t, T) = 0. 

Changing the order of integration in (6.8) we can now write it thus 

we^‘~ H’o + f K (to, r) (6.11) 

Jo 


which is a linear integral equation of the second kind in its standard 
form with as unknown and K (/©, r) as kernel. Since 1 — p^ is 
always positive and at most equal to unity, K increases as increases; 
when to == tz, K is zero, and then (6.11) reduces to (6.2) and so gives a 
check on our work for the initial stage; when to = ti, corresponding to 
the end of the transition stage, K reaches its greatest value, Kj say, and 
when to increases still further for the final stage, K retains the value Ki. 
Hence the usual method for integral equations of this type shows that an 
upper limit for w is given by 

w =- Woe’“' (6.12) 


Unfortunately, further investigation shows that Kj is greater than X, so 
that the upper limit (6.12) increases without limit as t increases and thus 
affords next to no information about the actual behaviour of w during 
the final stage of the new motion. Moreover, the expression (6.9) for 
the kernel is too complicated to afford much hope of an actual solution of 
the integral equation (6.11) being obtainable. 
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In conclusion wc note that our results for the initial stage admit of some 
generalization: the expression (3.3) for ^ (v) shows that ^ is a monotone 
increasing function of its argument; hence the factor inside the bracket 
in (6.2), viz., (p -f- w), always has the opposite sign to w, and 

therefore the numerical value of the disturbance w always diminishes 
during the initial stage of the final motion whatever its value may be, 
though not necessarily exponentially. Thus the uniform rectilinear 
motion is stable towards momentary longitudinal disturbances of any 
magnitude or form, and the principles of momentum and energy are 
violated in such disturbances. 


Summary 

A rigorous and exact expression, depending on a single definite integral, 
is found for the total mechanical reaction on the sphere due to its own 
electromagnetic field for any spinless rectilinear motion subject only to 
the condition that the speed shall be always less than that of light. When 
the acceleration is uniform a finite expression involving the velocity and 
acceleration is obtained for the reaction, also a series in ascending powers 
of the acceleration, each term of which can be got from the preceding one 
by differentiation; the first and second terms coincide with those given by 
Abraham for the perfectly conducting sphere in quasi-stationary recti¬ 
linear motion. A finite expression is also found for the case of hyper¬ 
bolic rectilinear motion, which is the negative of the product of the 
acceleration by the longitudinal electromagnetic mass of Abraham; 
there are no terms of higher order such as the radiation pressure term of 
Abraham. 

The expression for the mechanical reaction is then applied to the 
important class of discontinuous motions, in which the law of the velocity 
changes suddenly owing to the action of external forces, but its magnitude 
is continuous. It is found that there is always a lag, small as a rule, 
between the change in the law of the velocity and the consequent change 
in the law of the mechanical reaction. When applied to the small 
longitudinal disturbance of uniform rectilinear motion it gives exponential 
damping of the disturbance, dead beat when there is no intrinsic mass, 
indicating stability and a failure of the principle of conservation of 
momentum as used in classical mechanics. 
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The Determination of the Specific Heat of Gases at 
High Temperatures by the Sound Velocity Method 

II—Carbon Dioxide 

By G. G. Sherratt and Ezer Griffiths, F.R.S., Physics Department, 
National Physical Laboratory 

(Received 21 April, 1936) 


Introduction 

In a previous paper* an account was given of experiments to determine 
the specific heats of carbon monoxide up to a temperature of 1800° C. 
by the sound velocity method. 

The principle of the method employed was the setting up in a heated 
tube of a stationary train of sound waves; the source of the wave system 
being a quartz crystal vibrating piezo-electrically at a known frequency. 

A movable reflector traversed the tube and the half wave-lengths were 
determined by recording the distance moved through by the piston from 
one resonance point to the next. These points could be determined with 
considerable accuracy since the plate current of the oscillator operating 
the crystal had a sharply defined maximum at resonance. 

Two frequencies were employed and it was found that the velocity of 
sound was not independent of frequency, so that a correction to reduce 
the observed velocities to correspond to zero frequency was necessary 
before true specific heats could be evaluated. The correction was made 
on the basis of a theory proposed by Kneser which explained the variation 
of sound velocity with frequency in terms of the time lag in the transfer of 
energy between the vibrational and the other energy states of a molecule. 

As a continuation of this work on carbon monoxide it was decided to 
attempt the determination of the specific heat of carbon dioxide by the 
same method. Several modifications were introducejd in the apparatus. 
Provision v-as made for the production of six different frequencies instead 
of the two hitherto employed. The carbon tube was replaced by a tube 
of “ Pythagoras ” partly on account of the reaction which takes place 
between carbon dioxide and heated carbon and partly because a high 
degree of gas-tightness was desirable in the tube containing the gas under 
test. The use of a refractory oxide tube set an upper limit to the maximum 

* Sherratt and Griffiths, ‘ Proc. Roy. Soc.,’ A, vol. J47, p. 292 (1934). 
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temperature attainable; this was not a serious disadvantage with carbon 
dioxide as measurements on this gas at temperatures much above 1000° C. 
would have been impracticable on account of dissociation. 


Thermocouple 

Leads 


Sixed plate 

carrying scale 


Vf/indow 



Brass caps 


Platinum 

thermocouple leads 


Flescihie 

metal tubing 


^V/ood s metal 


-Furnace tube 


Fig. 1. 


Description of Apparatus 

The furnace consists of a tube of pythagoras of 1 ■ 5 cm. internal diameter 
and 130 cm. in length wound with nichrome tape. The lower end is 
held rigidly whilst the upper end is soldered by a fusible metal joint to an 
extension tube with corrugated walls giving flexibility for expansion with 
temperature {see fig. 1). The corrugated tube is soldered to a rectangular 


2 N 2 
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brass tube with a glass front and this tube is rigidly supported by the 
framework carrying the furnace. Close to the glass front is a graduated 
scale over which travels a vernier attached to the end of the piston rod 
carrying the reflector. 

The movement of the latter is eflfecled by a rack and pinion, the pinion 
being operated through an accurately made cone joint to ensure gas- 
tightness. A section through this portion of the apparatus is shown in 
fig. 2. 

The piston rod and reflector consist of a pythagoras tube, the lower end 
of which is closed and enlarged to form a disc. The diameter of the 
disc is slightly less than the bore of the furnace tube in order to allow of 
easy movement. 


fixed plate \Nindvu> 

and scale 

^Vc/^nier 


fiack 



H Pinion 


Thermocouple 

Corie joint \ *pi'ral 

Lolumn tupporli/tp 

fiieed plate 

FlO. 2. 


Temperature measurement is by means of a platinum-platinum rhodium 
thermocouple, the hot junction being situated close to the reflecting face 
of the piston. A copper block attached to the end of the tube carrying 
the reflector serves as a cold junction: the temperature of this block being 
measured by means of a copper-constantan thermocouple. The con¬ 
struction will be evident from fig. 3 which gives an enlarged view of the 
cold junction arrangement. The three thermo-element wires are sup¬ 
ported on the spirals of a spring, one end of which is attached to the cold 
junction block and the other to the top of the enclosure. The wires are 
taken out of the apparatus through small holes in an ebonite plate in 
which they are sealed with wax. 

The lower end of the furnace tube is shown in fig. 4, together with the 
box containing the quartz crystals. A gas-tight joint between the 
pythagoras tube and box is ensured by the use of Wood’s metal. A feature 
of the crystal box is an accurately made cone joint by means of which a 
disc supporting three quartz crystals* can be rotated so that the crystals 

* One of which is shown. 
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may in turn be brought into a position vertically beneath the end of the 
furnace tube. Velocity measurements at three frequencies can thus be 
carried out rapidly for a given setting of the furnace temperature. 

The current connexions to the crystal electrodes are made by two 
insulated spring contacts fixed to the wall of the crystal box. Each 
crystal has its own pair of brass segments which make contact with the 
springs when the crystal is in position beneath the tube. 


Thermocouple 
'aptral 


Copper platinuft^ 
conatantan 
thermojunetion 

Platinum copper^ 
thermojunetion 



Mica aheeta 


Platinum 
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Rack 
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Fici. 3. 


Sound Production 

The method of generating the sound waves is as described in the 
previous paper. Three quartz crystals are used and can be maintained in 
vibration in flexural or longitudinal modes by connexion to suitable valve 
oscillators. The frequencies in the flexural mode are 7911 -2,13,828, and 
19,365 cycles per second and in the longitudinal mode 27,425,39,515, and 
49,727 cycles per second. These frequencies v/ert measured in the 
Electrical Department of the Laboratory. It was verified that changes in 
acoustic load produced no appreciable change in frequency. 


Purity of Gas Supply 

The majority of the experiments were performed with gas obtained by 
the liquefication of commercial solid carbon dioxide. Tests by the 
Chemistry Dq>artment of the Laboratory showed that the impurity in 
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the gas from the liquefier consisted mainly of oxygen and nitrogen and 
amounted to 1 part in 6000 parts of carbon dioxide by volume. 

The remainder of the experiments were carried out on carbon dioxide 



Fig. 4. 


generated in a Kipp’s apparatus charged with pure marble and dilute 
hydrochloric acid. 

No difference could be detected between the results of the sound velocity 
measurements in the two sets of experiments. 
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Experimental Data 

The results obtained at the two lower frequencies are presented in 
Table 1. The tube velocity is given in metres per second together with 
the mean temperature of the region over which the measurements were 
made. 

Table 1 

Frequency 7911-2 cycles/sec. Frequency 13828 cycles/sec. 


Temperature 

Velocity 

Temperature 

Velocity 

"C. 

m./scc. 

C 

m./sec. 

J4*2 

264*6 

14*4 

264*0 

200 

267*4 

18*4 

265*9 

22-3 

266*5 

22*3 

266*3 

90-2 

293*3 

91 *3 

293*4 

91 *3 

294*0 

92*0 

295*4 

230 

343*3 

231*5 

339*5 

233 

338*8 

233 

341*6 

244 

345*7 

400 

390*4 

394 

386*5 

586 

437*9 

403 

388*7 

657 

455*2 

593 

438*6 

659 

454*0 

607 

440*1 

661 

454*7 

659 

451*6 

771 

481*2 

662 

456*6 

773 

478*2 

666 

454-1 

914 

508 9 

763 

475*0 

941 

513*4 

767 

475*2 

1021 

530*7 

882 

502*7 

1032 

532*1 

914 

509*5 



923 

507*9 



1012 

526*3 



1020 

530*5 



1037 

534*0 




It was found that the absorption of sound in carbon dioxide increases 
so considerably with frequency that it was only with difficulty that 
measurements were made at a frequency of 19 kilocycles per second, and 
then only when experimental conditions were at their best, /.e., when the 
galvanometer deflexion was exceptionally steady. However, some 
reliable results were obtained at this frequency and they are given in 
Table II. Also included are the free-space velocities derived as described 
later. 

Measurements at the three highest frequencies proved to be impossible, 
the sound absorption being sufficiently great to prevent any change in 
galvanometer deflexion as the reflector was moved along the tube. This 
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question of absorption is discussed at greater length in a subsequent 
paragraph. 

Returning to the results given in Table 1, the velocities there tabulated 
were measured in a tube, and therefore show a diminution from the free- 
space velocities. The correction which it is necessary to apply to the 


Temperature 

150 

23*1 

91-3 

241 

399 

660 

914 


Table II 

Frequency 19,365 cycles/sec. 


Tube velocity 
m./sec. 
265*3 
267*0 
294 0 
347*6 
387*3 
454*6 
509*9 


Frce-space velocity 
m./sec. 

265*6 

267*3 

294*5 

348*5 

388*7 

457*0 

513*3 


tabulated velocities in order to obtain free-space velocities was described 
in detail in the previous paper* and takes the form 

V-Vod 

where V and V„ are the tube and free space velocities respectively, is a 
constant for a given tube and frequency and must be determined by 
experiment, and c is the Kirchhoff constant. The latter constant is 
characteristic of the gas in the tube and the values of the viscosity, density, 
and thermal conductivity required in its evaluation were taken from the 
International Critical Tables. 

The values of for the two lower frequencies were derived from experi¬ 
ments on the velocity of sound in dry air free from COj. They are 
respectively ki — 0'0045 and /tj = 0'0034. The value of k^ at 19,365 
cycles per second can be derived from these in virtue of the fact that k^ is 
inversely proportional to the square root of the frequency. The free- 
space velocities in Table II are accordingly based on a value of 0*0029 for 
kx. 

Tables 111 and IV contain the smoothed values of the tube-velocity V 
at the two lower frequencies at intervals of 200® C., together with the 
corrections required to give free-space velocities Vo. 

It will be seen that the agreement between the results at the two fre¬ 
quencies is good and that there is no evidence of dispersion. 


* Loc. eft. 
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The mean values of the frce-space velocities at the two lower frequencies 
are given in Table V. Also included is the correction necessary to take 
account of the expansion of the piston rod carrying the reflector. The 
coeflScient of linear expansion of pythagoras is given by the manufacturers 
as 3'.5 X 10“**. 

Table Ill 



Frequency 7911 

■2 cycles/sec. 

Ati- 0*0045 


Temperature 

V 




"C 

m./sec. 

k,c X 10* 

VA:iC* 

Vo 

0 

258*3 

16 

0*4 

258*7 

200 

330*5 

26 

0*9 

331*4 

400 

388*3 

35 

1*4 

389*7 

600 

439*2 

43 

1 *9 

441*1 

800 

484*2 

50 

2*4 

486*6 

1000 

526*3 

57 

3*0 

529*3 



Table IV 




Frequency 13,828* cycles/sec. 

ky - 0 *0034 


Temperature 

V 




"C 

m./sec. 

k^c X 10* 

\k^v 

Vo 

0 

257*6 

12 

0*3 

257*9 

200 

330*5 

20 

0*7 

‘331*2 

. 400 

389*3 

26 

1*0 

390*3 

600 

440*3 

32 

1*4 

441*7 

800 

485*9 

38 

1*8 

487*7 

1000 

526*1 

43 

2*3 

528*4 


The values of velocity given in the last column are final values and need 
no further correction as the effect of the impurities in the carbon dioxide 
is negligible. They are graphed in fig. 5 and for the purpose of demon¬ 
strating the absence of appreciable dispersion even at 19 kilocycles per 
second, we have also shown in the same graph the free-space velocities of 
that frequency taken from Table II. 


Table V 


Temperature 

Mean Vo 

Correction for 
expansion of 

Vo corrected 

“C. 

m./sec. 

reflector 

m./sec. 

0 

258-3 

0 

258*3 

200 

331-3 

0*2 

331*5 

400 

390-0 

0*5 

390*5 

600 

441-4 

0*9 

442*3 

800 

487-2 

1*4 

488*6 

1000 

528-8 

1*8 

530*6 
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The velocity of sound is connected with y. the ratio of the specific heats, 
by the formula 

The Beattie-Bridgeman equation of state* has been used for the evalua¬ 
tion of (?p/3t’)T- 
The equation is 




Bji 





+ free-space velocity at 19365 cycles/sec. 

For carbon dioxide R = 0•08206, Ao == 5'0065, a — 0-07132, B© = 
0 10476, 0-07235, and c = 66-00 x 10* when the pressure is 

expressed in atmospheres and the volume in litres/gm.'mol. 

The resulting values of y are given in Table VI, together with the 
values of C* derived therefrom. 

For comparison with these values of C„ the data for given in the 
International Critical Tables have been takenf and the corresponding 

• ‘ Proc. Amer. Acad. Sci.,’ vol. 63, p. 229 (1928-29). 

Cp = 36-33, 40-18, 43-82, 46-60, 49-01, 50-89 Joules/gm. mol. at the above 
temperatures, ‘ I.C.T.,’ vol. 5, p. 83. 
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C^’s are quoted in column three of Table VII. It will be seen that the 
discrepancy between the values obtained in the present investigation and 
those quoted in the l.C.T. is of the order of 15%. 

A comparison can also be made with specific heats calculated from 
spectroscopic data. The vibrational specific heat is given by 

|; = 2e(|) + e(^)+E(|'), 

where T is the absolute temperature and 6 j, Oj, and 0., are the character¬ 
istic temperatures of the gas. 


Table VI 


Temperature 

Velocity 

Y 

c. 

C. 

m./sec. 


cals./gm. moL 

0 

258-3 

1*310 

6-62 

200 

331-5 

1-231 

8-65 

400 

390-5 

1*198 

1006 

600 

442-3 

M84 

10-81 

800 

488-6 

M76 

11-30 

1000 

530*6 

M69 

11-76 


E (x) represents the Planck-Einstein function, given by 

;cV 


E(x) = 


(e* - !)*■ 


The characteristic temperatures are derived from the infra-red and 
Raman spectra and are given by 


T ’ ’ 


where Vj, vg, and vj are the three fundamental oscillation frequencies of 
the triatomic molecule and h and k are Planck’s and Boltzmann’s con¬ 
stants respectively. 

Of the three frequencies and Vj are derived from the infra-red 
absorption spectrum; the numerical values being 673 and 2295 cm."^ 
respectively.* The remaining frequency v, is given by Rasetti as approxi¬ 
mately 1280 cm."^ from a study of the Raman effect in gases.t The 
resulting values of 0i, Oj, and 83 are 960,1830, and 3280° K. respectively. 

The specific heats given by the above expression require a small cor¬ 
rection to take account of the effect of pressure since the spectroscopic 
values are for zero pressure and the experimental values for 1 atmosphere. 

• A. Eucken, ‘ Z. Physik,’ vol. 37, p. 714 (1926); also Eucken and Liide, ‘ Z. phys. 
Chem.,’ B. vol. 5, p. 413 (1929). 

t Rasetti. ‘ Nature,’ vol. 123, pp. 205, 757 (1929). 
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The correction is of appreciable magnitude at the lower temperatures only. 
The spectroscopic values after allowing for the effects of pressure are 
given in column 4 of Table VII. 

The small difference between the present experimental and the spectro¬ 
scopic values may be due to the neglect in the latter of the energy associ¬ 
ated with the stretching of the molecule. 

At the same time it is not desirable to place too much weight on the 
differences between the two sets of values since the determination of the 
specific heats by the present method demands high accuracy in the sound 
velocity measurements. 

Table VII 

cals./gm. mol. at 1 atmosphere pressure. 
Temperature << . . .. . ■>. 


"C 

Present 

investigation 

LC.T. 

Spectroscopic 

0 

6*62 

6*63 

6*67 

200 

8*65 

7*60 

8*49 

400 

to 06 

8*48 

9*80 

600 

10*81 

9*15 

10*64 

800 

11*30 

9*72 

11*21 

1000 

11*76 

10*17 

11*61 


Experiments with Argon 

In order to have a check on the functioning of the apparatus as a whole, 
a supply of argon was obtained in which the impurity was stated to be 
0 ■ 5% nitrogen. 

Experiments were carried out on this gas at the three lower frequencies 
and at temperatures of 9 • 1, 657, and 1027° C. The velocity of sound was 
found to be independent of frequency and the values of y. the ratio of the 
specific heats, were derived from the mean velocities. After correction 
for departures from perfect gas laws and for the impurity present, y had 
the values 1 -664, 1 -669, and 1 -664 at the temperatures above mentioned. 

As argon is a monatomic gas and therefore has neither rotational nor 
vibrational specific heat, the ratio of its specific hedts should have the 
value 5/3 and be independent of temperature. The agreement of the 
experimental with the theoretical value is satisfactory. 


Absorption of Sound 

The difficulty experienced on account of absorption in making measure¬ 
ments at a frequency or 19 kilocycles/sec. has already been mentioned. 
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Furthennore, measurements at still higher frequencies proved to be quite 
impossible with the existing apparatus. 

A satisfactory theoretical explanation of the observed increase in sound 
absorption above the classical value which occurs in most gases has been 
provided by Kneser.* The theory supposes the failure of part of the 
vibrational energy of the gas to follow the acoustic cycle at certain fre¬ 
quencies. At these frequencies, excessive sound absorption should be 
evident and also an increase in sound velocity above the limiting low 
frequency velocity. 

It is of interest, therefore, to examine the phenomena encountered in the 
present work in the light of this theory—namely, the increase in sound 
absorption which is found to occur at 19,365 cycles per second while no 
increase in velocity above that at lower frequencies could be detected at 
this frequency. 

Information on the absorption occurring at the three lower frequencies 
was obtained during the experiments which have been described in this 
paper. The absorption coefficients were derived from the ratios of the 
galvanometer deflexions at various nodes. They were found to be inde¬ 
pendent of temperature and the mean values were 0-010, 0-020, and 
0 031 cm,~^ in increasing order of frequency. Part of this absorption 
occurs at the walls of the tube and part in the gas itself. The former may 
be estimated by application of the Helmholtz-Kirchhoff formula.f 
Evidence as to the applicability of this formula for the absorption at the 
walls of a tube is forthcoming from the absorption measurements on 
argon. Since argon itself is not appreciably absorptive, the measured 
absorption coefficients should agree with those derived from the formula. 
Actually, the former were found on the average to be 75% of the latter. 

This discrepancy between the observed and the theoretical coefficients 
may be due to the fact that the variation in the galvanometer deflexion as 
the length of the gas column is varied does not depend solely on the 
absorption of the gas but also to some extent on the circuit constants. 

The assumption is made that the absorption occurring at the walls of 
the tube when the latter is filled with carbon dioxide will be given approxi¬ 
mately by taking 75% of the value predicted by the Helmholtz-Kirchhoff 
equation. 

The absorption coefficients at the wall calculated in this manner are 
given in Table VIII, the gas in the tube being carbon dioxide. The 
absorption in the gas itself is obtained by subtracting these absorption 
coefficients from the experimental values given above. 

• ‘ Ann. Physik,’ vol. 11, p. 761 (1931). 
t Rayleigh, “ Theory of Sound,” vol. 2, p. 325. 
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From the sound dispersion theory the absorption coefficient in the gas 
is given by 

■ V {C., (C„ + R) + 47r*n*p*C, (C„ + R)} 


where n is the frequency, V the velocity of sound, C, and C, represent 
respectively the specific heat at constant volume and that part of the 
specific heat due to translation and rotation only, and p is a time constant, 
the period of relaxation, which determines the time lag in the transfer of 
energy between the vibrational and the other energy states. 


Table VIII 

Absorption coefficients 


Frequency 
cycles/see* 

7911-2 



Temperature"" C. 


At walls 

^ 0 
0-0043 

600 

0-0067 

1000 

0 0075 


In the gas 

0*0057 

0-0033 

0 0025 

13828 

At walls 

0 0056 

0*0090 

0 0099 


In the gas 

0-0144 

O-OUO 

0 010! 

19365 

At walls 

0-0066 

0-0106 

00117 


In the gas 

0-0244 

0-0204 

00193 


Calculation shows that satisfactory agreement is obtained with the 
experimental values of the absorption coefficient if the period of relaxation 
is taken as 0-79, 0-82, and 0-76 x 10~* seconds at the three frequencies. 
It would therefore appear that for carbon dioxide the period of relaxation 
can be regarded as of the order of 0-8 x lO' * seconds with a reasonable 
degree of certainty. 

Having found the value of p an estimate can be made of the increase 
in velocity of sound over the limiting low frequency velocity that might 
be expected at a frequency of 19,365 cycles per second. Taking p — 0 • 8 x 
10 “® seconds it is found that the increase at that frequency is of the order of 
1 part in 5000 and is therefore negligibly small. 


Conclusions 

The agreement between the results obtained for carbon dioxide in the 
present investigation and those deduced from spectroscopic data is 
further evidence that the spectroscopic method affords a simple and 
reliable means for the evaluation of the specific heats of gases at high 
temperatures. 
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The results of the sound absorption measurements are evidence of the 
validity of the Kneser theory and the time of relaxation of the carbon 
dioxide molecule is found to be of the order of 0-8 x 10“® seconds. 

Summary 

The specific heat of carbon dioxide up to 1000° C. has been determined 
by the sound velocity method using a modified form of the apparatus 
described in a previous paper.* 

Frequencies of 8, 14, and 19 kilocycles/sec. were used, and no appreci¬ 
able dispersion was found over this range, although a greater increase in 
sound absorption with frequency was observed than would be expected 
from classical theory. 

The absorption was so considerable at a frequency of 27 kilocycles/sec. 
that measurements became impossible. The observed increase of sound 
absorption with frequency is, however, accounted for satisfactorily by 
the theory which ascribes the effect to the time lag in the transfer of 
energy between the vibrational and the other energy states of a molecule. 

Furthermore, the increase above the classical value of the sound absorp¬ 
tion which is observed at a frequency of 19 kilocycles/sec. is shown, in 
the light of that theory, to be consistent with the absence of any increase 
in velocity at that frequency. 

The specific heat values obtained are given below: 

Ce cals./gm. mol. at I atmosphere pressure 
Temperature , 



Present 

investigation 

I.C.T. 

Spectroscopic 

0 

6*62 

6*63 

6*67 

200 

8*65 

7*60 

8*49 

400 

1006 

8*48 

9*80 

600 

10*81 

9*15 

10*64 

800 

11*30 

9*72 

11*21 

1000 

11*76 

10*17 

11*61 


The figures in the column denoted by I.C.T. are based on data given 
in the International Critical Tables. 

• Sherratt and Griffiths, ‘ Proc. Roy. Soc.,’ A, vol. 147, p. 292 (1934). 
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On an Experimental Method for the Solution of Plane 

Stress Problems 

By Miss L. Chitty and A. J. S. Pippard 

{Communicated by L. Bairstow, F.R.S.—Received 25 March, 1936) 

1 — Many cases of plane stress distribution which are of importance to 
the engineer, present problems of mathematical analysis which arc intract¬ 
able and it becomes necessary to rely for a solution either on approxi¬ 
mations, which are often crude, or on experimental methods. 

Perhaps the best known of these experimental methods is that of photo¬ 
elastic analysis developed by Coker and Filon*; but this requires a well- 
equipped laboratory and considerable experience in technique if reliable 
results are to be obtained. 

The obvious method is to determine actual stresses in a scale model 
representing the conditions of the problem; but the strains in such a model 
made of metal will usually be so small that accurate measurement is 
extremely difficult. Further, the maintenance of planarity of the model 
presents a problem which makes this method of little practical value. 

2— By making the model of a material with a very low value of Young’s 
modulus some of the difficulties can be overcome, and it seemed to the 
writers that thin rubber sheeting might be used for this purpose. 

The first results appear to be of sufficient promise to warrant a descrip¬ 
tion of the method. When the technique has been improved by further 
experience there is good reason to believe that it will be possible to use the 
method with considerable confidence in the results. 

If the results are to be comparable with those for a metal sheet the rubber 
must have a linear relationship between stress and strain and a Poisson’s 
ratio of approximately the same value as that of the metal prototype. 
Several different samples of rubber were tried, and it was found that a 
thin white sheeting used for surgical purposes approximated closely to the 
necessary characteristics. Even this, however, gave distinctly different 
values of the elastic properties according to the direction in which it was 
tested, but these differences were reduced to negligible amounts by placing 
the models in an oven at a temperature of 70” C, for about an hour. 

The model is kept plane by supporting it on a shallow bath of mercury 
in the manner demanded by the problem, small loads being applied to 

* “ Photo-elasticity,” Camb. Univ. Press, 1931. 
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the appropriate points. Any tendency to buckle under load is overconte 
by placing small weights on the surface of the model. The displacements 
at a number of points on the surface of the model are measured along 
suitable axes by a micrometer microscope and from the resulting dis¬ 
placement curves the stress distribution is determined. 

Fig. 1 shows a photograph of the exj)erimental apparatus. 



Fio. I. 


3—Since it may be convenient to use either rectangular or polar co¬ 
ordinates, the essential equations for deducing the stresses from the 
measured displacements are given in both forms. 

Let E be Young’s modulus for the material and ri Poisson’s ratio. 

In polar coordinates, if u and v are the radial and tangential displace¬ 
ments respectively of any point (r, 0) in the material then the stresses are 
given by 


rr = 


00 


rO 




( 1 ) 


VOL, CXVI.--A. 


2 O 
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4—The details of the method are best described by reference to a 
particular problem, and for this purpose the authors have taken a circular 
disk hrmly held at the centre and carrying a radial load distributed 
uniformly over 10“ of arc at the circumference. The mathematical 
analysis of this problem has been recently published,* and a good idea of 
the accuracy of the method is therefore obtained. 

As will be shown, there were certain discrepancies between the calcu¬ 
lated and experimental results due largely to the fact that the conditions 
in the immediate neighbourhood of the loading area and the support did 
not exactly comply with the theoretical assumptions. These discrepancies 
will be considered after the original work has been described. The rubber 
used was of mean thickness 0 0145 inch, the departure from the mean 
being nowhere greater than ± 0-0005 inch. To determine the elastic 
properties a piece 6i inches square was firmly gripped between a thin 
metal and a sand-paper strip along two opposite edges and was floated on 
meicury. One edge was held at the centre and loads were applied to the 
other to produce a tension in the specimen. Strains were measured on a 
length of 5 inches in the direction of the puli along the centre line and 
along two other parallel lines spaced 2} inches from the centre. Agree¬ 
ment between these strains showed that the load was applied uniformly, 
and from the mean the value of Young’s modulus was determined. 
Strain measurements on a line 5 inches long at the centre of the specimen 
and perpendicular to the axis of loading gave the value of Poisson’s ratio. 

The load was then transferred to the other two edges and the clastic 
constants again determined. These were not far different from those of 
the first experiment so that a mean value was taken for calculation pur¬ 
poses. 

It was found that under small loads the stress strain curve consisted of 
two straight lines having different slopes as shown in fig. 2. The loading 


• Chitty and Pippard, ‘ Phil. Mag.,’ vol. 21, p. 106 (1936), 
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of the disk was therefore kept within such a range that E and •>] obtained 
from the steeper of these lines could be used. These values were:— 

Along the length of the material E =-= 677 lb. per sq. in., == 0-349 
Across the width of the material E = 728 „ „ yj —0-367 

Mean values. E — 703 „ „ v) -- 0-36. 

The load applied to the disk was in each case 20 grammes. 


Direct 

Lateral contraction extension 



Change on 5-inch length 

-Test along length of sheeting 

-Test along width of sheeting 

Fio. 2—Test of sheeting. 

In view of the slight differences in the elastic properties of the material 
two disks were tested, the load being applied along and transverse to the 
length of the sheet from which they were cut. The mean of the displace¬ 
ments measured on the two disks was used in calculating the stresses. 

Each disk, as shown in fig. 3, was 10 inches in diameter and was firmly 
attached to a hub of 1-inch diameter whidi formed part of the wooden 
container for the mercury, the top of this hub being level with the mercury 


2 0 2 
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surface. A tab of rubber was left on the circumference of the (Usk 
covering 10° of arc and the load was applied to this tab in the same way as 
for the determination of E. 

Radial and circumferential lines were marked on the disk and the dis¬ 
placements were measured at the points of intersection* by a microscope 
having a traversing cross hair controlled by a micrometer head, each 
division on the head representing 10“* inches. The means of the measured 
displacements for the two disks were plotted against both r and 0, and 
since the theoretical solution enabled the values of these displacements to 



be calculated, a direct check upon the behaviour of the rubber sheeting 
was obtainable. Thus calculations were made for the radial displace¬ 
ments of points along a radial line at 6 = rt, i,e., the centre line of the 
applied load, for tangential displacements along a radial line at 6 — 7c/2, 
and for both radial and tangential displacements of points around the 
outer edge of the disk. A comparison between these values and those 
determined experimentally are shown in figs. 4, 5, 6 and 7. The agree¬ 
ment is everywhere good with the exception of a small region in the 
immediate neighbourhood of the load. This is shown in fig. 7 and the 
causes of the discrepancy will be discussed later. 

* The rubber when viewed unda the raicroscope showed a number of minute black 
specks and it was always possible to use one of these as a point of refinrenoe. 
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5—^The values of the mean measured displacements covering the whole 
surface of the disk are given in a series of diagrams. Figs. 8 and 9 show 
the radial displacements plotted against r and 6 respectively and figs. 10 
and 11 show the tangential displacements similarly plotted. This first 
stage of cross plotting tends to eliminate errors in individual readings, 
in. 



Fio. 4—^Radial displaoement along a radius at 6 = 7t. Full line is theoretical curve. 

but in very few cases was the departure from the faired curve greater 
than 0*0001 in. one unit on the micrometer head). 

The slopes of these curves were measured and the derivative curves are 
given in the next series of figures. 

Fig. 12 shows dul^r plotted against r and fig. 13 shows 3t>/96 similarly 
plotted. These curves are required for the calculation from equation (1) 
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of the radial and hoop stresses rr and 66. Fig. 14 gives the values of 
dvIBr, and fig. 15 those of dujdQ plotted ^gainst 6, these being required 
for the calculation of the shearing stress r8. 


in. 



Fio, 5—Radial displacement round the outside edge. Full line is theoretical curve. 

The experimental data are now in a form suitable for the direct com¬ 
putation of stresses, and figs. 16, 17, and 18 show the experiniMital stress 
values compared with those calculated from theory along selected liaM. 
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Fig. 16 gives this comparison for the radial and hoop stresses along the 
line 6 = 7 t, fig. 17 gives it for the shearing stresses along the lines 0 == 175® 
and 6 — tc/2 , and fig. 18 all three stresses around the junction of the disk 
with the hub. 

The complete experimental stress curves have been plotted; those for 

in. 

0003 

0002 

V 

0-001 


0 1 02 0-3 0-4 0-5 0-6 0-7 0-8 0-9 1-0 

r/r, 

Fio. 6 —Tangential displacement along a radius at 0 — Tt/2. Full line is the theoretical 

curve. 



in. 



Fio. 7— Tangential displacement along the outside edge. Full line is the theoretical 

curve. 


the radial stress are shown in fig. 19, those for the hoop stress in fig. 20, 
and those for the shearing stress in fig. 21 . 

6 “In fig. 16 the agreement between the theoretical and deduced radial 
stresses is good, but some discrepancy occurs both in the immediate 
neighbourhood of the applied load and at the hub. More serious dis- 
cr^}ancy occurs in the hoop stresses, that at the outside edge being 
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accounted for by the discrepancy in v in the neighbourhood of the applied 
load already mentioned in § 4. 

This can be largely accounted for by the method of applying the load 
to the experimental disk. In the theoretical analysis it was assumed that 
the load acted directly on the outside edge of the disk and was directed 
in. 



Fio. 8—Displacements along a radius for different values of 0. 


radially at each point. There cannot, therefore, according to theory, be a 
shearing stress anywhere on the outside edge. In the experiment the 
load was applied to the centre of a continuous tab in the direction 0 — w, 
and small radii (i in.) were left at the junction with the disc as indicated in 
fig, 3. After the discovery of the cause of discrepancy these radii were 
removed and the local displacements remeasured. The tab was then 
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fringed by cutting a number of slits up to the edge of the disk so that it 
could not transmit shear and the displacements were again measured. 
There was no appreciable difference in the values of the radial displace¬ 
ments, but on the tangential displacements the effect was marked and the 


in. 



6 

Fio. 9—Radial displacements roimd the disk for different values of r. 


curves of fig. 22 show an interesting reduction in the discrepancy between 
the two cases. These curves are as follows: 

(1) theoretical values for a radial load uniformly distributed over 10° 
of arc; 

(2) the original experimental values when the load was applied through 
a continuous tab radiused at its junction with the disk; 
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(3) similar values after the radii had been cut away leaving sharp comers 
at the junction; 

(4) experimental values after the tab was fringed. 

The theoretical condition that the load acts radially is still not satisfied, 
and negative values of the tangential displacements between 0 — ITO® and 
6 = 7t are in consequence not obtained. The modification obtained in 

in. 



Fto. 13— along a radius for different values of 0. 

the shape of the curve gives an idea of the sensitivity of the apparatus. 
The resulting change in dvIdB at 6 = w accounts for the discrepancy in 
the hoop stress on the edge at 6 =» tc. 

Although the shearing force in the theoretical case is zero along the 
edge and by symmetry along the line 6 = rr, there is a discontittuity at the 
edge of the load, and the maximum value occurs just inside the disk at 
6 = 175°. This state of alfairs is clearly indicated experimentally in 
the curves of fig. 21. 

In fig. 18 the experimental and theoretical curves are of the same general 
form, and when the radial and tangential stresses are resolved in the 
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in. 



Fig. 15— ~ round the disk for different values of r. 
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Ib./ sq.iti. 



Fig. 16—Radial and hoop stresses along a radius at 0 — k. Full line is theoretical 

curve. 


Ib./sq. in. 



Fig. 17—Shearing stress along a radius at 6 = 175° and 0 tc/ 2. Full line is 

theoretical curve. 





Flo. 18—Radial, tangential and hoop stresses at the junction with the hub. Full 

line is theoretical curve. 



Fio. 19—Radial stress along a radius for different values of 6. 
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direction 6 = r: and integrated, they add up in each case to the total 
applied load. The indication is therefore that the experimental results 
obtained are accurate in relation to the method of fixing the disk but 
that this was not in strict accordance with the theoretical assumptions 


Ib./sq. in. 



Fio. 20—Hoop stress round the disk for different values of r. 


Ib./sq. in. 



Fio. 21—Shearing stress round the disk for different values of r. 


7—It is impossible to apply compressive loads to the edge of such a thin 
plate as that used in the investigation described, but this does not impose 
any restrictions on the use of the method since the difficulty is readily 
overcome. 


2 p 
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If all the loads acting in a particular case are compressive, it is, of course, 
only necessary to reverse them on the model and proceed as described, 
changing the signs of all stresses in the final results. 

If some of the loads are tensile and some compressive, either of two 
methods may be adopted. Two separate experiments may be made, one 
with all the tensile loads acting on the model and the other with all the 
compressive loads replaced by equal tensions. The signs of all displace¬ 
ments found in the second experiment are then reversed and the results 
superimposed on those of the first experiment to obtain the net effects. 


in. 



Fig. 22—Tangential displacement in the neighbourhood of the applied load. 

Another and perhaps better way of dealing with the problem is to 
apply initial tensile load systems at all points which, in the actual case, 
carry compressions. The plate thus loaded is taken as the datum and the 
required loading is then applied by the addition of loads at all points 
carrying tension and the removal of loads from those subjected to com¬ 
pression. 

If tangential loads have to be applied it may be advisable to use a 
thicker rubber for the model and so reduce the tendency to buckle. 

The authors desire to express their thanks to the Clothworkers’ Company 
whose Research Grant has enabled this work to be carried out in the 
Civil Engineering Department of the City and Guilds College, Imperial 
College of Science. 
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Summary 

The paper describes a method for the experimental solution of problems 
of plane stress which has given promising results on its first application. 

A model of the plate to be analysed, cut from thin rubber sheeting 
which has a linear stress-strain law, is floated on a shallow bath of mercury 
to maintain its planarity. It is held and loaded in the manner prescribed 
by the conditions of the problem and any tendency to buckle is prevented 
by placing small weights on its surface. The displacements under load 
of points marked on the surface are measured by a micrometer microscope 
and from a systematic exploration of these in prescribed directions dis¬ 
placement-direction curves covering the whole surface can be plotted. 
Tlie slopes of these curves at any point can be measured and since the 
elastic properties of the rubber are known the stress can be calculated. 

If the Poisson’s ratio of the rubber model and the material of which 
the prototype is made ate not too far different, the results obtained experi¬ 
mentally in this way can be interpreted directly. The rubber used in the 
experiment described had a Poisson’s ratio of approximately 0-36. 

The method is illustrated by reference to the problem of a disk sup¬ 
ported at a central hub and loaded radially over 10 degrees of its circum¬ 
ference. A theoretical solution of this problem has been recently given 
by the present authors, and a direct comparison between experimental 
and theoretical results is thus obtainable. 

Agreement between theoretical and measured stresses along certain 
selected lines is good. Discrepancies are discussed and explanations for 
these are suggested. 

It appears probable that further developments in technique will make 
the method useful for obtaining the stress distribution in cases which are 
not amenable to mathematical analysis. 


2 p 2 
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A New Process of Negative Ion Formation 

By F. L. Arnot. Ph.D., Lecturer in Natural Philosophy, and J. C. 

Milligan, M.A., B.Sc., The University, St. Andrews 

(Communicated by H. S. Allen, F.R.S.—Received 27 March, 1936) 

Introduction 

When an electron becomes attached to an atom to form a negative 
ion an amount of energy equal to the electron affinity of the atom plus 
the relative kinetic energy of the colliding particles must be dissipated. 
The disposal of this energy depends upon the process of formation of the 
ion. One process which takes place in molecular gases is the simultaneous 
dissociation of the molecule and attachment of the electron to one of the 
products of dissociation, the energy of the electron in excess of that 
necessary for dissociation together with the electron affinity of the atom 
being carried away in kinetic form by the products of dissociation. 

Negative ions are also believed to be formed by the direct attach¬ 
ment of electrons to atoms and molecules without dissociation. In this 
process it has generally been assumed that the excess energy is radiated, 
but, although several attempts have been made, it has not been found 
possible to detect an electron affinity spectrum. 

The cros.s-section for attachment with radiation has been calculated 
by Jen* and by Massey and Smith,f and is found to be far too small by 
orders of magnitude to account for the experimental results. An attempt 
has recently been made by Bloch and Brad bury t to explain the attach¬ 
ment of electrons to molecules without dissociation by assuming that the 
kinetic energy of the electron plus its energy of binding is temporarily 
absorbed by the molecule as vibrational energy which is then lost by 
collision or resonance. However, if the attachment occurs to a free 
atom at low pressure, radiation is the only possible means of disposal of 
this energy, since a three-body collision will not be at all likely. 

The present paper contains an account of an investigation of negative 
ion formation in mercury vapour. Conclusive evidence is presented to 
show that negative ions are formed in mercury vapour, and that they are 

• ' Phys. Rev.,’ vol. 43, p. 540 (1933). 

t ‘ Proc. Roy. Soc.,’ A (in the press). We are indebted to the authors for informing 
us of their results before publication. 

t ‘ Phys. Rev.,’ voJ. 48, p. 689 (1935). 
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produced by positive ions capturing two electrons from electrodes on 
which they impinge. This new process of negative ion formation is a 
radiationless one having a comparatively high probability of occurrence. 
In view of this result, the interpretation of much of the previous work on 
negative ions may require modification. 

Apparatus 

The apparatus used in this work, which is shown in fig. 1, is the same 
as that by which we established the formation of diatomic mercury 
molecules by attachment of excited to normal atoms, and a complete 
description of the apparatus will be found in the paper on this work.* 

It consists essentially of an ionization chamber and a magnetic analyser. 
The analyser, which is evacuated through a liquid air trap of large dia¬ 
meter by the right-hand outlet, was set in a gap of 1 cm between the poles 
of a large electromagnet. The left-hand outlet was connected through 
another liquid air trap to a McLeod gauge. 

The magnetic field was found to be accurately proportional to the 
current in the coils up to a value of 10,000 gauss, but to obtain the same 
field a slightly greater current was required when the direction of the field 
was set for the detection of negative ions than when reversed for the 
detection of positive ions. When accelerated into the analy.ser by a 
potential drop of 200 volts the Hg“ ion required a field of 7020 gauss to 
deflect it into the Faraday cylinder. This required a current of 2-66 
amps in the magnet coils. 

The electrodes Ej and Eg are nickel cylinders open at the lower end and 
covered with nickel gauze at the other end. Eg is a short nickel cylinder 
having its lower end closed by a nickel plate with a slit 2 mm by 8 mm in 
the centre.f This electrode was pressed out of a single piece of nickel, 
and was made to fit very tightly into the tube, thus effectively dividing 
the ionization chamber into two parts, the narrow slit being the only 
opening between them. The object of this was to decrease to a minimum 
the diffusion of mercury vapour from the upper or high pressure side of 
the slit to the low pressure side. A high pressure of mercury vapour 
could be maintained on the upper side of this slit by an electric furnace, 
outlined in fig. 1 by the broken line. The vapour which diffused through 
the slit was condensed on the top and sides of the soft iron cylinder T 
which was kept cold by the water cooler C. 

• Amot and Milligan, ‘ Proc. Roy. Soc.,’ A. vol. 153, p. 359 (1936). 

t In the work on the formation of mercury molecules this slit was 1 mm x 8 mm, 
as stated in that paper. 
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Except for the results given in figs. 4 and 8 , showing the variation in the 
intensity of the ion currents with pressure, the furnace was not switched 
on, and the electrode E 3 was removed in order to increase the intensity 
of the negative ion current. Although the temperature of the ionization 
chamber then rose to a steady value of about 25° C to 30° C, owing to the 
heat radiated by the filament, the pressure would be, in the absence of Eg, 
considerably less than the saturation vapour pressure corresponding to 
this temperature. 

The tungsten filament F was 0-15 mm in diameter and 8 mm in length 
on all occasions, the potential drop across this length being less than 
1 -5 volts. The potential used to accelerate the electrons to E^ will be 
denoted throughout this paper by Vg. The potential between E, and 
Eg will be denoted by Vi, and the potential between E* and the iron 
cylinder T (or Eg when used) by Vg. The potential V„ will always be 
given as positive, and consequently when Vj or Vg is given as negative 
this potential drop will be in a direction to retard electrons or negative 
ions. 

For some results the smaller ionization chamber No. 2 which is shown 
as an inset in fig. 1 was used. The electrometer was worked at a voltage 
sensitivity of 1000 mm per volt, the capacity of the insulated system being 
122 cm. For all runs the pressure of residual gas shown on the McLeod 
gauge was below 5 x 10~"' mm of Hg. 


Table J 


Peak No. 

Vo 

volts 

V, 

volts 

V* 

volts 

1 

204 

0 

0 

2 

183 

10 

11 

3 

142 

10 

52 

4 

102 

10 

92 

5 

61 

10 

133 

6 

40 

10 

154 


Results 

1 —Analysis of the Ions 

The only negative ion of high mass detected was the atomic mercury 
ion Hg". A set of six Hg" peaks is shown in fig. 2a. Ionization chamber 
No. 1 was used, the total potential Vo 4 - Vj 4 - V, being 204 volts for 
each peak. The individual values of V„, Vj, and V, are given in Table I. 
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Since the position of this peak depends only on the total potential 
+ ^2 and not upon the individual values of these potentials, 
we must conclude that the Hg ions are formed either on the filament or 
very close to it. 

It is well known that when a tungsten filament is run at a temperature 
above 10(X)“ C in caesium vapour every atom of caesium that strikes the 
filament is emitted from it as a positive ion. The necessary condition for 



this type of positive ion emission is that the work function of the filament 
should be greater than the ionization potential of the vapour. A similar 
form of negative ion emission should occur from a filament run in a gas 
or vapour if the electron affinity of the vapour is greater than the work 
function of the filament. The electron affinity of mercury determined by 
Glockler* is 1 '79 volts, which is considerably less than the work function 
of pure tungsten, 4-52 volts. Consequently the negative ions observed 


* Glockler, ‘ Phys. Rev.,’ vol. 46, p. Ill (1934). 
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by us should not be due to mercury atoms striking the filament and coming 
off as negative ions. 

Definite evidence against this process of formation is afforded by 
fig. 2h where the continuous curve is a Hg“ peak obtained with an oxide- 
coated filament run at a dull red heat. The oxide-coating was then burnt 
off the filament by flashing at a high temperature and the curve repeated 



Magnet current in amps 

Fici. 2— a, Hg peaks for the potentials shown in Table 1; b, Hg~ peaks from oxide 
and tungsten filaments under identical conditions. 

with the same electron emission of 1 - 3 milliamps from the pure tungsten 
filament. If the negative ions were produced by the attachment of 
electrons to atoms on the filament the peak obtained from the pure 
tungsten filament, shown by the broken curve, should be far more intense 
than that obtained by the oxide-coated filament at a much lower tempera¬ 
ture, since the fact that the height of the peak increases with filament 




Negative Ion Formation 


543 


emission, as shown in fig. 3, would then be due to the consequent increase 
in temperature as the emission was increased. 

The slight change in the position of the peak is due to the magnet not 
having attained a steady temperature. This is probably due to an increase 
in permeability of the iron with increase in temperature. Once a steady 
temperature was reached no change in position of the peak occurred. 
The same effect is evident in fig. 2a. Here the peaks were taken in the 
order 4, 3,2, 1, 5, 6, and thus show a slight steady shift to lower values of 
the magnet current as the magnet becomes warmer. 

A search was made for Hg~ ions formed between Ej and E^, and for 
Hgr ions formed close to the filament and also between Ej and Ej. 
None was detected. 



Filament emission in milliamps 

Fig. 3—Variation of negative and positive ion currents with filament emission. 

2 —Variation of the Hg~ Peak with Filament Emission 

In the present work on negative ions, as well as in the work on the 
formation of diatomic positive ions previously described,* it was found 
that the heights of peaks obtained at the same magnet current were quite 
accurately proportional to the area under the peaks, and so to obtain the 
variation of ion current with the electron emission from the filament and 
with the pressure it was only necessary to set the magnet current at the 
maximum of the peak, and ensure that the position of the peak did not 
change during the run. Once the magnet had attained a steady tempera¬ 
ture no change occurred in the position of the peak. 

Fig. 3 shows that the Hg‘ current varies linearly with the electron 
emission from the filament. For this run the potentials were Vo - 200 
• Amot and Milligan, ‘ Proc. Roy. Soc.,* A, vol. 153, p. 359 (1936). 
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volts, Vi = V 2 = 0. As would be expected, a linear variation of die Hg"^ 
current was also obtained as shown in fig. 3. 


3 - Variation of the Hg~ Peak with Pressure 

In order to determine whether the Hg“ ions originated from the dis¬ 
sociation of diatomic, molecules, pressure variation curves of the Hg“, 
Hg+, and currents were taken. For this work the electrode Eg 

was reinserted to minimize condensation of mercury vapour on the 
cooled tube T (see p. 539). 

The Hg current was taken with = 205 volts, Vj ~ V 2 ~ 0. The 
Hg' and Hga* currents were obtained with Vq— 102 volts, Vj — —- 10 



Fig. 4—Variation of the negative ion current, and of the molecular and atomic 
positive ion currents with pressure. 

volts, and Vg — — 92 volts. The saturation vapour pressures corre¬ 
sponding to the temperature of the furnace were taken from the Inter¬ 
national Critical Tables, and reduced to 0° C. 

The results are shown in fig. 4. The Hg^ curve rises linearly with 
increase of pressure until multiple collisions of the electrons and scattering 
of the ions and ionizing electrons causes the Hg+ current to decrease as 
the pressure is further increased. The Hga"*^ curve is still increasing over 
the whole of the range of pressure used, since the formation of Hg*"^ is 
dependent upon the square of the pressure, as shown in our paper on the 
formation of this ion.* 


* ‘ Proc. Roy. Soc.,’ A, vol. 153, p. 359 (1936). 
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The Hg“ curve has been fitted to the Hg+ curve at a pressure of 0-0084 
mm. Since this curve decreases as the pressure is increased in a similar 
way to the Hg * curve it is clear that the Hg“ ion does not arise from the 
dissociation of the diatomic molecule. The steeper fall of the Hg~ 
curve compared to the Hg '" curve with increase of pressure is probably 
due to the Hg ions being “ ionized ”, i.e., neutralized by collision with 
normal atoms. 


Effect of Hydrogen on the Hg~ Current 

Stille* was able to detect negative ions produced by electron bombard¬ 
ment of mercury vapour only when the mercury vapour was mixed with 
about 10 ^ mm of hydrogen. From this result he came to the conclusion 
that the ions were not Hg but HgH", and suggested that in all previous 
work in which negative ions had been found in mercury vapour the ion 
was really HgH . 

To test Stille’s hypothesis, hydrogen was admitted to ionization chamber 
No. 1 at various pressures through a capillary leak. With == 195 

volts, Vj Vg ~ 0 and a filament emission of 1 milliamp the results 
shown in Table II were obtained. The pressure of mercury vapour was 
0-0028 mm, the saturation vapour pressure at 30"’ C, while the pressure of 
residual gas was less than 10““ mm. 

Table II 

Pressure of hydrogen Hg" current in 

in mm of Hg at 0" C arbitrary units 


0 000 X I0“» 

100 

0 046 

100 

0 092 

94-2 

0165 

100 

0-275 

92-4 

0-915 

43 0 

1-83 

18-6 

3-00 

6-6 


It will be seen from Table 11 that the Hg" ion current remains constant 
within the experimental error while the pressure of hydrogen is changed 
from zero to about 0-2 x 10"® mm. On further increasing the pressure, 
the ion current decreases due to scattering and neutralization of the ions 
by collision in the ionization chamber and analyser. 

There is thus no experimental evidence that the negative ions detected 
by us are HgH ”. When we come to discuss the formation of the negative 

• ‘ Ann. Physik,’ vol. 17, p. 635 (1933). 
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ions it will be clear that neither is there any theoretical reason why the 
ions should be HgH“ and not Hg“. 


5 —Energy Distribution of the Hg Ions 

To obtain the energy distribution of the negative ions a retarding 
potential was put between the Faraday cylinder and the analyser. Com¬ 
plete peaks were then obtained for different values of the retarding 
potential. The area under these peaks was measured by an Amsler 
planimeter, and the area of each peak plotted against the potential differ¬ 
ence between the Faraday cylinder and the centre of the filament. The 
potential drop across the filament was less than 1 -5 volts. For all energy 



Potential difference in volts between Faraday cylinder and centre of filament 
Fig. 5—Retarding potential curve of negative ions for Vo ~ 200 volts. 

distribution curves the only potential applied in the ionization chamber 
was V„ between the filament and Ej, the potentials Vj and Vj being both 
zero. 

Fig. 5 shows a retarding potential curve for - 200 volts. The 
points represented by circles were all obtained by measuring the area 
under the peaks as described above. The points denoted by crosses 
represent the height of these peaks. The close agreement between the 
two sets of points shows that the height of the peaks is accurately pro¬ 
portional to the area under them, and consequently subsequent retarding 
potential curves were obtained by measuring the height of the peaks, 
which resulted in a considerable saving of time. In determining the 
height of the peaks several readings were taken over the top of each peak 
at slightly different magnet currents. This procedure was necessary 
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because as the retarding potential is increased the top of the peak moves 
to higher values of the magnet current. This movement is to be expected 
since ions of higher energy have greater momentum, and so a higher 
field is required to bring them into the Faraday cylinder. In fact, a 
momentum distribution curve can be obtained by plotting the height of 
the peaks against the value of the magnet current required to bring their 
maxima into the Faraday cylinder. The solid points on the curve in 
fig. 5 are the results of another independent run. 

The voltage scale of fig. 5 has been corrected for contact potentials by 
the addition of 0-8 volt. This correction was determined by obtaining 
a retarding potential curve for electrons from the filament. Since 200- 
volt electrons require a field of only about 11 -5 gauss to bend them into the 
Faraday cylinder, the pole pieces of the magnet were removed and sole- 
noidal coils set up on either side of the analyser to produce this field. 
By differentiation of the retarding potential curve an energy distribution 
curve of the electrons from the filament was obtained. The maximum 
of the electron energy distribution curve occurred at a potential difference 
of —0 -8 volt between the Faraday cylinder and the centre of the filament, 
i.e., the electrons from the centre of the filament were able to reach the 
Faraday cylinder when it was 0-8 volt negative to the centre of the fila¬ 
ment, and consequently the correction for contact potentials is -|-0-8 
volt. 

Referring again to fig. 5, we see that there is a considerable number of 
Hg™ ions reaching the Faraday cylinder when it is negative to the centre 
of the filament. The retarding potential curve extends to beyond —20 
volts as shown by the inset in fig. 5. This means that the Hg' ions 
possess energies up to 20 volts more than if they fell through the total 
potential drop in the ionization chamber. 

By differentiation of the retarding potential curve of fig. 5 we obtain 
an energy distribution curve of the Hg" ions, the ions occurring at —10 
volts in the retarding potential curve being plotted in the energy dis¬ 
tribution curve at -flO volts, since they have 10 volts more energy than 
if they had been thermally emitted from the filament. 

In fig. 6 the differentiated curve of fig. 5 for Vo = 200 volts is shown 
together with two other energy distribution curves for Hg" ions for ¥«= 100 
and Vo — 50 volts. An energy distribution curve of electrons emitted 
from the filament for Vo = 200 volts', and one of Hg+ ions having an 
energy of 200 volts, are also shown. The curves are all drawn to the same 
scale.* The curve for Hg+ ions was obtained by setting Vo = 30 volts, 

* the retarding potential curves all fall from the same height. 
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Vj “ 0, and V 3 = — 200 volts. When Vj was changed from zero to 
-f 2 volts the Hg+ current to the Faraday cylinder was reduced by 98%. 
This shows that 98% of the ions were formed between Ej and Ea and so 
received the full 200 volts’ acceleration into the analyser. 

The Hg+ curve was obtained to determine the resolving power of the 
analyser. We know that there can be no positive ions with an energy 
greater than 200 volts, and therefore the spread of the Hg+ curve from 0 
to 2 volts in fig. 6 is due to the finite slit widths of the analyser. Thus 
owing to the finite resolving power of the analyser a perfectly homogeneous 



Exceiis energy in volts 

Fig. 6—Energy distribution of electrons, positive ions and negative ions. 


beam of ions would be represented by a peak extending from —2 to 2 
volts in fig. 6. The extension of the Hg"*" curve on the low energy side of 
the maximum to beyond --5 volts is due to some of the ions losing this 
amount of energy by collision, though part of the extension may be due 
to the analyser having a somewhat smaller resolving power on the low 
energy side of the maximum. 

Referring now to the Hg“ curves in fig. 6, we see that the maximum of 
each peak occurs at an excess energy of 0 ± 0-1 volt. This shows that 
most of the Hg ions are formed either on the filament or just off the 
surface of the filament at a point in the accelerating field Vo differing 
in potential from that of the filament by less than a tenth of a volt. The 
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Hg-- ions having a negative excess energy, i.e., a total energy less than V#, 
can be accounted for by assuming that they lose this energy by collision 
with neutral atoms. 

In addition to these slow ions and those having the full energy V„, 
there is a considerable number of fast Hg ions having energies up to 
more than 10 volts in excess of the total accelerating potential Vo, for each 
value of Vo, 50, 100, and 200 volts. We have seen from fig. 5 that for 
Vo = 200 volts there is an appreciable number of fast Hg~ ions having 
more than 20 volts' excess energy. 

6— The Process of Formation of the Negative Ion 

Negative ions may be formed from molecules by a process of simul¬ 
taneous dissociation of the molecule and attachment of the electron to 
one of the products of dissociation. The Hg~ ions observed by us are 
definitely not due to this process, since the results given in fig. 4 show that 
the Hg ion is not related to the number of molecules present, and also 
because this process would require the Hg“ ion current to vary as the 
square* of the filament emission, whereas a linear dependence on the 
electron emission is observed, as shown in fig. 3. 

It is generally believed that negative ions may also be formed by the 
attachment of electrons to free atoms in the gas or vapour. In this 
process the energy of binding, or electron affinity of the atom, together 
with the relative kinetic energy of the colliding particles must be radiated 
if a stable negative ion is to be formed. The cross-section for this 
radiative process of attachment is extremely small, except for very small 
relative kinetic energies. Massey and Smith! have recently calculated 
the cross-section for attachment of an electron into a />-state of a normal 
mercury atom as a function of the relative kinetic energy between the 
electron and atom. Above 1 volt the cross-section is of the order of 
10"®' cm®, but below 1 volt it rises steeply, going to infinity for zero 
kinetic energy between the colliding particles. We should therefore 
expect attachment to occur just outside the surface of the filament, where 
the electrons have only their thermal energy of emission. 

The results presented so far are consistent with this theory of formation 
with the exception that this process is unable to account for the observa¬ 
tion that many of the Hg" ions have up-to 20 volts excess energy. Thus if 

* Because the number of molecules formed is proportional to the first power of 
the filament emission. See Amot and Milligan, * Proc. Roy. Soc.,’ A, vol. 153, p. 359 
(1936). 

t ‘ Proc. Roy. Soc.,’ A (Jin the press). 
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the negative ions were produced by electron attachment to free atoms with 
emission of the energy of binding as a photon we should be faced with 
another* instance of the non-conservation of energy in a process involving 
a light, fast-travelling particle, here the photon. 

It occurred to the senior author that the negative ions might arise from 
positive ions picking up two electrons on the filament. It is clear that, 
provided the accommodation coefficient for Hgions on tungsten is less 
than unity, this theory would account for the excess energy ofjjhe negative 
ions, for then part of the kinetic energy gained by the positive ion in its 
acceleration to the filament would be retained when it left the fila¬ 
ment as a negative ion. 

To test this theory, we set up two filaments in ionization chamber No. 2, 
one filament being placed 1 cm above the other and at right angles to it. 
We shall refer to the upper filament as Fj and to the lower one as F*. 
The filament F^ was placed at a potential of 200 volts negative to Ej, and 
the filament Fg was set at 150 volts negative to Ej. The potentials Vj 
and V 2 were both zero. Owing to the formation of a thin positive ion 
sheath around each filament, the potential of Fj did not interfere with that 
of Fj. The filaments Fi and F 2 were thus respectively 200 volts and 150 
volts negative to the surrounding plasma. 

Fj was first switched on, and the magnetic field adjusted until the 200- 
volt Hg“ ion current from Fj was a maximum. Fj was then switched 
on and its effect on the Hg~ ion current from Fj observed. The results 
are shown in Table III. 

Table HI 


Electron emission 
from Fj 
milliamps 

0 

5 

10 


Hg" current 
from Fi 
arbitrary units 

10 

60 

17-6 


The Hg~ ions from F 2 could not enter the Faraday cylinder since they 
were accelerated by only 150 volts. The peak due to these ions was 
detected and found to occur at the correct value of the magnet current, 
and it was completely resolved from the 200-volt peak. Thus the increased 
Hg~ ion current from F^, the electron emission from which was kept 
constant, caused by electron emission from Fj can only be due to the 

• Two other instances are the emission of P-rays, the non-conservation of energy 
being required to explain their continuous energy spectrum, and the recent experiment 
of Shankland, ‘ Phys. Rev.,’ vol. 49, p. 8 (1936). 
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increased number of Hg+ ions formed in the plasma by the emission from 
Fa, many of which go to Fi where they arc converted into Hg“ ions by 
the capture of two electrons on the filament. No electrons emitted from 
Fa could reach Fj since it was 50 volts negative to Fj. A similar increase 
in the 150-volt Hg~ ion emission from Fa was caused by switching on Fi. 

Additional evidence in support of this theory of formation of the 
Hg~ ions was afforded by the following test. The magnetic field was 
set so that 150-volt Hg“ ions originating on Fa would be received by the 
Faraday cylinder, but Fj was not switched on. When Fj was switched on 
a current of 150-voIt Hg' ions from Fa was then received which increased 
with the emission from F^. The results are shown in Table IV. 


Table IV 


Electron emission 
from Fi 
mil I lamps 
0 
5 

10 

20 


Hg' current 
from cold F, 
arbitrary units 
00 
10 
30 
46-5 


The 150-volt Hg“ current could only be due to positive ions, formed in 
the plasma by the electron emission from Fj, falling on to the cold fila¬ 
ment Fa where they were converted into Hg~ ions which were then 
accelerated out through the 150-volt positive ion sheath around Fj. A 
similar cuncnt of 200-volt Hg” ions was observed from Fj when cold, 
caused by Hg+ ions formed by electron emission from Fa. 

No variation of the Hg“ current from the cold filament was observed 
when this was heated to any temperature below that at which it began to 
emit an appreciable current of electrons. Thus the probability of an Hg^’ 
ion being converted into an Hg~ ion is apparently independent of the 
temperature of the surface from which it extracts the two electrons 
necessary for the conversion process. 

The fact that Hg+ ions are converted into Hg“ ions just as well on a cold 
surface is quite definitely illustrated by the following experiment. Ioniza¬ 
tion chamber No. 2 was set up with a single filament, and the following 
arrangement of potentials used. Vo — 50 volts, Vj = — 100 volts, and 
Vj == 200 volts. 

With this arrangement of potentials all electrons and Hg" ions from 
the filament should be stopped between Ei and E,. This was tested by 
measuring the electron current to T with the magnet off for various values 
of Vo from 200 volts to 30 volts. When V® was less than 90 volts the 


2 Q 
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negative current to T was zero. Positive ions produced between and 
Eg will be accelerated through E^, retarded and reversed in the 200-volt 
field between E 2 and the iron cylinder T. They will consequently pass 
back and forth through the gauze Eg, some of them being absorbed by the 
gauze in each passage of the ions through it. Thus E* wiU be bombarded 
by positive ions equally on both sides. Some of the Hg"*" ions hitting the 
gauze Eg on the under side will be converted into Hg~ ions which will 
then enter the analyser with an energy of 200 volts. 

With a filament emission of 30 milliamps the positive ion current to the 
gauze Ea was 0 ■ 3 milliamp. A strong current of 200-volt Hg“ ions was 
detected which varied linearly with the positive ion current to Eg. These 
Hg~ ions must therefore have originated on Eg by the conversion of 
positive ions into negative ions. 



Fio. 7—Peak at 2-85 amps represents 200-volt negative ions from Eg; that at 3-57 
amps is due to 300-voit negative ions from the filament. 

A final test was carried out by increasing V® to 200 volts. Vg was 
— 100 volts, and Vg was 200 volts as before. Negative ions from the 
filament having an energy of 300 volts should then enter the analyser as 
well as the 200-volt negative ions coming from Eg. Two peaks corre¬ 
sponding to 200-volt and 300-volt Hg“ ions were observed. These 
results are shown in fig. 7. The peak at 3'57 amps is due to Hg“ ions 
from the filament; that at 2 • 85 amps is due to Hg~ ions from Eg. 

There remains one final criticism of our theory that the Hg“ ions arise 
from the conversion of positive ions into negative ions by the capture 
of two electrons from an electrode. It is known from the work of 
Penning,* Oliphant.t and others that positive ions cause a small electron 

• ‘ Physica,’ vol. 8, p. 13 (1928). 
t ‘ Proc. Roy. Soc.,’ A, vol. 127, p. 373 (1930). 
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emission from an electrode upon which they impinge. Thus to prove our 
theory it is necessary to show that the Hg~ ions arising from Eg are not 
due to electrons, which have been ejected from Eg by the impact of 
positive ions, attaching themselves to mercury atoms in the neighbourhood 
of Eg. Thiswould be very unlikely since secondary electron emission from 
nickel under Hg+ bombardment is known to be very small.* 

To test this point we set Vq = 50 volts, Vj — 100 volts, Vg = 200 
volts, and varied the pressure, keeping the positive ion current to Eg 
constant. The electrode Eg containing a slit 2 mm x 8 mm was inserted 
in ionization chamber No. 2 to minimize condensation of mercury 
vapour on the cooled tube T (see p. 539). 

If the Hg" ions are formed by attachment of electrons ejected from Eg 
to mercury atoms, then the Hg” current should increase as the pressure 
between Eg and Eg is increased, provided low pressures are used so that 
scattering between Eg and Eg is not serious. If, on the other hand, the 



Pressure in 10*^ mm of Hg at O^C 


Fio. 8—Variation with pressure of negative ion current from E, when the positive 
ion current to Eg is kept constant. 

Hg- ions arise from conversion of positive ions into negative ions then, 
since the positive ion current to Eg is kept constant, there should be no 
change in the Hg" current with change of pressure, except a slight decrease 
due to increased scattering as the pressure is raised. The test is quite 
decisive, since an almost linear increase in the Hg" current as the pressure 
is raised is to be expected on one theory, and a slight decrease on the 
other theory. The results of two independent runs, shown in fig. 8, leave 
no doubt that the Hg" ions arise directly from Hg+ ions, and are not 
due to attachment of electrons to neutral atoms. 

• ‘ Rev. Mod. Phys.,’ vol. 2. p. 178 (1930). 
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7 —The Probability of Conversion of Hg^ into Hg~ as a Function of 
the Energy of the Hg^ Ions 

To obtain the probability of conversion of Hg+ ions into Hg“ ions 
on the electrode E* as a function of the energy of the Hg+ ions the soft 
iron shielding cylinder of ionization chamber No. 2 was removed. It 
was then found that with Vq - 58 volts, a saturation current of 12 milli- 
amps was drawn from the filament to Ei, but when Vo was reduced to 
56 volts the current to E^ fell to 0-4 miliiamp owing to the electrons being 
prevented from reaching Ej by the stray field of the magnet. Vq was 
therefore set at 58 volts. We then know that the electrons are just able 
to penetrate the gauze on Ej, and consequently positive ions formed 
between Ei and Eg will all receive the full acceleration of the potential 
difference between Ej and Ej. The potential Vg was set at 200 volts. 
Positive ions of energy Vj produced between Ei and E 2 will then be 
reversed by the field Vj between the slit electrode E 3 and E*, and again 
reversed by the field between Eg and Ei. They will consequently 
pass back and forth through the gauze £ 3 , some of them being absorbed 
by the gauze in each passage of the ions through it. E* will therefore be 
bombarded by positive ions of energy Vj equally on both sides. 

The Hg+ ions converted into Hg“ ions on the under side of the gauze, 
and accelerated into the analyser by Vj, will thus be due to a positive 
ion current equal to half that received by Ej. The Hg" ions formed on the 
upper side of E 2 will be accelerated by Vi away from the analyser. 

With a filament emission of 12 milliamps the total positive ion current 
to Ej was 0 • 3 miliiamp, and thus the effective positive ion current pro¬ 
ducing the Hg- ions received by the analyser was 015 miliiamp. This 
current was kept constant while the energy of the positive ions was varied 
by decreasing from 200 volts to zero in steps of 10 volts. The fact that 
the positive ion current to Ej was independent of the value of Vi also 
shows that the positive ions are all formed close to the gauze on Ei and 
so have the full energy Vj, for if the electrons penetrated appreciably 
through the gauze on E, their path length for formation of positive ions 
between Ej and E 2 would vary inversely with Vj. 

The results are shown in fig. 9. The peak occurring at 58 volts is due 
to Hg“ ions, formed by conversion of positive ions on the filament, enter¬ 
ing the analyser with 200 volts’ energy. This will clearly occur when 
Vi = - Vo, for then the Hg~ ions from the filament will reach £3 with 
zero energy. When Vi > — Vq these Hg~ ions will be reversed before 
reaching Ej. When Vi < — V® the Hg- ions from the filament will 
reach £3 with energy V„ — and will consequently form a peak at a 
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magnet current corresponding to ions of energy 200 + V® — Vj volts, 
which when Vj is sufficiently small (about 20 volts) will be completely 
resolved from the peak for the 200-volt Hg^ ions from E*. This dis¬ 
turbance of the curve caused by the Hg- ions from the filament entering 
the peak of Hg- ions from Ea between Vj 90 volts and Vj 20 volts 
has been approximately eliminated by joining the points for == 90 
and Vi ■■ 20 by the full line, as shown in the figure. It should be 
remembered that the Hg ions have up to 20 volts’ excess energy, see 
fig. 6, which accounts for their beginning to disturb the curve at = 80 
volts. 

To obtain the absolute value of the probability of formation, two 
different methods were used. The first method consisted in setting 



Fjg. 9—Probability of conversion of positive ions into negative ions on nickel as a 
• function of the energy of the positive mercury ions. 

Vj at —100 volts and reducing Vj to 100 volts and reversing it, so that the 
positive ions now entered the analyser with 200 volts' energy. The positive 
ion current to Ea was set to have the same value as that which formerly 
gave rise to the Hg~ ions, namely 0-15 milliamp. The intense positive 
ion current then entering the Faraday cylinder was measured by con¬ 
necting a 0 • 1 microfarad condenser across the quadrants of the electro¬ 
meter, and the area of the positive ion peak obtained by a planimeter.* 
If A is the area of the positive ion peak, and a is the area of the negative 
ion peak formed from positive ions of Vj volts' energy, and C and c are 
the capacities of the electrometer system for the measurement of the 

* The sharpness of this peak was further evidence that the positive ions were all 
produced close to the gauze on Et and so had the full accelerating potential V,. 
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positive and negative ions respectively, then the probability of an Hg+ 
ion of Vi volts’ energy being converted into an Hg“ ion on the nickel 
gauze of Ej is 

(o/A) X (c/C). 

The second method was to reduce the positive ion current to E 3 to 
about 10 "® amp, which was accurately measured by a galvanometer. The 
positive ion current to the Faraday cylinder could then be measured 
without increasing the capacity of the electrometer system. This method 
requires the ratio of the Faraday cylinder current to the current to Eg 
to have a linear relationship over the range of 10“« amp to 0 -15 milliamp. 

The results obtained by the two methods agreed with each other to 
within 6 %, the first method giving slightly higher values. The values 
given in fig. 9 are those obtained by the first method, which are probably 
the more accurate. 


Discussion 

The results presented above show conclusively that when Hg+ ions 
impinge upon a cold electrode or a white-hot filament many of them 
rebound as Hg ions, and that the probability of this reversal of charge 
increases with the energy of impact of the positive ions upon the surface. 

The two electrons required for this reversal of charge must be extracted 
from the surface by the positive ion, even when the conversion takes place 
upon a filament emitting an intense flow of electrons; for, if the positive 
ion acquired its two electrons from those thermionically emitted by the 
filament, the Hg" current would vary as the cube of the filament emission, 
provided this was the saturation current. If only one of the two electrons 
was absorbed from the thermionic current the Hg" current would vary 
as the square of the filament emission. However, the results given in 
fig. 3 show that the Hg“ current varies strictly as the first power of the 
filament emission, i.e., the number of Hg" ions produced varies directly 
with the number of Hg'^ ions formed. 

Considering now the energy interchange at the surface, we shall first 
suppose that the positive ion approaches the surface with negligible 
kinetic energy. It picks up two electrons on the surface, and is re¬ 
emitted as a negative ion. This will be energetically possible, provided 


V, -f V, > 2<f>, 

where V, is the ionization potential of the atom, V, its electron affinity, 
and tf) the work function of the surface. For mercury V* 10*39 volts, 
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V/ = 1 - 79 volts,* and ^ = 4-52 volts for tungsten,t and 5-03 volts for 
nickel.l 

The excess energy, V< -f V, — 2^, amounting to 3-14 volts for a 
tungsten surface and 2-12 volts for a nickel surface, may be dissipated 
by a collision of the second kind with an electron or atom of the surface.§ 
When the excess energy exceeds the work function of the surface it may 
be entirely employed in setting free another electron with finite kinetic 
energy. For tungsten and nickel surfaces the excess energy is less than 
the work function, so that no third electron can be liberated. 

Since the excess energy, + V, — 2^, can be taken up by an electron 
or atom of the surface the formation of negative ions by this method is a 
radiationless process, and consequently its probability should be con¬ 
siderably greater than the radiative process of attachment of electrons to 
normal atoms which, if it occurs at all, will be completely masked by the 
far larger number of negative ions produced by the new process described 
in this paper. 

The probability of this excess energy being absorbed by an electron or 
atom of the surface will increase with the degree of penetration of the 
positive ion into the surface, i.e., with the kinetic energy of the positive 
ion. This will account for the probability of the conversion of Hg^ into 
Hg" increasing as the energy of the Hg *" ions is increased, as shown in 
fig. 9. Those positive ions which do not lose energy equal to Vf ■— <f> 
by collision in the surface probably come off as reflected positive ions 
and excited atoms. 

There is a finite probability of the positive ion being neutralized before 
it reaches the surface, since, when the ion has approached within a distance 
of about 10 atomic diameters, it attracts electrons with a force sufficient 
to extract them from the surface. i| The time taken by the excited atom so 
formed to reach the surface is of the order of 10 “ second, assuming that 
it possesses only thermal energy. It is, therefore, improbable that the 
excited atom will lose its energy by radiation. This excited atom 

can then be reflected from the surface as a negative ion by giving up its 
excess energy Vj -f — 2i^ to an electron or atom of the surface. The 
formation of a negative ion by this process is essentially the same as that 
described above in which the positive ion remains charged until it reaches 
the surface. 

• Glockler, ‘ Phys. Rev.,’ vol. 46, p. Ill (1934). 
t Dushman, ‘ Rev. Mod. Phys.,’ vol. 2, p. 394 (1930). 
t Fox and Bowie, ‘ Phys. Rev.,’ vol. 44, p. 345 (1933). 

§ It is not at all likely that the excess energy will be liberated as a photon. 

II Oliphant and Moon, ‘ Proc. Roy. Soc.,’ A, vol. 127, p. 388 (1930). 
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Essentially similar also is a third possibility, that of the positive ion 
extracting by its field two electrons from the surface, so becoming a 
doubly excited negative ion with excitation energy, — 2<f>, 

which then penetrates the surface and gives up this excess energy to an 
electron or atom in the metal. 

The three possibilities considered above, of which the third is unlikely to 
occur, are all essentially the same, in that the negative ion is formed from 
a positive ion by a radiationless process, and consequently the probability 
of the process occurring is large. 

We have seen from the energy distribution curves given in fig. 6 that 
some of the Hg“ ions come off the surface with considerable kinetic 
energy, and thus the accommodation coefficient for positive ions of 
mercury reflected as negative ions from a tungsten filament must be 
less than unity. 

The accommodation coefficient a is defined by the equation 



where E^, E,., and E, are respectively the kinetic energy of incidence, that 
of reflexion and that characteristic of the temperature of the reflecting 
surface. For no loss of energy on reflexion a is zero, while for complete 
adjustment on impact, as when the ion is absorbed and re-evaporated a 
is unity. For the results given in fig. 6 the temperature of the filament, 
calculated from its emission, was about 2200“ K, and hence E, is 0-285 
volt, which is negligible compared with E,. 

The mean energy of the Hg" ions, calculated from the extrapolated 
curves of fig. 6 and corrected for the finite resolving power of the apparatus 
by means of the curve for Hg+ in fig. 6, are given in column 2 of Table V. 
The mean values of a determined from these mean values for E, are given 
in column 3. A rough estimate of the minimum values of a, obtained 
from the points where the extrapolated curves of fig. 6 cut the energy 
axis, are given in column 4. The minimum value of a for 200-volt ions 
is definitely less than 0-90, since Hg~ ions of more than 20 volts’ excess 
energy were observed, see fig. 5. 

Compton* recently put forward the theory, based on the classical 
principle of momentum transfer between a moving and a stationary 
particle, that the accommodation coefficient for positive ions striking 
a metal cathode should be less than unity only if the mass of the metal atom 

* ‘ Proc. Nat. Acad. Sci. Wash.,’ vol. 18, p. 705 (1932). See also Compton and 
Lamar, ‘ Phys. Rev.,’ vol. 44, p. 338 (1933). 
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exceeds that of the positive ion. The results given here show quite 
definitely that the classical collision theory is not accurate, since a can 
be less than 0 -90. 

This method of obtaining accommodation coefficients for positive 
ions provides considerably more information than the usual methods which 
give only the mean value of oi, for not only can the mean value and the 
minimum value of a be obtained by this method, but also the energy 
distribution curves show the probability distribution of a. 

This process of formation of negative ions from positive ions by their 
capture of two electrons from a negatively charged surface explains why 
Mohler* and also Hey and Leipunskif obtained negative ions of mercury 
only above the ionization potential. The results of Nielsen§ can also be 
accounted for by the same process, the negative ions observed by him 

Table V— Accommodation Coefficients for Hg^ Ions Reflected 
AS Hg Ions from Tung.sten at 2200° K 


Energy of 

Mean energy 

Mean 

Minimum 

Hg^ ion 

ofHg ion 

a 

oc 

in volts 

in volts 



200 

2*70 

0*987 

<0-90 

100 

3*11 

0*969 

0*85 

50 

3’47 

O’930 

0*70 


being produced by the impact of Hg^ ions on the plate A of his apparatus. 
The probability of a 10-voIt Hg+ ion being converted into an Hg” ion 
on the molybdenum plate A can be calculated from his results. The 
value found is 6-0 x 10”\ whereas our value for conversion of positive 
ions of the same energy on nickel is 1 -74 x 10”*’. 

From probe measurements in mercury arcs it has been concludedj 
that negative ions play an important part in the discharge. Owing to the 
very low probability of attachment of electrons to free atoms, serious 
difficulty has arisen in accounting for the presence of such a large number 
of negative ions. This difficulty is now removed by the comparatively 
high probability of the radiationless process shown to occur in this 
paper. 

There is no reason to doubt that this new process of negative ion forma¬ 
tion will occur in other gases and vapours besides mercury. Theoretically, 

* ‘ Phys. Rev.,’ vol. 26, p. 614 (1925). 

t ‘ Z. Physik,’ vol. 66, p. 669 (1930). 

I ‘ Proc. Nat. Acad. Sci. Wash.,’ vol. 16. p. 721 (1930). 

§LUbcke, ‘Phys. Z.,’ vol. 33, p. 890 (1932); Kommnick, ‘Ann. Physik,’ vol. 15, 
p. 273 (1932). 
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the only necessary condition is that the sum of the ionization potential 
and electron affinity of the atom be greater than twice the work function 
of the surface on which the positive ions impinge. 

In much of the previous work on negative ions, conditions necessary 
for intense positive ion formation have been present, and it is not unlikely 
that the process described here played an important part in the negative 
ion formation, which would necessitate modification in the interpretation 
of this earlier work. 

One of us (J. C. M.) wishes to thank the Carnegie Trust for the Uni¬ 
versities of Scotland for a Research Scholarship. 

Summary 

It is shown conclusively that atomic negative ions of mercury are 
produced in mercury vapour by a new proce.ss of formation. The nega¬ 
tive ions originate from positive ions which pick up two electrons on any 
negatively charged electrode to which they are driven. The probability 
of occurrence of this new radiationless process of negative ion formation 
varies from 1 - 7 x 10 ® for 10-volt positive ions to 6-4 x 10~* for 180- 
volt positive ions impinging upon a nickel electrode. This comparatively 
high probability accounts for the numerous negative ions which theory 
demands for the adequate explanation of certain features of mercury arc 
discharges. Any negative ions produced by the radiative process of 
electron attachment to free atoms, if it occurs at all, were completely 
masked by the far more numerous negative ions formed by the new 
radiationless process. 

Many of these negative ions come off the electrode on which they arc 
formed with high energies, over 20 volts when the parent positive ions 
strike the electrode with 200 volts’ energy. This provides a new and more 
informative method than previously used of obtaining accommodation 
coefficients for positive ions. The mean value of this coefficient for 
200-volt positive ions reflected as negative ions from a tungsten filament 
at 2200“ K is 0-987, and the minimum value is less than 0-90. This 
disproves a theory recently advanced, and based on classical collision 
theory, that the accommodation coefficient should be less than unity 
only if the mass of the positive ions is less than that of the atoms of the 
reflecting surface, and thus shows that classical momentum considerations 
are not adequate to explain the phenomenon. 

It is probable that this new process of negative ion formation occurs in 
other vapours and gases, and may consequently require modifications 
to be made in the interpretation of previous work on negative ions. 
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Electron Affinity Spectrum of Ferrous Ion in Aqueous 

Solution 

By R. H. PoTTERiLL, O. J. Walker, and J. Weiss (The Sir William 
Ramsay Laboratories of Inorganic and Physical Chemistry, Uni¬ 
versity College) 

{Communicated hy F. G. Donnan, F.R.S.—Received 1 April, 1936) 

1—Introduction 

The study of the absorption spectra of ions in aqueous solution, in 
relation to the photochemical processes taking place, has up to the present 
been concerned mainly with anions. The spectra of some of these have 
been interpreted as electron affinity spectra, according to the views of 
Franck and Haber.* For example, for the I~ ion the elementary process, 
corresponding to the long wave-length limit of the continuous absorption 
spectrum in aqueous solution, is represented as 

1- HOH + /jv . I + H + OH . 

An electron is transferred from the negative ion to one of the water 
molecules in its hydration shell. 

It is not possible to predict on theoretical grounds alone whether a 
similar process may also occur in the case of cations. In a recent note,t 
however, one of us has shown that by irradiating a solution of FeS 04 
with ultra-violet radiation an appreciable amount of gaseous hydrogen is 
evolved, with the simultaneous formation of Fe’*'"'"*' ion. This was 
explained by assuming that a primary process analogous to that of the 
electron affinity spectrum occurs, viz., 

Fe+++ HOH -I- ;»v -= Fe+ ‘ + + H + OH . 

This paper is concerned with a more detailed discussion, from this 
point of view, of the absorption spectrum and photochemical behaviour 
of the ferrous ion in aqueous solution. 

II— Absorption Spectrum of Ferrous Salts in the Ultra- 

Violet Region 

No quantitative data are available in the literature regarding the ab¬ 
sorption of aqueous solutions of ferrous salts in the ultra-violet region. 

• ‘ S.B. preuss. Akad. Wiss.,’ p. 250 (1931). 
t Weiss, ‘ Nature,’ vol. 136, p. 794 (1935). 
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From the few investigations which have been made on the absorption of 
th^se solutions even the limits of absorption are not certain. Byk and 
Jaffe,* who measured the absorption limits of 0-01 to 0-2 M solutions of 
FeSOi and of FeCla, state that absorption commences only below 3000 A. 
Andersont measured the extinction coefficients of solutions of the same 
two salts in the infra-red and visible regions down to about 4000 A, and 
his curves indicate that these solutions have an absorption band extending 
from about 4000 A towards the ultra-violet. 

Measurements have, therefore, been made of the extinction coefficients 
of solutions of ferrous chloride and of ferrous sulphate for wave-lengths 
down to about 2200 A. The very strong absorption of ferric salts below 
4000 A, to which we shall refer later, makes it necessary to use solutions 
of ferrous salts which are as free as possible from ferric ions. In order to 
be able to estimate small concentrations or establish complete absence of 
ferric ion, extinction measurements have also been made of solutions of 
ferric salts as no such data have been previously recorded for wave-lengths 
below 4000 A. 


1—Experimental 


Absorption Measurements~T\\Qst were made, using two different 
types of technique, viz., (a) a Hilger rotating sector photometer in con¬ 
junction with a Hilger medium quartz spectrograph and a tungsten-steel 
spark as light source, and {b) a small Hilger quartz spectrograph combined 
with a rotating sector and a hydrogen discharge-tube as light source. 
Good agreement between the two methods was obtained. The solvent 
and solutions were contained in 1 cm quartz cells and the measurements 
were made with the freshly prepared solutions. In the curves of figs. I 
and 2 the values of log e are plotted against corresponding wave-lengths 
in A units. The molecular extinction coefficient e is defined by the 


expression e 




where c is the concentration of Fe'*"*' or Fe+‘*’^ 


in gram atoms of Fe per litre, and d is the length of the absorption cell 
in cm. 

Preparation of Solutions —Pure FeCl*, 4 H 2 O, or FeSOi, 7HjO, were 
dissolved in about 100 cc of an approximate 0 -1 M solution of the corre¬ 
sponding acid, which had previously been boiled for an hour in an 
atmosphere of oxygen-free nitrogen. Some spirals of pure iron wire were 
placed in the ferrous salt solution, which was then boiled for an hour or 
two, allowed to cool, and a portion of it transferred to the absorption cell. 


* ‘ Z. phys. Chem.,’ vol. 68, p. 339 (1910). 
t ‘ Proc. Roy. Soc., Edin.,’ vol. 33, p. 35 (191.3). 
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the whole operation being performed in an atmosphere of nitrogen. A 
separate portion of the solution was titrated with standard KMn 04 
solution. The concentrations of the ferrous salt solutions used varied 
from about 0-04 to 0-7 M. 

For the measurements of the absorption due to the Fe+++ ion, solutions 
of ferric alum and of ferric chloride (obtained by the oxidation of ferrous 
chloride solutions) were used. The concentration varied from about 
4 X 10 ® to 4 X 10' “ gm atoms Fe per litre, and measurements were 
made with 0-1 and 1 0 cm absorption cells. The solutions all contained 
an excess of free acid to prevent hydrolysis. 



Wave-length in A 

Fiq. 1—Absorption spectrum of ferrous ion in aqueous solution. Q FeSO,; 

O FeCI,. 

2—Results 

The values of log e obtained with the pure solutions of FeClg and of 
FeSOi, when plotted against the wave-length, all lie on a single smooth 
curve (fig. 1), which is independent of the acid concentration and of the 
nature of the anion. This curve can therefore be regarded as the 
characteristic absorption curve of the ferrous ion in aqueous solution. No 
appreciable absorption occurs above 2900 A, in agreement with the 
qualitative observations of Byk and Jaffe.* 

* ‘ Z. phys. Chcm.,’ vol. 68, p. 339 (1910). 
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If, however, precautions have not been taken during the preparation of 
the ferrous salt solution to reduce any Fe+++ ion present, marked absorp¬ 
tion above 3000 A occurs, as shown in curves 2, 2a, and Ub (fig. 2). Curve 
2 was obtained with solutions of FeS 04 . VH^O (0-11 and 0-04 M) in 
dilute HaSOi, immediately after making up the solution in an atmosphere 
of hydrogen, and curves 2a and 2h with the same two solutions after 



2200 2400 2600“ 2800 3000 .taOo'MOO' 3600'3800 4000 


Wave-length in A 


Fig. 2—Absorption spectrum of ferric sulphate (la) and ferric chloride (1^) in aqueous 

solution. 


Standing for a short time. The additional absorption with a maximum 
at about 3(XX) A is due to the presence of Fe'*"*"*’ ion, as will be seen by 
comparison with curves la and lb. These are the absorption curves 
obtained with the solutions of ferric sulphate and chloride, respectively* 
and consist of a very intense absorption band with a maximum at about 
30(K) A, which can be attributed to the Fe+++ ion. By means of curves la 
and lb, it can be calculated that the concentration of Fe’’"*"*' in the ferrous 
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solution which gave curves 2-lb was of the order of 10“® x concentration 
of Fe++ ion. The absorption band commencing at 4000 A indicated by 
Anderson’s results* is undoubtedly due to the presence of Fe+++ ion in 
his solutions. 

Ill—P hotochemical Behaviour of Ferrous Ion in the 
Ultra-Violet Region 

In the preliminary note by one of us on this subject (loc. cit.), the photo¬ 
chemical formation of molecular hydrogen and of Fe"*'''''' ions from 
solutions of ferrous sulphate was reported. That no previous observa¬ 
tions exist of this simple photochemical reaction of the Fe++ ion may 
probably be attributed to the fact that it can be observed only in solutions 
of ferrous salts which are practically free from Fe+''^+ ion. 


1— Experimental 

Solutions of ferrous sulphate (about 0-5 M), prepared by dissolving 
FeS 04 .7HgO in boiled-out dilute HgSO* solution in an atmosphere of 
oxygen-free nitrogen were irradiated in a quartz vessel, which formed one 
of the concentric jackets of a 40-cm long mercury arc lamp. The con¬ 
struction of this lamp was of the same water-cooled type as that used by 
Haber and Wansborough-Jones,t Farkas,! and others.§ We shall 
describe the inner concentric jacket (i.e., the one which is nearer to the 
central mercury arc) as compartment I, and the outer jacket as compart¬ 
ment II. The gas evolved from the FeS 04 solution contained in com¬ 
partment I was collected and measured in a gas-burette over mercury, and 
was shown by analysis to be pure hydrogen. Quantum efficiencies of 
reactions occurring in compartment I can be measured by placing a 
standard substance in compartment II. For the present purpose, mono- 
chloracetic acid which absorbs in about the same region as the Fe++ ion, 
was used. This substance, in the spectral region below 2800 A, is de¬ 
composed with a quantum efficiency of about 0-9-1 -0, according to the 
reactionll 

CICH,. COOH -t- HjO -f- Av = HO . CH^ . COOH -f H+ + CU. 

* ‘ Proc. Roy. Soc. Edin.,’ vol. 33, p. 35 (1913). 

t ‘ Z. phys, Oiem.,’ B, vol. 18, p. 103 (1932). 

t ‘ Z. phys. Chem.,’ B, vol. 23. p. 89 (1933). 

§ Frankenburger and Klinkhardt, 'Z. phys. Chem.,’ B, vol. 15, p. 421 (1932). 

11 Rudberg, ‘ Z. Physik,’ vol. 24, p. 247 (1924); L. Farkas, ‘ Z. phys. C:hem.,’ B, 
vol. 23, p. 89 (1933). 
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The amount of photo-decomposition is measured by titration of the Cl“ 
produced. From the difference in the quantities of ClCHg. COOH 
decomposed under comparable conditions using (o) FeS 04 solution, and 
(b) H 2 O in compartment I, it is possible to calculate the quantum efficiency, 
<f), for the formation of molecular hydrogen from the FeS 04 solution. 

In determining the quantum efficiency by this method the following 
conditions must be fulfilled. Firstly, the standard substance in compart¬ 
ment 11 must, in every case, absorb completely the light transmitted 
through compartment 1, which can be achieved by using a sufficiently 
high concentration (about 1 M) of monochloracetic acid. Secondly, 
with non-homogeneous light, which was actually used, the absorption 
region of the standard substance must overlap that of the substance under 
investigation. The absorption data show that the absorption of FeS 04 
extends to slightly longer wave-lengths than that of the monochloracetic 
acid. It was shown, however, that this would introduce an error of not 
more than 10%, by performing a control experiment in which a FeS 04 
solution was irradiated with light which had been filtered tlirough a 
solution of 1 -0 M monochloracetic acid {see experiment 7, Table I). 

2 —Results 

The values of <f> under different conditions are summarized in Table I. 

IV— Discussion 

The observed photochemical reaction of ferrous sulphate solutions in 
the region of absorption due to the Fe"*"*' ion can be attributed to the 
primary process 

Fe++ HOH -h /iv Fe+++ -f H -F OH- (1) 

The energy required for the transfer of an electron to a water molecule 
in the hydration layer of the Fe'^+ion is given by the following expression 

Av — Dji^o + Ire++ ~ Eoh- — 

where 

Dm,o = energy required to dissociate an HjO molecule into Hand OH 
(—115 kcal/gm mol). 

1f«++ ~ ionization potential of Fe++ ion. 

Eoh - = electron affinity of OH radical. 

X == difference in potential energy before and after electron transfer. 
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According to the Franck-Condon principle, the hydration energy of the 
OH“ ion does not enter into the expression, as the H^O dipoles cannot 
adjust themselves during the rapid electron transfer process. Therefore, 
X consists mainly of the difference in hydration energies of the Fe++ and 
Fe’*"'"^ ions, since the water dipoles are already oriented round the Fe’*”*' 
ions, and by the electron transfer process are merely subjected to an 
increased field and thus increase their energy without moving.* 

In spite of the high ionization energy of ferrous ion in vacuo, the energy 
required for the electron transfer process in solution is considerably 
smaller (~ 4-5 electron volts), and consequently the effect due to X must 
be large. The fact that the work function of metals is considerably 
decreased in media of high dielectric constantf can be regarded as a 
similar phenomenon. 

Reaction (1) is followed by a combination of the H atoms to give 
molecular hydrogen 

H + H > H*. (2) 

# 

If the Einstein equivalence law were to hold exactly, the maximum 
quantum efficiency, </>, for the formation of Ha should be equal to 1. As 
will be seen from Table 1, however, ^ is always considerably less than 
this, viz., about 1 /50-1 /20.J This can be explained by a reverse reaction, 
which competes for the H atoms, as follows 


Fe+++ + H Fe++ + H+. (3) 

This view is supported by the experimental observation that when a 
sufficient concentration of Fe+^+ ions are present initially in the solution, 
the evolution of gaseous hydrogen may be completely suppressed. For 
example, a concentration of Fe+'*"^ greater than 10~®x [Fe^+], which may 
easily be produced by atmospheric oxidation before irradiation, is 
sufficient to reduce <j> to practically zero.§ 

For the photostationary state we have the condition 

I«b» - ^8 [H] [Fe+ + +] - 2k^ [H]* - 0, 

where = absorbed light intensity per second, and and are the 

* We are indebted to Professor N, F. Molt for this suggestion, 
t Groschcw, ‘ Phys. Z. Sowjct,* voJ. 7, p. 617 (1935). 

t In the preliminary note (Weiss, he, di,) 4 referred to gram-atoms of hydrogen 
formed and not, as in this paper, to gram-mols. 

§ The absorption of the Fe+++ present acting as inner filter ” does not, under the 
conditions of the experiment, exceed 10% of the total light absorbed. 
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velocity constants for reactions (2) and (3), respectively. From this 
relationship it can be shown that the quantum efficiency is given by 



_ k 

Ik^ + ka 


[H] 


(4) 


rFe+ ++l 

If ka > ka ■ - - \ then <f> =- which is the value to be expected if 

[H] 

Einstein’s Law holds exactly. 

For the actual experimental conditions where <!> — 1 /20, one can use 
expression (4) to estimate the magnitude of k^. From the absorption 
measurements [Fe+ *"+] can be estimated to be about 5 x 10~* mols/litre. 
The hydrogen atom concentration cannot differ greatly from the stationary 
H atom concentration measured by Geib and Harteck* (i.e., IQ-'^ mm Hg, 
equivalent to 5 x 10“*" mols/litre). We then obtain x 10~-\ 

Since every binary collision between H atoms in solution (where a third 
body is practically always present) can be assumed to be effective, one can 
conclude that in reaction (3) one in every 10^ collisions is effective. This 
means that the energy of activation of the electron transfer process (3) 
is about 7 k cals. 


In conclusion, we should like to express our sincere thanks to Professor 
F. G. Donnan, F.R.S., for his great interest and encouragement. 


V—Summary 

The extinction coefficients of solutions of ferrous and ferric sulphates 
and chlorides have been measured for wave-lengths down to 2200 A. 
The Fe"^+ ion in solution has in this region a continuous absorption with a 
long wave-length limit of about 2900 A. 

On the irradiation of FeSO* solutions below 2900 A, gaseous hydrogen 
is evolved, with the simultaneous formation of ferric ion. The quantum 
efficiency for the formation of molecular hydrogen has been measured 
and found to have a value of about 1 /20. 

The observed photochemical reaction is attributed to a primary process 
analogous to that of the electron affinity spectrum, viz., 

Fe++ HOH -f /»v ^ Fe+++ + H -f- OH", (1) 

followed by the combination reaction of the hydrogen atoms formed 

H -b H Ha, (2) 

• ‘ Z. phys. Chem.,’ B, vol. 15, p. 116 (1931). 

2 R 2 
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which competes with the reverse reaction 

Fe++++ H - Fe+++ H+. (3) 

The experimental observations lead to the conclusion that the energy of 
activation of the simple electron transfer process (3) in the forward 
direction is about 7 k cals. 


Coincidence Counter Measurements of Cosmic Rays 

in an Aeroplane 

By H. J. Braddick, Ph.D., Birkbeck College, and C. W. Gilbert, M.A., 
Jesus College, Cambridge 

# 

(Communicated by P. M. S. Blackett, F.R.S.—Received 1 April, 1936) 


Introduction 

Cosmic ray measurements on mountains are limited in general to 
altitudes below about 4000 metres. Above this height Regener has 
made successful use of small balloons carrying self-recording apparatus, 
and occasional flights have been made with manned balloons by Piccard, 
Cosyns, and by American workers. Balloon experiments are, however, 
hardly practicable in this country, so we decided to investigate cosmic 
rays, and in particular the production of showers, using an aeroplane. 
Facilities for flying to a height of about 10 km. were generously provided 
by the Air Ministry. 


Apparatus 

Two independent sets of three tube counters were used in conjunction 
with the usual coincidence counting circuits. The counters could be 
arranged in a vertical line to record vertical penetrating particles, or in a 
triangle to record showers. The triple coincidences were recorded by 
telephone counters which were photographed at intervals together with 
a clock and aneroid barometer. The detailed design of the apparatus 
required some consideration since the aeroplane available (the Vickers 
Vespa machine used for high altitude experiments at the Royal Aircraft 
Establishment) had an open observer’s cockpit in which the counting set 
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had to be installed. It had therefore to operate with an external tempera¬ 
ture of about —50" C. The counters, the amplifying valves, and all the 
batteries were mounted on an aluminium framework which slipped into 
a double-walled aluminium canister insulated with 1 inch of hair felt. 
Electric heaters dissipating about 300 watts were provided inside the 
canister; they were supplied from the 12-volt windmill generator of the 
aircraft and controlled by a thermostat. The canister was bolted into a 
metal framework which was suspended in the cockpit by rubber cords to 
reduce vibration. The counters used contained oxidized copper foil 
cathodes 7 cm. long and 1 -4 cm. in diameter and central electrodes of 
tungsten wire 50 [x in diameter. The outer tubes were of pyrex, and the 
seals were covered with red sealing wax to improve the insulation. A 
wire connected to the,cathode was wrapped around the outside of the 
tube, since it was found to improve the behaviour of the counter, probably 
by freeing the glass from electric stress. The counters were filled with 
air at about 9 cm. pressure, the working voltage was about 1300 v. and 
the counting rate was nearly independent of the potential over a 100 v. 
range. The‘Counters were used at 60 v. above their starting potentials. 
Each counter gave about 30 impulses per minute at ground level, and it 
was estimated that about 15 of these were due to cosmic rays. When the 
counters are at an altitude of 10 km. the estimated single rate is about 
300/min. When a counter is counting rapidly the impulses are irregular 
in size, and the electrical recording system must be such that the efficiency 
of the counting of triple coincidences remains high in spite of this ir¬ 
regularity. This was achieved by the use of pentode valves as suggested 
by Johnson and Fussell.* The behaviour of the counters in this respect 
was checked by measuring the rate of triple coincidences due to cosmic 
rays by placing the counters in a vertical line and bringing near a radium 
source so that the individual counting rates were raised to about 350/min. 
It was found that the triple coincidence rate was not markedly affected. 
Since the impulses due to (3- and yrays are non-coincident and since 
the casual coincidence rate is still negligible, the efficiency appears to be 
maintained at this counting rate. A further check is provided by com¬ 
parison of our increase of vertical coincidence with height with that 
obtained by Regener. The electrical circuit was similar to that described 
by Barasch.f We used HF. pentodes (Cossor SPT 210) matched by the 
makers. A convenient adjustment of the working point of the valve 
characteristic was obtained by varying the screen voltage in l^-volt steps. 


* ‘ J. Franklin Inst.,’ vol. 217, p. 517 (1934). 
t ‘ Proc. Phys. Soc.,’ vol. 47, p. 824 (1935). 
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The sensitivity of the amplifier to artificial impulses applied to the counter 
anodes was checked before each flight and adjusted to a standard by 
using the screen voltage control. 


Procbdure 

Before each flight the starting potentials of the counters and the sensi¬ 
tivity of the amplifier were checked and the counter potentials were set 
60 V. above the starting values. The canister was closed and hoisted into 
the aeroplane. The pilot was asked to fly level at 30,000 ft. and to press 
the button which actuated the recording camera every five minutes. On 
account of the restriction imposed by the petrol-carrying capacity of the 
aircraft, the flights normally lasted about 2 hours, and 45-60 minutes were 
spent in level flight at 30,000 ft. After the aircraft landed the recording 
film was developed and the counting rates obtained from the photographs. 
Each flight gave a pair of readings, each corresponding to a particular 
arrangement of the counting sets; for instance, a pair of points on a 
shower transition curve. From time to time ground runs were taken to 
check the constancy of the apparatus, and the results of these were satis¬ 
factory. A few cross-checks on the high-altitude measurements were 
provided by comparing the results of the two counting sets under the 
same conditions on different flights, but it must be emphasized that it was 
not practicable in the present series of experiments to use a proper system 
of “ bracketing ” observations to detect and eliminate fluctuations in the 
performance of the apparatus. 


Results 

A few preliminary flights were carried out using large counters (cathode 
11 cm. long, 2 cm. diam.), and the system of triodes described by Gilbert.* 
The increase of vertical triple coincidences was only five times between 
ground level and 35,000 ft. This is much lower than is to be expected, 
and there is no doubt that these experiments were completely vitiated by 
the inefficiency of the coincidence counting at high counting rates. 

The smaller counters and the pentode amplifiers already described were 
then adopted, and on the first flight gave a 16-fold increase between sea 
level and about 9 km. This result appeared reasonable from ionization 
data,t and it is in good agreement with the vertical triple observations 

* ‘ Proc. Roy. Soc.,’ A, vol. 144, p. 560 (1934). 

t Note that ionization data are difficult to interpret because of the uncertainty of 
the zero and the necessity of allowing for isotropic incidence. 
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published by RegenerJ just after our own flight. A flight was now carried 
out with the three counters more widely spaced and with lead absorbing 
blocks arranged as in fig. la. As in this arrangement it is probable that 
many of the coincidences are due to showers originating in the upper lead 
block, a flight was also made with this block removed. 
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Table I 


Arrangement p mm. 

Vertical . 760 

250 

Arrangement 1« with 4*5 cm. 760 
lead 230 

Arrangement \b with 3 cm. 760 
lead 220 

Arrangement Ic, showers with 760 
1*6 cm. lead 220 


Rate* Ratio to sea level 


. . 

-■ -- . 

, - - 

Mean 

I 

11 

I * 

11 


1 

•11 

160 


20-3 

t 

16-0 

0-44 

40 

0-46 

5-4 

9 

11*7 

10*3 

0-43 

3-2 

0-47 

5*04 

1’5 

10*7 

9*1 

0 080 
4*1 

0*075 

4*6 

51 

62 

57 


* I and II refer to different counter sets, readings made either on the same or on 
different flights. 

t Values taken from a smooth curve since flight was a short one. 


The results of these flights are shown in Table I. 

The counters were now arranged in a triangle (fig. Ic, cf, Gilbert§) with 
sheets of lead above and several flights were made at about 9 km. altitude. 

: ‘ Nature/ vol. 136, p. 718 (1935). 

§ ‘ Proc. Roy. Soc.’ A, vol. 144, p. 560 (1934). 
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It was found at once that the showers increased with height much more 
rapidly than the vertical rays or the ionization. This result is consistent 
with those obtained by Johnson,* Rossi,t and by Auger and Jiis co- 
workers,J all of whom find that the showers increase much faster than the 
vertical rays. It does not agree with the results of Gilbert on the Jung- 
fraujoch. Flights were now made with different thicknesses of lead above 
the counters (Table II). 

Table II 


Thickness 

Rate per min. 

Differential rate per min. 


of 

lead, cm. 





Mean 

I 

II 

I 

11 

0 

0*8 

1-7 

0 

0 

0 

0-64 

1-3 

2-4 

0 5 

0-7 

0 6 

0-96 

3*5 

3-6 

2-7 

1*9 

2*3 

1-60 

41 

4-6 

3*3 

2*9 

31 

2-25 

2*8 

5-3 

20 

3-5 

2*7 


The flights lasted in every case for about I hour so that the actual numbers counted 
are about 60 times the above minute rates. * 



Cm. lead 

Fia. 2—Transition curve in lead. 


It seems that the two counter sets show a systematic difference, due 
probably to casual shower production in the surrounding parts of the 
apparatus. A transition curve (fig. 2) was constructed by plotting against 
the thickness of lead the difference of the counting rates with and without 
the lead. The accuracy of this curve is very low, partly due to the fact 

♦ ‘ Phys. Rev.,’ vol. 47, p. 318 (1935). 

t Rossi and Beneditti, ‘ Ric. Sci.,’ vol. 5, p. 379 (1934). 

t Auger, Lcprince-Ringuct, Ehrenfest, ‘ J. Phys. Rad.,’ vol. 1, p. 58 (1936). 
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that the readings were made in six flights over a period of some months. 
In particular—and unfortunately—^the point at 2-2 cm. lead is uncertain. 
However, it is probable that the maximum of the transition curve is not 
far displaced from 1 -6 cm. lead, which is the value found in a number of 
investigations at sea level. This tentative conclusion may be compared 
with the result of Rossi,* who found no displacement of the maximum at 
2760 m. altitude. Augerf likewise finds no variation of the position of 
the maximum with altitude, though he finds the maximum at 2 - 2 cm. lead. 
The curve appears notably concave near the origin, but this must be 
interpreted cautiously because of the low accuracy.^ 


Discussion 

In fig. 3 are collected the results of a number of observers on the varia¬ 
tion of cosmic rays with altitude. There is substantial agreement on the 
variation of the vertical intensity with altitude up to a height corresponding 
with p = 450 mm. Hg. The hump at about p — 300 mm. and the 
descent of the curve at very high altitudes rest entirely on Regener’s 
balloon measurements, though the hump has also been detected in 
ionization chamber measurements. As has been explained, our own 
point on this curve was taken primarily as a check on our apparatus. 

Our absorption measurements show that at p =- 220 mm. the intensity 
of the vertical radiation filtered through 3 cm. of lead is 9 • 1 times its 
intensity at ground level. But the intensity of the unfiltefed radiation is 
increased at this height by a factor 19-5 (fig. 3). It follows that the 
radiation is much softer at this altitude than at ground level. The experi¬ 
ments of Rossi, and of Auger and Leprince-Ringuet, agree in .showing that 
the soft component of the cosmic rays, which is absorbed in a few centi¬ 
metres of lead, increases from about 20% of all the particles at ground 
level to nearly 50% at about 500 cm. Hg. If we interpret our results on 
the assumption that there is a soft component with an absorption coefficient 
in lead of about 0-35 cm." ^, we find this component represents 58% of the 
particles at p = 220 mm. Hg. This result may be in considerable error 
since in the experiments with lead absorbers many showers which have 
backward components may have been counted as “ verticals ”. The 
aeroplane experiments of Mott-Smith and Howell,§ in which they mea¬ 
sured the total cosmic ray intensity with an ionization chamber, show that 

♦ “ Les Rayons Cosmiqiies,” Paris, 1935, p. 40. 

t Auger, Leprince-Ringuet, Ehrenfcst, ‘ J. Phys. Rad.,’ vol. 1, p. 58 (1936). 

t Morgan and Nielsen, ‘ Phys. Rev.,’ vol. 48. p. 773 (1935). 

§ ‘ Phys, Rev.,’ vol. 44, p. 4 (1933). 
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the effective absorption coefficient (a purely formal quantity since the 
absorption is not exponential) remains nearly constant above p — 420 mm, 
Hg., and this agrees with our result that the proportion of easily absorbed 
radiation increases rather slowly between the height of the mountain 
experiments and that of our own. Cosyns* finds that the fractional 
change in the ionization in a chamber, due to absorption in about 6 cm. 
lead, is 40% at P = 170 mm. and falls to about 20% at P = 73 mm. 

60 
50 

_ 40 

a 

rt 30 

X 20 
10 

0 10 20 30 40 50 60 70 80 

Cm. Hg. 

Fig. 3—Variation of vertical intensity and showers with altitude. Full curve from 

Regener, (vertical intensity];-showers; + present investigation; 

O Johnson; ® Rossi —-bursts from Montgomery and Montgomery. 

It may be seen from fig. 3 that the showers increase with altitude more 
rapidly than the vertical rays. Rossif has made the suggestion that the 
showers increase at the same rate as the soft component of the vertical 
intensity, and this view may be compared with our measurements, as 
shown by the figures below. The agreement is not good, but the dis¬ 
crepancy does not exceed the possible errors in the assumptions made. 


Component absorbed by 3 cm. lead at sea levelj . 15% 

Component absorbed by 3 cm. lead at P = 220 mm _ 58% 

Ratio of vertical intensity from fig. 3, curve 1. Sea level: P = 

220 mm.. 1: 19-5 

Calculated ratio of soft component. Sea level: P — 220 mm, 1: 75 
Observed ratio of showers produced in 1-6 cm. lead. Sea 

level: P == 220 mm. 1: 55 


• Private communication and Cosyns, Kipfer, and Piccard, ‘ Bull. Acad. Roy. Bcig., 
vol. 5, T. XIX, p. 214 (1933). 

t Rossi, “ Les Rayons Cosmiques,” Paris, 1935, p. 43; Bernardini and Bocciarelli, 
‘ Ric. Sci.,’ vol. 6, p, I (1935). 

t Auger and Leprince-Ringuet, Ehrenfest, ‘ J. Phys. Rad.,’ vol. 1, p, 58 (1936). 
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The results of Montgomery and Montgomery* on bursts greater than 
1-5 X 10* ions show that these increase with altitude very much more 
rapidly than this, and are approximately proportional to the square of 
the relative ionization. They also find some evidence that the rate of 
increase depends on the material in which the bursts are produced. It is 
not clear how these observations should be related to our shower observa¬ 
tions, since bursts and showers are now usually regarded as essentially 
identical.f Though we made no proper measurements at intermediate 
heights, the records made during the climb and descent do not admit a 
curve with a maximum of shower production below our maximum height. 
Further, the rate of increase of bursts, with height as measured by the 
Montgomerys, does not agree with Johnson's, with Rossi’s, or with 
Auger’s shower measurements. In the absence of further measurements, 
we must conclude that the large showers increase with altitude faster than 
the small showers. 

We are glad to thank Professor P. M. S. Blackett, F.R.S., for con¬ 
tinual help and advice. The apparatus was constructed with a grant 
from the Dixon Fund of London University. We are deeply grateful to 
the Air Ministry for allowing the experiments to be carried out in a 
Service aircraft, and to the authorities, the pilots, and the workshop staff 
of the Royal Aircraft Establishment for their kindness and wholehearted 
cooperation. 


Summary 

Measurements of cosmic rays (vertical intensity and shower production) 
have been made in an aeroplane at a height of 30,000 ft. corresponding 
with a barometric pressure of 220 mm. The absorption of the vertical 
rays in 3 cm. lead was measured and a rough transition curve was obtained 
for the shower production in lead. 

The showers increase with altitude much more rapidly than the vertical 
intensity. The radiation at high altitude contains a large proportion of 
soft radiation absorbed in a few cm. of lead. 

• C. G. and D. D. Montgomery, ‘ Phys. Rev.,’ vol. 47, p. 429 (1935); ibid , vol. 48, 
p: 926 (1935); Ibid., vol. 48, p. 786 (1935). 

t Carmichael, ‘ Proc. Roy. Soc.,’ A, vol. 154, p. 223 (1936). 
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An Ionization Method for the Absolute Measurement 

of Y-Ray Energy 

By L. H. Gray, PhD., Prophit Scholar of The Royal College of Surgeons, 

and Physicist to The Mount Vernon Hospital, Northwood, Middlesex 

(Communicated by Lord Rutherford^ O.M., F.R.S.—Received 1 April, 

1936) 

1—Introduction 

In the course of an attempt to determine in absolute measure the rate 
of emission of yray energy by radioactive bodies, it became necessary 
to consider whether there existed any accurately ascertainable relation 
between the y^'ay energy absorbed per unit volume of a solid medium 
and the ionization produced in a small air-filled cavity in that medium. 
It was found that a very simple relation could be derived by theoretical 
reasoning from certain experimental facts concerning the loss of energy 
by swiftly moving electrons. The derivation was published,* but no 
new experimental evidence was brought forward bearing specifically on 
the validity of this relation. Essentially the same relation had been 
enunicated in slightly different terms as long ago as 1912 by Sir William 
Bragg,t but this treatment of the problem has unfortunately only recently 
been brought to my notice. I deeply regret having overloohed Sir William 
Bragg’s admirable treatment, and I am glad of this opportunity of 
apologizing to him for having published a discussion of the problem 
without any reference to his work. 

Since a knowledge of the relation between the ionization in an enclosed 
volume of air and the flux of y-ray energy through that volume has 
important applications in the field of radiology as well as in nuclear 
physics, and since, in certain circumstances, an analogous relation may 
be obtained for the ionization produced by neutrons, the validity of the 
relation has been tested experimentally as thoroughly as possible. 

2— The Relation Between Ionization and Absorbed Energy 

Attempts have been madej to estimate separately the contributions 
to the ionization in an enclosed volume, from the gas, from the corpuscular 

• Gray, ‘ Proc. Roy. Soc.,’ A, vol. 122, p. 648 (1928). 

t ‘‘Studies in Radioactivity” (1912), p. 94 et seq. I am indebted to Professor 
L. F. Hopwood for bringing this treatment of the problem to my notice. 

I Buzau, ‘‘ Dissertation,” Paris (1928). 
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radiations emerging from the several walls, the effect of the reflexion of 
these particles from the opposite faces of the volume, and so on, but the 
simplifying assumptions necessarily introduced to render the calculations 
possible, rob the result of any exact quantitative significance. On the 
basis of the following experimentally justifiable assumption, however, 
a simple and exact relation may be derived between the ionization in a 
volume of air, the linear dimensions of which are small compared with 
the range of the secondary corpuscular radiation, and the y-ray energy 
absorbed per unit volume of the solid walls. 

We assume that a p-particle traversing a solid medium loses the same 
amount of energy in a distance A.v short compared with its range, as it 
would do in traversing pAx of air, where p is a proportionality factor 
which is independent of the velocity of the particle. Then, as has been 



shown previously,* the energy equivalent of the ionization per unit 
volume in the cavity is 1/p times the y-ray energy absorbed per unit 
volume of the solid. The derivation of this relation is somewhat lengthy, 
because it is necessary to establish that the introduction of a small air 
cavity into a solid medium does not disturb the distribution as regards 
direction and velocity, of the p-particles crossing the surface which has 
become a wall of the cavity. Accepting this fact as established,t how¬ 
ever, the correctness of the above result may be seen as follows. 

* Gray, ‘ Proc. Roy. Soc.,’ A, vol. 122, p. 648 (1928). 

t A thermal analogy may be helpful. Consider a small body in thermal equilibrium 
inside an evacuated cavity. The rate of absorption and emission of heat by the body 
are equal. The latter depends only on intrinsic properties of the body such as its 
size and the nature of its surface, and on its temperature; hence the energy absorbed 
by the body, and therefore also the energy falling on ft, must be a function of these 
quantities only, and independent of the size and shape of the cavity. This result 
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Consider, on the one hand, a small air-cavity A, fig. 1, and, on the other, 
a geometrically similar volume element of the solid S, fig. 1, whose linear 
dimensions are in the ratio p: 1. We suppose that the source is 
at such a distance that the intensity of the y-radiation is sensibly constant 
over the whole volume in each case. Then there will be groups of 
particles, having the same velocity and direction, crossing the cavity and 
the volume element, and, by virtue of our assumption, the corresponding 
groups will lose the same amount of energy in the course of transit. On 
account of the greater area, the number of particles crossing A will be 
p* times the number crossing S, but the volumes are as p®: 1, so that the 
ratio of the energy losses per unit volume in the two cases is as 1: p. 
On account of the assumption that the linear dimensions of the cavity 
are small compared with the range of the corpuscular radiation, the con¬ 
tribution to the ionization arising from y-radiation absorbed in the air, or 
in the volume element S will be almost negligible. Moreover, if both gas 
and solid are composed of elements in which the radiation is not photo- 
electrically absorbed, then the two small contributions* will also be 
approximately in the ratio 1: p. 

Thus we arrive at the conclusion that, for an infinitely small air volume, 
the energy equivalent of the ionization per unit volume is exactly 1/p 
times the energy absorbed per unit volume in the solid, which may be 
expressed 

J,. W = 1. E„ (1) 

P 

where W is the average energy lost by an electron per pair of ions formed. 

In actual practice this relation cannot be expected to hold exactly, 
because, as pointed out above, 

(1) the contribution to the ionization from y-ray energy absorbed in 

depends on a geometrical relation, and not on any particular law of emission of heat 
from the boundaries of the cavity. It is therefore true in the case which we arc 
considering, where secondary p-radiation instead of heat is proceeding from the 
wails of the cavity, and where the small body is replaced by a small volume clement 
of gas within the cavity, that the fl-radiation passing through that volume clement of 
gas is independent of the shape and size of the cavity. 

* Since the volumes are as pVl, the number of recoil electrons generated will be 
as p*Na/Ns, where Na. and Ns are the number of electrons per unit volume of air and 
solid. Recoil electrons generated in similar positions will lose equal amounts of 
energy in passing out of the volumes. Thus the ionization per unit volume of the 

air will be -- times the energy lost in the solid. It will be shown presently 

that Na/Ns is approximately equal to 1/p. 
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the gas is not exactly equivalent to the energy that would be 
absorbed in the corresponding volume of solid; 

(2) the scattering of the electrons in crossing A will not be the same 
as in crossing S if these are composed of elements of different 
atomic number, so that it will no longer be true that the intro¬ 
duction of the air-filled cavity into the solid has left undisturbed 
the distribution as regards velocity and direction of the particles 
crossing the boundaries. 

Clearly, the disturbing influence of these two factors will be greatest 
when the gas and solid are composed of elements of widely different 
atomic number, and will be zero when they have the same atomic number. 
We can easily discover whether these two disturbing factors are of impos- 
tance in any actual case by observing how the ionization varies with the 
gas pressure. It is certainly true that, other things remaining unchanged, 
p is inversely proportional to the gas pressure. Therefore, equation 
(1) predicts that the ionization should be proportional to the gas pressure. 


Table 1--Experimental Values of the Ratio of Ionization to 


Pressure in cm Hg .. 

74 

Pressure 

59 50 

40 

30 

20 

10 

0* 1 cc graphite cham¬ 
ber . 

1000 

99-8 — 

100-2 


100-2 


2 *0 cc graphite cham¬ 
ber . 


100 100 

99-5 

99-5 

100-5 

99-0 

O' 1 cc lead chamber 

100 

102 — 

104 

— 

107 

— 

The equation may 

therefore be considered valid 

in any 

circumstances 


in which the ionization remains proportional to the pressure as the 
pressure is reduced below the normal value. It is to be noted that 
refers to the number of \om formed per unit volume. The test obviously 
cannot be applied to gases at a pressure greater than a few atmospheres, 
or in any other circumstance in which the whole of the ions formed 
cannot be collected on account of recombination. 

The first two rows of figures shown in Table 1 are experimental results 
obtained with graphite chambers of approximately 4 mm wall thickness,* 
surrounded by a sealed glass vessel from which the air could be removed 
and the pressure observed by means of a manometer. The source was a 
few millicuries of radon, filtered with just sufficient material to stop the 

* Provided the wall thickness of the chamber is greater than the range of the second¬ 
ary electrons in the solid medium of which the walls are composed, the behaviour of 
such a chamber will be strictly comparable with that of a cavity in the medium. 





582 


L. H. Gray 


fastest natural j3-particles. The results are in complete agreement with 
the requirements of equation (1). Moreover, since the effects of the two 
possible disturbing factors which we have considered will obviously 
decrease as the hardness of the radiation, and therefore tjjie average speed 
of the electrons, increases, it is clear that such disturbing effects will be 
negligible for any radiation harder than the unfiltered radium (B + C) 
Y-radiation used in these experiments. The figures in the last row of the 
table show, on the other hand, that the equation is not valid for the 
ionization produced by such a y-ray beam in a lead chamber of 0-1 cc 
volume containing air at atmospheric pressure. 

The equation obviously implies also that the ionization per unit volume 
of the gas should be independent of the size of the cavity. The assump¬ 
tions underlying the derivation of this equation are most accurately 
fulfilled for a very small cavity. Therefore, we may conclude that the 
equation is valid for any particular cavity if we observe in it the same 
value of the ionization per unit volume as in a small cavity at the same 
point in the solid medium.* 

The experimental results shown in Table 11 were all obtained with 
graphite chambers having a wall thickness of 4 mm.f The estimation of 
the volume of the smallest chamber was made by microscopical examina¬ 
tion of an X-ray photograph of the chamber and the intensity of the 
radiation was calculated on the basis of the inverse square law. The 
accuracy that could be attained in this way was naturally not very great, 
so that the observed deviation may be considered as within the limits of 
error in the determination of volume and intensity. 

• In general, decreasing the size of the cavity will decrease the intensity of the 
Y-radiation at the point considered, but if the change is small we can correct for it 
with sufficient accuracy. 

t This choice of thickness is a compromise. The greatest distance in graphite to 
which the fastest recoil electron from a 2x 10* volt y-ray could penetrate is probably 
more than 6 mm, but various factors combine to make the contribution of electrons 
from such depths to the total ionization negligible. With the experimental arrange¬ 
ment used in these tests (an uncanalized beam) the ionization increases with the wall 
thickness, passes through a flat maximum at a thickness of from 1 to.4 mm according 
to the exact arrangement, and slowly falls. Results should be approximately com¬ 
parable, whatever wall thickness was chosen, since this was the same for all chambers, 
but errors arc presumably minimized by working on the maximum of the curve. On 
account of this element of arbitrariness, as well as on grounds of intrinsic accuracy, 
the experiments in which the gas pressure is varied are probably a stricter test of the 
validity of the equation. 
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3—The Quantity p 

This quantity is the ratio of the energy lost by an electron in traversing 
a certain distance (a small fraction of its range) in two different media. 

The energy lost by homogeneous p-ray groups in passing through very 
thin foils of different materials has been investigated by a number of 
workers, using the magnetic spectrograph.* In the experiments of 
Madgwick,t the foils varied in superficial density between 3 and 
14 mg/sq cm, i.e., they were equivalent to a path in air of from 2 to 9 cm, 
and the energy of the p-particles was 150 kv. The loss of energy was shown 
to be proportional to the thickness of the foil. The relative stopping 
power per electron S, in different elements, i.e., the relative energy loss in 

Table 11—% Divergence i rom the Mean of the Ionization 
PER Unit Volume 


Volume of cavity in cc. 

0 96 

0’31 

on 

0 005 

(Radium at 
1'5 cm) 

Radium at 18 cm . 

+0-5 

-fOl 

0-5 

— 

Radium at 12 cm . 

fO-7 

-0-5 

-0*2 

— 

Radium at 8 cm . 

-f-0 ■ 3 

-0-7 

+0*4 

— 

Average divergence from mean 

+ 0-5% 

- 0-4% 

-0*1% 

+4% 


foils having the same number of electrons per unit area, derived from 
Madgwick’s experiments, and from similar experiments by Rawlinson,t 
are shown in Table III. 

Table III 

Electron 


energy 

e-volts 

Mica 

A1 

Cu 

Ag 

Sn 

Au 

Mica/Sn 


0*150 X I0« 


222 

221 

220 

— 

195 

— 

Madgwick 

O'153 

279 


— 

— 

221 

— 

1*32 


0*207 

228 

— 

— 

.— 

178 

— 

1-28 I 


0*264 

187 

_ 

_ 

_ 

160 

_ 

1*17 

Rawlinson 

1*04 

142 

— 



135 


1*05 

1*15 

149 




135 


1*10 1 


1*33 

130 

— 

— 

— 

114 

— 

M5 ' 


The last 

column 

gives 

the ratio of S, for 

mica 

and tin 

based on 


Rawlinson’s observations, from which it is seen that, on the average, the 

* Rutherford, Chadwick, and Ellis, “ Radiations from Radioactive Substances,’’ 
p. 423 et seq. 

t ‘ Proc. Cam. Phil. Soc.,’ vol. 23, p. 970 (1927). 

{ ‘ Phil. Mag.,’ vol. 30, p. 627 (1915). 
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stopping power of tin is 15-20% less than that of mica. From Madgwick’s 
measurements it would appear that the stopping power per electron is 
almost independent of atomic number, gold being only 13% less than 
aluminium. 

The interpretation of the experiments is rendered specially difficult by 
the straggling of the p-particles in passing through the foils, so that the 
accuracy of the final results probably does not exceed about 10%. We 
may conclude from direct experiment, therefore, that between Z = 13 
and Z - 79 S, is almost independent of Z, but tends to decrease as Z 
increases, being possibly 20% smaller for gold than for aluminium. 

In the one case for which there is direct experimental evidence con¬ 
cerning the ratio of for two elements, viz., mica/tin, this ratio is 
practically independent of the speed of the particles. The constancy of 
this ratio was assumed in the derivation of the relation between ionization 
and absorbed energy. Since, however, these experimental results can 
only be regarded as confirming the assumption to an accuracy of 10-20%, 
we are compelled to consider less direct evidence. 

A very thorough investigation of the variation of with velocity for 
a single substance, mica, was undertaken by White and Millington* 
with the object of testing the well-known Bohr formula. As regards 
the variation of S, with the velocity of the particle, their results agreed 
closely with the predictions of the Bohr formula, though the absolute 
magnitude of S, was considerably greater than that which the theory 
indicated.t 

A more satisfactory quantum treatment of the loss of velocity by 
fi-particles has been given by Bethe,J and the quantitative results of the 
theory have been carefully compared with experiment by E. J. Williams. 
In most points the theory is in very good agreement with experiment 
without the introduction of any arbitrary constants. 

Bethe’s theory, modified by Williaras§ to take relativity effects into 
account for high speed particles, leads to the following formula for the 
variation of stopping power with the energy of the particle. 


S,. mv^ — const 



2mc*W 

E* 


+ log p* -f- log (1 — p*) -^ 


• ‘ Proc. Roy. Soc.,’ A, vol. 120, p. 701 (1928). 

t See White and Millington, ‘ Proc. Roy. Soc.,’ A, vol. 120, p. 719 (1920). The 
agreement is really better than it appears, as the first two points lie very closely on 
the theoretical curve if account is taken of the smaller thickness of the foils used in 
these two measurements. 

t ‘ Ann. Physik,’ vol. 5, p, 325 (1930). 

§ ‘ Proc. Roy. Soc.,' A, vol. 135, p. 108 (1932). 
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It will be observed that the form of this equation is very similar to 
that of the Bohr formula. The quantity E is a weighted average of the 
ionization potentials of all the electrons in the atom, and corresponds 
to the term involving the summation of frequencies in the Bohr formula. 
The value of E has been computed by Bethe for hydrogen, air, and 
copper. W is the maximum energy loss at a single collision included in 
the computation. Experiment (White and Millington) and calculation 
are compared in Table IV. 


Electron energy 
in 

P 

Table IV 

S,. r* 


Ratio 

calc/cxpt 

lO'’ e-volts 


expt 

calc 

X 0-835 

0150 

0-64 

10 6 

13*3 

1-05 

0‘200 

0-70 

10 7 

13-5 

1-06 

0’264 

0-75 

11-7 

14-0 

1*00 

0-338 

0-80 

12-0 

14-3 

0*99 

0-520 

0-87 

13-4 

14-8 

0*90 

1 -04 

0-94 

12-8 

15-8 

1-03 

1-33 

0% 

13*6 

16-2 

0-99 


It is seen that there is no systematic divergence over the whole range of 
energies studied. Using the same formula, the data given in Table V 
are obtained for the ratio of S, for various substances to that for air 
over a very wide range of energy. 


Table V 


Electron energy 

Hydrogen 

Air 

Mica 

Argon 

Copper 

in 10« e-volts 

Z - 1 

Z - 6*8 

Z - 8-7 

Z- 18 

Z - 29 

0*01 

M5 

100 

0-97 

0-90 

0*84 

0*05 

1-13 

1 00 

0-97 

0*91 

0-86 

0-10 

1-12 

1*00 

0-97 

0-92 

0-87 

0*20 

M2 

1-00 

0-97 

0-92 

0-88 

1-00 

MO 

1-00 

0*97 

0-93 

0-89 

2*00 

1-09 

100 

0-98 

0-94 

0-90 


Thus, in this case, over a very wide range of energy, though over a smaller 
range of atomic number, the ratio of electronic stopping power to that 
of air is never more than 4% from the mean value. 

It thus appears that, to this order of accuracy, our original assumption 
that the ratio of the stopping powers of any two media is independent of 
the speed of the particles is justified by experiment. Moreover, remember¬ 
ing that in any actual case the secondary particles generated by y- 
radiation or X-radiation have a wide range of velocity, the average value 


2 s 2 
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of p for all these particles crossing an ionization chamber must be inde¬ 
pendent of the wave-length of the radiation to an accuracy of 1 or 2%, 
whatever the nature of the wall material. 

A — Variation of p with Atomic Number 

From Table V it is seen that, according to Bethe’s calculations, S, 
varies to the extent of about 20% between hydrogen and copper. Williams* 
finds reasonably good agreement between calculated and experimental 
values of the stopping power of H, He, O, and A for both p-particles 
and a-particles. 

According to the conclusions of §1, the ionization per unit volume 
produced by a beam of radiation in a small volume of air enclosed in 
material of atomic number Z is 

AE (Z) _ AE (Z) S (Air) 

Wp W ■ S(Z) ’ 

where AE (Z) is the energy of the radiation absorbed per unit volume of 
the solid material enclosing the air, p is the ratio of the loss of energy 
by p-particles in the solid and in the air, and W is the energy required to 
produce a pair of ions in air. The ionization produced in chambers of 
different wall material is thus proportional to 

AE (Z) AE (Z) 

S(Z) "" ’ 

where S, is the stopping power per electron, and n, is the number of 
electrons per unit volume of the particular material. But 

AE (Z) = E (<T,+ t) = En, (,<t, + ,t), 

where E is the flux of yray energy. Thus if ,t is negligible, since .e, 
is independent of Z, 

Ionization « ^ « J.. 

S, n, S, 

The ionization in chambers of different materials should therefore, in 
these circumstances, be inversely proportional to the figures for S. given 
in Table V. 

To test this matter, a number of ionization chambers were constructed 
of different materials. In order that the conditions of §2 should be 
accurately fulfilled it was necessary that the chambers should be small; 

• ‘ Proc. Roy. Soc.,’ A, vol. 135, p. 113 (1932). 
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at the same time their volume had to be accurately known. The chambers 
were cylindrical in form, approximately 4 mm in diameter and 10 mm 
long, and were all turned out of the solid with the same tool, so as to fit 
snugly on to the ebonite bushing (fig. 2). The internal length of the 
chambers was determined by introducing a loosely fitting plug which 
projected about a millimeter out of the chamber, and determining the 
length of the projecting portion under the microscope. The internal 
diameter was determined by turning down a cylinder of electron metal 
until it would just fit first the largest chamber, then the next largest, and 
so on, the diameter at each stage being measured by a micrometer screw 
gauge. Proceeding in this way, it was estimated that the measured 

Red scaling wax 

insulation Ebonite bushing 


Evacuated 

tube 


Electron metal guard tube 
at earth potential 

Ionization chamber ± 100 volts (interchangeable) 

Fig. 2. 

volumes (relative) were not subject to an error greater than 0-5%. The 
wall thickness of the chambers, except that of the beryllium one, was 
equivalent in electron content to 3 mm graphite, so that the y-ray absorp¬ 
tion in the walls 2%) was the same in all cases. Owing to lack of 
material the beryllium walls were only equivalent to 2-5 mm graphite. 
In the chambers composed of light elements, the central electrode 
(0-7 mm diameter x 7 mm long) was of graphite, and was not changed. 
The central electrode should be composed of the same material as the 
chamber walls, but since, in the present instance, it was estimated that it 
contributed less than 10% of the total p-particle emission, it seemed likely 
that by changing the electrode a greater error would be introduced into 
the result, through a possible change in volume or distribution of the 
electric field, than would result from the difference in atomic number of 
the material of the electrode. For lead, however, a lead electrode of as 
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nearly as possible identical form was substituted for the graphite electrode. 
The chambers were set up at about 10 cm from 60 mg of radium filtered 
with 0-12 mm silver and 0-79 mm lead (the equivalent of 0-5 mm platin¬ 
um). The axis of the chamber was always at the same distance from 
the radium. A second series of observations was made with y-rays 
filtered by 2 • 0 cm of lead, the distance from the radium to the chamber 
being 6 cm. Table VI gives the mean results from several series of 
consistent measurements. 


Table VI 


Chamber material 

Wax 

Be 

c 

Mg 

A1 

S 

Cu 

Pb 

Ionization per unit 
volume (experi¬ 
mental)— 

0-5 mm Pt filter .. 

0*987 

1005 

1*000 

1*060 

1*098 

1*093 

1 *36 

4*62 

2 • 0 cm Pb filter 



1*000 

1064 

1*093 


1*24 

2*75 

Ionization due to re¬ 
coil electrons only 

0-99 

1*00 

1*00 

1 *06 

I 09 

1*09 

1*17 



In the last line a small correction has been made, for copper, sulphur, 
and aluminium, for the photoelectric absorption, assuming the results 
of Hulme, MacDougall, Buckingham, and Fowler,* and of Read.t 
that ,T cc T? for y-radiation. The figures thus represent the ionization 
produced by recoil electrons only, and should be comparable with the 
theoretical values of 1/S,. The agreement between the relative ioniza¬ 
tion in different chambers and 1 /S, is seen in fig. 3 to be excellent. The 
experimental points do not lie accurately on a smooth curve, and although 
only a little outside the estimated experimental error, the irregularities 
are believed to be real, at least in part. The stopping power is a function 
of the effective ionization potential of the atom, which is a function of the 
ionization potentials of the individual electrons. It may well be, there¬ 
fore, for light elements, that this quantity does not vary smoothly with 
atomic number, but increases rather more in passing from one row of the 
periodic system to the next than between neighbouring elements in the 
same row. 

We may summarize the experimental evidence in support of equation 
(1) relating ionization and absorbed energy as follows. The equation 
requires (1) that the ionization per unit volume should be independent of 
the size of the chamber; (2) that the ionization in a given chamber should 


• ‘ Proc. Roy. Soc.,’ A, vol. 149, p. 131 (1935). 
t ‘ Proc. Roy. Soc.,’ A, vol. 152, p. 402 (1935). 
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be proportional to the gas pressure; (3) that the ionization in different 
chambers should be proportional to the y-ray energy absorbed per unit 
volume of the wall material, and inversely as its stopping power. 

All three requirements have been shown to be in agreement with 
experiment. Further the Bethe-Williams formula for the variation of 
stopping power with the energy of the secondary electrons, which is 
supported by the experiments of White and Millington, justifies the 
assumption made at the outset of our theoretical considerations, that p 
will be almost independent of the energy of the electrons. 



Fig. 3—Variation of ionization with atomic number. O experimental; < calculated. 


5—The Quantity W 

In order that the yray flux may be determined in absolute measure, it 
is necessary to know the average energy lost by the p-particles in the 
gaseous medium per pair of ions produced. The literature on this 
subject, which is considerable, has been briefly reviewed by Rutherford, 
Chadwick, and Ellis,* and discussed in relation to the theoretical work 
of Bethe by Williams.t Four methods have been employed for the 
determination of W. 

(1) By the measurement of the ionization produced by «-particles of 
known energy. The total ionization produced per second in air by the 
«-particles from RaC in equilibrium with 1 gm of radium has been 

• “ Radiations from Radioactive Substances,” p. 498. 
t ‘ Proc. Roy. Soc.,’ A, vol. 135, p. 108 (1932). 
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measured by Geiger,* Fonovits-Smcreker.t Bracelin.t and Curie and 
Jolliot.§ Since both the energy of the RaC a-particles and the number 
emitted per second is now accurately known, W may be evaluated. The 
results of all four observers lead to W — 35 volts/ion pair, for air. The 
a-particle is equivalent in ionizing power to electrons of about 1000 volts’ 
energy. Since, moreover, only about one-third of the total ionization 
is produced by the a-particle itself, and the remaining two-thirds is 
produced by delta-rays, having energies up to 3000 volts, the above 
value of W must be approximately that for a 1000-volt electron. 

(2) Photoelectron tracks have been produced in a Wilson cloud chamber 
by the absorption of X-rays of known wave-length. The initial energy 
of the electrons is thus known, and if the expansion has been correctly 
made, the number of ions is equal to the number of drops along the track, 
so that W is at once obtained. Measurements of this kind were made by 
Wilson, 11 and MeitneT,f and Klemperer,** and the problem was taken 
up again by Wilson and Dee.ft Though apparently a straightforward 
method, there are possibilities of error which have not yet been satis¬ 
factorily explored. The principal difficulty is to be quite certain that 
the expansion is of the right magnitude and has occurred at the right time 
to produce condensation on every ion without giving rise to spurious 
condensation (fog formation). Since it is more easy to condense on the 
negative than on the positive ion, the equality in the number of droplets 
condensed on positive and negative ions (separated by an electric field) 
may be taken as a criterion of complete condensation. This criterion 
was introduced by Wilson and Dee, who adjusted their expansion con¬ 
ditions to satisfy it. Much greater weight should therefore be attached 
to their results than to those of earlier workers. From their observations 
Wilson and Dee concluded that for particles of 9 kv initial energy, the 
value of W lay between 32 and 34 volts/ion pair. 

(3) A less direct method of investigation consists in measuring the 
ionization produced by the partial absorption of an X-ray beam in air, 
and the heat generated by its complete absorption in a suitable calori¬ 
meter. Besides the usual difficulties associated with microcalorimctric 

• ‘ Proc. Roy. Soc.,’ A, vol. 82, p. 486 (1909). 

t ‘ S.B. Akad. Wiss. Wien,’ vol. 131, p. 355 (1922). 

t Unpublished. 

§ ‘ C.R. Acad. Sci. Paris,’ vol. 187, p. 43 (1928). 

I! ‘ Proc. Roy. Soc.,’ A, vol. 104, p. 200 (1923). 

H ‘ Naturwiss.,’ vol. 14, p. 1199 (1926). 

•• Using a-rays. 

ft I am greatly indebted to Mr. Dee for permission to publish the results of this 
investigation. 
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measurements, one also encounters in this method the difficulty of esti¬ 
mating the extent to which the X-ray beam is absorbed in the ionization 
chamber. Two very comprehensive investigations have been undertaken, 
using this method, by Kulenkampff* and Crowther,t in which due 
consideration was given to these points. Kulenkampff found a constant 
value of W for ionizing particles of initial energy between 7 and 22 kv, 
namely, W = 35 ± 5 volts/ion pair, and Crowther, for photoelectrons 
of initial energy between 16 and 20 kv finds W — 42-5 ± 0-5 volts/ion 
pair. Crowther’s determination may be criticized on the ground that the 
distance apart of the collecting electrodes appears inadequate to allow 
all the photoelectrons to produce their full ionization. | 

(4) The fourth method consists in accelerating electrons through a 
known potential and measuring the total charge of the beam and the 
ionization produced by its complete absorption. The difficulty inherent 
in this method is that of knowing the energy of the electrons at the 
moment of entering the ionization chamber, since they must necessarily 
be accelerated in an evacuated vessel, and may lose part of their energy 
(and may also generate slow secondary electrons) in traversing the thin 
window between this vessel and the ionization chamber. This difficulty 
did not arise, however, in the measurements of Lehmann and Osgood,§ 
who were investigating cathode rays over the range 0-1000 volts. Owing 
to the small range of these particles, they could be absorbed in an ioniza¬ 
tion chamber containing gas at quite low pressure. This chamber was 
in direct communication by means of a short length of very fine bore 
tubing, with the accelerating chamber in which a good vacuum was 
maintained by fast pumps. The value obtained was W -- 45 volts/ion 
pair. The same value was obtained by Schmitz with somewhat faster 
particles, while much lower values, viz., 36 and 32 volts/ion pair, were 
found by Johnsonll and Buchmann*[[ for somewhat slower and somewhat 
faster particles respectively. Moreover, as pointed out above, the value 
of W for electrons of these energies should be the same as that found for 
a-particles, which is 35 volts/ion pair. 

Of the investigations using faster cathode rays, that of Eisl** appears to 

* ‘ Ann. Physik,’ vol. 79, p. 97 (1926). 

t ‘ Phil. Mag.,’ vol. 6, p, 401 (1928). 

X The fact that the experiments designed to test this point appeared to indicate 
that the experimental arrangement was satisfactory may perhaps have been due to a 
balancing of errors. 

§ ‘ Proc. Roy. Soc.,’ A, vol. 115. p. 608 (1927). 

II ‘Phys. Rev.,’ vol. 10, p. 609 (1926). 

If ‘ Ann. Physik,’ vol. 87, p. 509 (1928). 

•• ‘Ann. Physik,’ vol. 3, p. 227 (1929). 
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be in every way the most complete. Adequate precautions appear to 
have been taken against possible sources of error. The velocity dis¬ 
tribution of the electron beam after passing through the window of the 
ionization chamber was investigated by the method of the magnetic 
spectrum, so that no appreciable error could arise through uncertainty 
regarding the initial energy of the particles. The cathode rays were 
completely absorbed in air at atmospheric pressure. He found that 
throughout the range 10-60 kv the value of W remained constant at 
32-5 db 0-5 volts/ion pair. 

The results obtained by various experimenters using methods (3) and 
(4) have been collected together and reviewed by Eisl. They are given 
in Table VII together with the a-particle results, the unpublished measure¬ 
ments of Wilson and Dee, and those of Crowther, 

Table VII 


Observer 

Method 

Velocity 

range 

W 

volts/ 

Estimated 

Geiger . 

1 

kv 

( - 

ion pair 

35 

error 

7 

Fonovits-Smereker . 

f 

a-partic!c 


35 

7 

Bracelin . 

j 0-3 

35 

7 

L Curie and F. Joliot _ J 

1 1 


35 

7 

Wilson. 1 


f 22 

26 

7 

Meitner . 

1 Cloud 

1 chamber 

i 

45 

7 

Wilson and Dec . J 

i 7 

33 

±i 

Kulenkampff . 


7-22 

35 

±5 

Rump . 

1 1 

28-100 

33 

? 

Steenbeck . 

- X-rays 

5-4; 8 

28 

±6 

Gaertncr . 

1 1 

8-10 

36 

±3 

Crowther . ' 


15 

42-5 

iO-5 

Lehmann and Osgood .... 


, 0’2-l‘0 

45 


Johnson . 

1 1 

Cathode 

0-2 

36 

±9 

Buchmann . 

4-13 

31 

±3 

Schmitz . 

rays | 

1-9 

45 

? 

Eisl . 


10-60 

32-5 

±0-5 


The theoretical value calculated by Bethe* is W = 32 volts/ion pair, 
and is independent of the speed and nature of the ionizing particle. It is 
satisfactory that the theory should be in agreement with what is probably 
the best single experimental investigation. Bethe himself points out 


• ‘ Ann. Physik,’ vol. 5, p. 397 (J930). 
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that the closeness of the agreement must be regarded as fortuitous, since 
the calculations are based on a simplified concept of the air molecules, 
assuming a hydrogen-like wave function for the electrons, which does 
not in other respects {e.g., the stopping power of a-particles) lead to 
agreement with experiment much better than about 10%. 

Thus, computation from atomic data, the experiments of Wilson and 
Dee, and the a-particle measurements, all definitely exclude values as 
high as 42-5 or 45 volts/ion pair. The average of the remaining values 
is 33 volts per ion, which is almost identical with Eisl’s value. It thus 
seems preferable to accept his value. 

W = 32-5 volts lion pair. 

The average initial energy of the recoil electrons generated by RaB and 
RaC Y-rays varies between a quarter and a half that of the quantum, 
and the average energy of the ionizing particles at any point in a medium 
traversed by these y-rays is therefore only 15-20% of the energy of the 
quantum, i.e., of the order of 200 kv for unfiltered radium y-rays. 
Although this is considerably higher than the maximum voltage (60 kv) 
of the particles for which W was measured by Eisl, there is no reason to 
suppose that the value of W changes with increasing voltage. It was 
observed by Eisl to be constant between 10 and 60 kv, and theory predicts 
that it should remain constant up to the highest voltages. This follows, 
as Williams* points out, from the theoretical result that the relative 
probability of ionization and excitation in light ionizing collisions is 
independent of the velocity of the particle. As the velocity of the particle 
increases there is an increase in the relative number of violent collisionst 
but these result in the production of comparatively high speed secondary 
electrons, which subsequently lose their energy in light ionizing collisions, 
so that the value of W is in all cases that characteristic of light ionizing 
collisions and is independent of velocity. 

7—The Absolute Measurement of y-Ray Energy 

We may summarize the conclusion of the foregoing discussion as 
follows. If secondary p-radiation is being generated in a medium M 
at a rate E, ergs per cc per sec, then the rate of production of ions in a 
gaseous medium enclosed in a small cavity in M is 



♦ ‘ Proc. Roy. Soc.,’ A, vol. 135, p. 117 (1932). 
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where W is the average energy lost by a ^-particle per pair of ions pro¬ 
duced, and p is the ratio of the stopping power of M and the gaseous 
medium for the particles concerned. If the ^-particles are produced 
by y-radiation of energy flux E, then 

E., = EK -fT)„ and J, 

where and t are the absorption coefficients of the radiation in the 
medium M. If by we signify the ratio of the electronic stopping powers 
of M and the gaseous medium 

T _ c 'i' 

^ ~ W p, ’ 

where represents the number of electrons per unit volume in the 
gas. 

If the gaseous medium is air, the most probable value of W is 32-5 
e-volts or 5-2 X 10*^ ergs. It may well be in error by 1 or 2%, but it is 
very unlikely that it is in error by as much as 8%. There is every reason 
to believe that the value of W is independent of the speed of the particles, 
from the fastest pi-particles down to electrons of only a few hundred 
volts energy. 

The constant p, is, on the other hand, certainly not strictly independent 
of the speed of the particles, unless the atomic number of the medium M 
is equal to that of the gaseous medium, in which case p« == 1. For an 
air-filled cavity in a medium of atomic number 29, we see from Table V 
that the extreme variation of p, is 7% in passing from a p-particle of 2 
million volts to one of 10 kv energy. If we take as the mean value of p, 
that determined with lightly filtered radium (B + C) y-rays, (average 
energy of ionizing particles & 200 kv) then the value of p, will have fallen 
by about 4% in passing to the secondary corpuscular radiation resulting 
from the absorption of X-radiation of 20 kv quantum energy. 

The absolute value of p, is best derived from measurements of the 
relative ionization produced by the same beam of radiation in ionization 
chambers of different materials, as discussed in § 4. The curve relating 
the inverse of the ionization with atomic number, differs only by a constant 
factor from the curve relating to atomic number, and by making the 
curve pass through the value unity at the effective atomic number of air, 
the absolute values of p, are obtained. Unfortunately, however, this 
procedure still leaves a little doubt regarding the precise value of p« 
since it is not certain whether the procedure of drawing a smooth curve 
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through the experimental points (fig. 3) is correct. The corresponding 
uncertainty in the absolute value of p, is at most 2%. 


The relation J„ 


Wp 


is strictly true only when the p-particles do not 


lose an appreciable fraction of their energy in crossing the gaseous medium. 
Since the p-particles produced by the absorption of y-radiation have all 
energies from a certain maximum value down to zero, the relation can 
never be said to be absolutely accurate. The error in any actual case, 
however, can be ascertained by studying the variation of ionization with 
pressure (§ 2, p. 580). The difference between the ratio of ionization to 
pressure under working conditions and at the lowest pressures is a measure 
of the invalidity of the formula. Clearly, the error will decrease as the 
quantum energy of the radiation increases. It has been shown that, with 
a graphite chamber of 3 cc volume filled with air at atmospheric pressure, 
and unfiltered y-rays, the error is less than 1%. The same is true of a 
01 cc graphite chamber irradiated by X-rays having a mean quantum 
energy of 100 kv. An error of 3% was observed with a 0-1 cc copper 
chamber exposed to the same X-ray beam, and a 6% error with a 0 • 1 cc 
lead chamber exposed to unfiltered y-radiation. 


8—Applicatjon of the Method to Other Radiations 

The relation J„Wp =- E„ is clearly applicable to any radiation giving 
rise to a secondary corpuscular ionizing radiation, provided that the 
original conditions of § 2 are fulfilled. The case of neutron radiation is 
of special interest. When the primary radiation consists of neutrons it is 
obviously much more difficult than with y-radiation to secure that the 
secondary corpuscular radiation loses only a small fraction of its energy 
in crossing the chamber; but again, the applicability of the relation may 
be ascertained by studying the variation of the ionization with pressure. 

As before, E„ represents the amount of energy of the primary radiation 
converted into secondary corpuscular energy per unit volume of the solid 
medium. The value of W would be expected to be sensibly the same for 
recoil atoms as for a-particles and electrons. The value for H-particles 
was found experimentally by Gerthsen* to be 36 volts/ion pair, which the 
author considered to be equal to that for a-particles and electrons within 
the limits of his experimental error. The value of p, would not be the 
same as for p-particles, but could be estimated approximately by the same 
procedure as has been used for y-radiation. 


• ‘ Ann. Physik,’ vol. 5, p. 667 (1930). 
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Some of the experiments described in this paper were carried out in the 
Cavendish Laboratory, Cambridge. I wish to thank Lord Rutherford, 
who originally suggested this problem, for his encouragement and advice 
while I was working in his laboratory. The remainder of the experiments 
were carried out at The Mount Vernon Hospital, with radium lent by the 
Medical Research Council, to whoifi I gratefully express my indebtedness. 

Summary 

On the basis of certain assumptions it may be shown that the y-ray 
energy absorbed in any medium is related to the ionization produced in a 
gas filled cavity in that medium in the following manner. 

E, = J, . W . p, 

where 

E„ is the Y-ray energy absorbed per unit volume of the medium, 
is the ionization per unit volume produced in the gas, 

W is the average energy lost by the secondary electrons per pair of 
ions formed in the gas, 

p is the ratio of the stopping power of the medium and the gas for the 
secondary electrons 

This relation is examined critically from the experimental standpoint, 
and a number of implications are shown to be supported by experiment. 
From a consideration of the experimental results of White and Millington 
and of the Bethe-Williams theory of p-ray stopping power, it appears that 
p is practically constant over a very wide range of electron energies, and 
that the variation of p with atomic number, as given by the Bethe-Williams 
theory, leads to values of the ionization in chambers made of different 
elements which are in very satisfactory agreement with experiment. 

It is concluded that the value of W for air is almost certainly between 
32 and 33 volts per ion pair. 

The relation is applied to the absolute determination of y-ray and neutron 
energy. 
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Diamagnetic Anisotropy of Crystals in Relation to Their 

Molecular Structure 

By Kathleen Lonsdale and Professor K. S. Krishnan 

{Communicated by Sir William Bragg, O.M., P.R.S.—Received 1 April, 

1936) 

In order to determine the fine structure of molecular crystals by means 
of a Fourier analysis of X-ray data, it is usually necessary that the con¬ 
figuration and orientation of the molecules should be known with con¬ 
siderable accuracy. Only in a few cases can this information be obtained 
directly from the X-ray data. Typical examples of crystals for which 
this has been done are hexamethylbenzene* and cyanuric triazide,f 
both layer lattice structures, and hexamethylene tetraminej in the crystal 
of which the molecule itself possesses high symmetry. In other cases, 
e.g., anthracene, naphthalene, etc.,§ the “ trial and error ” structure has 
been obtained by an intensive study of the X-ray data, a difficult problem 
involving much expenditure of time and trouble. Any independent 
physical methods which indicate the approximate orientation of the 
molecules in the crystal arc therefore greatly to be welcomed. Krishnan 
and his collaborators, in a series of recent papers,l| have emphasized 
the fact that a knowledge of the optical and diamagnetic anisotropy of 
the crystal may, in favourable cases, give very direct information con¬ 
cerning the shape and orientation of the molecules. They point out also 
that, given the diamagnetic anisotropy of the crystal and the accurate 
orientation of the molecules in the crystal, the principal diamagnetic 
susceptibilities of a single molecule can be directly calculated. It is 
important, therefore, {^at the exact mathematical relationship between 
the crystal and molecul&r diamagnetic susceptibilities and the molecular 
orientations relative to the crystal axes should be correctly formulated. 

Triclinic System 

The triclinic system is in one sense the most complicated and in another 
the simplest of all the classes. The directions of the three principal 

• Lonsdale, ‘ Proc. Roy. Soc.,’ A, vol. 123, p. 494 (1929). 

t Knaggs, ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 576 (1935). 

$ Dickinson and Raymond, ’ J. Amer. Chem. Soc.,’ vol. 45, p. 22 (1923). 

§ Robertson, ‘ Chem. Rev.,’ vol. 16, p. 417 (1935). 

It Krishnan, ‘ Nature,’ vol. 130, pp. 313, 698 (1932); Krishnan, Guha, and Banerjec, 

• Phil. Trans.,’ A, vol. 231, p. 235 (1933); Krishnan and Bancrjee, ibid., vol. 234. 
p. 265 (1935). 
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diamagnetic susceptibilities, Xi. Xa> Xs. do not bear any simple relationship 
to the crystal axes and must therefore be located by experimental investi¬ 
gation ; but, on the other hand, since the unit cell contains but one or 
perhaps two molecules centrosymmetrically arranged, the connexion 
between molecular and crystal anisotropy is a very simple one. 

Assuming, as we must do, that all the molecules which go to build up 
the crystal are similar in structure, it follows that the absolute values of 
their principal diamagnetic susceptibilities |Ki|, [K^l, |Kj| will be 
identical. The coordinates of equivalent points in the triclinic system 
are xyz; xyJ (the highest possible symmetry is a centre), so that the 
direction cosines of the principal molecular susceptibilities will be the 
same for both molecules which go to build up the symmetry of the unit 
cell. Let these direction cosines be 



a 

h 

c 

K, 

cos 0 i 

cos 

cos 4^1 

Ka 

cos 02 

cos 

cos 4^2 

Kb 

cos O 3 

cos <f >3 

i , 

cos 4^3 


(Only three of these are independent, since Kj, Ka, Kj are mutually 
orthogonal.) The direction cosines of the resultant principal suscepti¬ 
bilities of the crystal will also be cos 6 i. 2 . 8 t cos cos 'I'l.i.sl 

general, 

Xi = Kj, X2 ~ Xb ~ ^^8- 

The crystal axes in the triclinic system can be taken parallel to any 
primitive triplet and therefore 6 |, 2 ,. 8 , ntay have any 

values, consistent among themselves, depending on the orientation of 
the molecule or molecules. If 0 , <^, 4* can be measured for the crystal 
susceptibilities relative to the chosen axes, then the orientation of the 
principal molecular susceptibilities relative to those or any other set of 
crystal axes is known. As an example, consider hexamethylbenzene, 
for which both the crystalline axes of diamagnetic susceptibility and the 
molecular structure are known.* 

* Bhagavantam, ‘Proc. Roy. Soc.,’ A, vol. 126, p. 143 (1929); Krishnan and 
Banerjec, ‘Phil. Trans.,’ A, vol. 234, p. 265 (1935); Lonsdale, ‘Proc. Roy. Soc.,’ 
A. vol. 123, p. 494 (1929). 
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The molecules of QCCH,)* have been shown by X-ray analysis to 
possess a plane pseudo-hexagonal structure and to lie, as accurately as 
the measurements could reveal, in layers parallel to a good natural 
cleavage face. This face was called the (001) plane, and it is significant 
that one principal axis of diamagnetic susceptibility in the crystal is 
accurately perpendicular to this ( 001 ) plane. It follows, therefore, that 
one principal axis (along which jxsl = jKsi == 163-8 x 10~*. e.g.s. 
e.m.u./gm. mol.) is perpendicular to the plane of the benzene ring in the 
molecule, a result which is typical of the plane aromatic molecules {cf. 
naphthalene, anthracene, chrysene, p-diphenylbenzene, etc.). The sus¬ 
ceptibility along this axis is numerically much larger (algebraically 
smaller) than either of the other two principal susceptibilities. Xi and X 2 
are, of course, perpendicular to Xs> and therefore they lie in the ( 001 ) 
plane—an unexpected simplification due to the layer lattice structure— 
and hence Kj and K 2 both lie in the plane of the molecule. They are 
not, however, quite equal in absolute value: 

|Xi|-=|Kij-101-1, IX 2 I - IK 2 I - 102-7, 

and their directions do not bear any simple relationship to the geometrical 
form of the benzene nucleus. 

Xi (and therefore Ki) makes an angle of about 10 ° with the line of centres 
of one pair of carbon atoms and CH 3 groups in the molecule, x* — K* 
being, of course, at right angles to this direction. This feeble anisotropy 
in the plane of the benzene ring is not surprising in view of the fact that 
the benzene molecule itself and benzene derivatives in general do not 
exhibit any symmetry higher than centrosymmetry in the crystalline 
state. Only a definite asymmetry of the molecular field of force in 
Cj(CHj)j molecules could account for the fact that these molecules form 
a lattice of triclinic symmetry on crystallization. It seems likely, therefore, 
that even benzene itself may not possess magnetic symmetry in the plane 
of the ring and, as will be shown later, |Kx| is not quite equal to jKgj 
for any of the benzene derivatives. For the sake of convenience we are 
obliged to assume in subsequent calculations that these two principal 
molecular axes, Ki and K 2 , e.g., in anthracene or chrysene, lie respectively 
parallel to the “ long ” and the “ short ” axes of the molecule,* but 
this is probably only an approximation. It seems fairly well established, 
however, that Kj is perpendicular to the plane of the benzene nucleus. 

* Cf. Robertson, ‘ Proc. Roy. Soc.,’ A, vol. 140, p. 92 (1933). 
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Monoclinic System 

The maximum symmetry in the monoclinic system is that of reflexion + 
inversion. (The diamagnetic properties of the crystal are themselves 
centro-symmetrical, so that lower forms of symmetry, such as reflexion 



or rotation alone, need not be considered.) The coordinates of equivalent 
points are 

±\xyz;xyz\. 

In the following calculations it is most convenient to consider only 
orthogonal systems. The system of coordinates (a, b, c'] consists of the 
crystal axis a (any primitive translation in the (010) reflexion plane), the 
rotation axis b, and the normal to these two directions the per¬ 
pendicular to the (001) plane). Relative to these axes the direction 
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cosines of the K^, Kg, Kg axes of any one molecule and of its inversion 
will be 



a 

h 

c' 


1 

. ! 

1 ( 

Pi ' 

i 

Yi 

Kg 

1 

aa ! 

! 

1 Pa i 

i i 

T2 

K;. 

i .. 

j....... 

1 p3 i 

Y3 


only three of these being independent. The direction cosines of the 
principal axes of the other pair of molecules will be 


Ki 

S 4 

-Pi 

Ti 

Kg 

aa 

^P 2 

Y2 

; .. 1 

Kg 

_ ... 

, i 

- Pa ^ 

1 i 

Y8 i 


! 


.. . 1 


These two sets of tensors may be combined by considering their com¬ 
ponents along the a, b, c' axes. There are nine resultant components 
which are given (per gram-molecule) by the equations: 

K«a “ Kjixj® -j- KgWg® "I- Kgttg* 

Kftj, = KiPi* + + Kgpg® 

K.-,,. - KiYi* + KgY** + KgYa* 

Kfcr- = Kfj, = 0 

Kf'B ~ Ko,- — Kja^Yx H" i^2*2Y* ”i" 1^8*8Y8 

Kni = K*a = 0. 

Hence we are left with components Kjj along the b axis and Koa, K„ j-, 
Kj'b Kb,' in the (010) plane. That is to say, one of the resultant principal 
axes of the crystal lies along the b axis 

X8 = K,, = K,^i*-l-Kg?g* + K,p,* (1) 

and the other two lie in the (010) plane. 


2X2 
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Let the resultant susceptibilities in the (010) plane be Xi» where 
Ixil < Ixal (numerically) and Xi makes an angle ^ with a, with c, 
where + 4^ = P (the obtuse monoclinic angle). Then the direction 
cosines of xi, Xa^ Xa with respect to [a, b, c'] are 



a 

b 

c’ 

Xi 

cos tj) I 

0 

' 

sin ^ 

Xz 

—sin (j> 

0 

cos (}> 

X3 

i 

0 ’ 

1 

1 

1 

0 


and the equations of transformation of etc., from the system 
[a, b, c'] to the system [xi, Xa^ Xsl are as follows: 

cos^ ^ + Kc'o- sin* 4> + 2K„,. cos ^ sin ^ = Xi 
=== Kaa sin* + K, cos* <f> — 2K„- cos sin = X* 

~ ~ Xa 

cos <f> sin <f> + K,.«. cos ^ sin 4> 

+ K„^- (— sin® <f> + cos* <(>). 

Now the resultant tensors in this system of coordinates are, by definition, 
Xi* Xa» Xa along the axes, hence 

V — V — n 
i.e., 

■— K„„ cos sin 4 - K^ ,,' cos ^ sin ^ (— sin* + cos*^) = 0, 

tan 4> ~ ~ ^go ^ — K-ag)^ + 4Kae>* ^ ^2) 

2Ka„- 

Adding 0 = ~ . tan <l> to each side of the equation 

Xi == cos* 4> + K, .• sin* <f> + 2K„,- cos <f> sin 

we obtain 

Xi = Koa cos* <l> -f Kj'a- sin* <f> 4 - 2K„a cos <f> sin ^ 

4- [Kaa cos <t>im 4> — K„ a- COS ^ sin ^ — Ka, (cos* <f> — sin* ^)1 tan i 
— Kaa 4 - Kao- tan (i) 
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similarly, 

Xa = K,.,. - K„o. tan 4>. (4) 

Hence 

tan <!> - == !^cv T (2 a) 

Xi = i [K„„ + K„v ± V(K.,. - K,.,.r + 4K^.^] (3a) 

■/2 - i [K«„ + K„;„. V(K„„ - K.v)’* + 4K„..“], (4a) 

the choice of sign being made so that |xi| < |x 2 l* 

Xi + Zz + 7.3 Koa + K^6«. + = K, + Kj + Kg, (5) 

since -f Ti® - 1, etc. 

Given Xi. Xa> 73 and a^, y^, (or any other three independent direction 
cosines of the molecule) it is possible to calculate Kj, Kj, K 3 and tan 
from the four equations (2), (3), (4), (5). On the other hand, <f> is directly 
measurable, and the agreement between the measured and calculated 
values of <f> therefore constitutes a check on the determined values of 
the molecular direction cosines and crystal susceptibilities. 

For large plane aromatic molecules, we find that K 3 > Kj and Kj 
(numerically) and that Kj = K 2 . 

Substituting Ki—Kj in the formulae (3a), (4a), (1), and (2)(pp. 601-603) 
we obtain 


I X* = K3 - (K3 - K,) ^ 3 ** 

I Xa K, + (K3 - Ki) P3* 

' tan iji = tan (P — ij^) =: ~ ^ . 

Y3 


(Kj, Kj, K 3 being intrinsically 
negative and mutually ortho¬ 
gonal.) 


From these formulae also it is clear that Xx« the line in which the plane of 
the molecule cuts the ( 010 ) plane, if Ki — Kj, while xa >5 then the pro¬ 
jection on (010) of the K3 axis, which is normal to the molecular plane. 

This is a very important result, as it applies to many of the crystals 
most suitable for examination by X-ray methods, and the orientation of 
Xi and x» ate directly measurable quantities. 

In the two papers by Krishnan and his collaborators, referred to above, 
the statement is made that 

'I' = P. 


where < 1 ^ has the significance given above (i.e., is the angle between Xi 
and the c axis, measured positive from c towards a through the obtuse 
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angle p) and [x is, by definition, the angle between the c axis and the 
normal projection of the long axis (taken as the direction of Kj) of the 
molecule on the (010) plane. This statement has led to the assumption 
that magnetic measurements are capable of yielding a more accurate value 
of the molecular orientation [x than is obtainable from the analysis of 
X-ray data {see footnotes to the papers by Krishnan, Guha, and Banerjee, 
loc. cit., p. 252, and Krishnan and Banerjee, loc. cit., p. 285). It will 
be shown later, however, that magnetic measurements do not give the 
value of jx at all, except in certain special cases. Magnetic measurements 
only give ij;, which is not, in general, equal to the angle (x, the relationship 
between the two angles being a very complicated one except for particular 
orientations of the molecule. Expanding equation (2), 

tan ^ = tan (p --=- 

(K1-K3) (ri^-ai*)+(K,~K 3 ) (T3^ ~a„=') 

-fV[(K^-K3)(Ti^-ai=‘)-f(K,-K3)(Ti=‘-0?+4f(K,-K3)a,Yi+(K,-K,)a«Y>P 

2 [(Ki-Ka) «,Yi+(K 2-K3) a^Yj 

Now it is easily shown by spherical trigonometry that 

tan (jS -- |x) ~ . 



If ij; = [X, then those expressions should be exactly equivalent, and 
this is obviously not true. The expression for tan (p — (x) is dependent 
only on the direction of Ki, whereas tan ^ — tan (P — <{/) is d^ndent 
upon the absolute values |Ki|, iKgl, |Ka| as well as upon their 
directions; it depends, in fact, upon six variables. 
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There are special cases in which the expression for tan ^ simplifies to 
Yi/ai, and in these cases therefore, < 1 ' = 

(I). When the molecule is plane and normal to (010): 

Then the Kj axis lies in the (010) plane and must be identical with 
either Xj or Xg. It follows that Ps = 0 

X3 == K,, == Kipi* + 

Xz = Ks 

(since IK 3 I > |Ki| and IK 2 I, and therefore K 3 must be identical 
with the numerically larger of the two principal susceptibilities in the 
( 010 ) plane). 

Therefore 

X, - K, + (K 2 - K,) 

since 

I- 


Similarly Xs ^ Kg + (Kj — K^) Pj* 

tan 4 = Zi_zJiaa K, + (K, - K.) - K,a,» - 

^ao' KjaiYi + KaajY2 + KjagYa 

since Kj, Ka, K 3 are orthogonal and ps = 0 , ajY 2 “• « 2 Yi- 
(11) When Kj actually lies in the (010) plane. Then clearly one 
principal susceptibility will lie along the direction of Kj. Let this be 
Xi; then Pi = 0 

Xi Ki 

X3= K,,-K2p3*+K3p3* 

- K3 + (Ka - K3) Pa’^ 

Xa - Ka + (Ka - K*) Pa* 

Ixi < X« if K .1 < Ka + (K 3 — Ka) Pa*; otherwise Xi and Xa. Pi and Pa can 
be interchanged. This does not affect the calculation.] 


since 



Ki- K, ai»-Ka aa^-Kaaa* 

Ki ai Yi + KjaaYa + Kjaj Ys ’ 


== ri/«i. 


Pi — 0, 


and 


*i»s + YiY* = 0 
*1*3 + YiYs = 0. 


These are the two special cases of structures for which 'I' = 
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In Krishnan’s notation* v is the angle between the actual direction of 
Ki and its normal projection on ( 010 ), so that Pj = sin v. >> is the angle 
between the axis K 2 and its normal projection on a plane through Kj 
perpendicular to ( 010 ), i.e., on a plane containing Kj and the projection 
ofKion(OlO). Then 

Pa cos X cos V, p, = sin X cos v. 

The orientation of the molecule is completely defined by [x, v, X. Krishnan 
and Banerjee {loc. cit., p. 284) give three equations: 

Xi " cos* V + (Ka cos* X + Kg sin* X) sin* v 
Xa = 1^2 sin* X + K 3 cos® X 

> Xs sin* V -f (Ka cos* X + K 3 sin* X) cos* v. 

The last of these is perfectly general; on substitution it becomes 
identical with equation ( 1 ) (p. 601). 

The first two of Krishnan’s equations are not general. They hold only 
for the special cases considered above. In case (I) we found Pa = 0, so 
that X = 0, and therefore 

(Xi == K .1 cos* V + Kj sin* v — K, + (Kj — Kj) pj* 

' X2 = K 3 . 

In case (II) we found pi — 0 , so that v = 0 , and therefore 

j Xi = K, 

1X 2 = Kj sin* X + Ka cos* X - Kj + (K 3 - K^) p**. 

What these two equations do give, are, in general, not xi and Xa t>ut the 
components of the molecular susceptibilities lying in the ( 010 ) plane along, 
and perpendicular, to, the projection of Kj. These components, however, 
do not represent the resultants in the ( 010 ) plane except in the special 
cases referred to above. It is clear, therefore, that, except in such special 
circumstances, it is inaccurate to use these equations in order to predict 
the values of v and X from magnetic measurements alone, even if K,, K 2 , 
and K 3 can be correctly estimated. The fact that a considerable measure 
of success attended the first attempts at such a prediction, e.g., diphenyl, 
terphenyl, quaterphenyl, durene, chrysene, and benzoquinone,t was due 
to the fact that the structures chosen happened to approximate to one or 

* Krishnan and Banerjee, loc. cit., p. 284. 

t Krishnan, Guha, and Banerjee, he. cit., p. 256; Krishnan and Baneijee, he. 
dr., pp. 281-294. 
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the other of the special cases: in benzoquinone X =: 0, while in the other 
crystals v =r 0. in the case of dibenzyl, however, although the values 
of Ki, Kg, Kg as estimated by Krishnan and Banerjee were substantially 
correct, the application of the incorrect formulae led to the orientations 
|ji = -f- 83 -9°, V = 0°, X = 30°, whereas the correct orientations derived 
from a Fourier analysis are 

[i=+70-7", v-12-7°, X = 32-r.* 


It is true, however, that for most of these large aromatic molecules a 
perfectly general consideration of the crystalline diamagnetic anisotropy 
will give a clear indication as to the approximate orientation of the 
molecule, and will often indicate which substances are likely to yield 
most easily to X-ray analysis. 

Expanding formulae (3a) and (4a) (p. 603), 

X, == i {Ki (ai* + y,®) + K, (a/ + Yj*) + K, (« 3* + y.,*) 

+ V[Ki ( 0 ^ - Y,*) + k;(« 7- y;*)"+ K 3 (*3* - y3*)P 

+ 4 (KjaiYi 4- K2«2y* + Kgasya)*} 

= ■ifoKi -|- ftKj4" cKj 4* v^(filKi4“cK2 "i* (fK.i4"niK24'wK3)*} 

Xa ~ i "1“ ^^2 + CK 3 —\/(i/Ri4'cl^2+/^3)* + (7K.14~ wk 2 4~nKs)*}, 
where 

a = aj* 4 - YjS d= ai* - Yi* / = 2 ajYi 

6 == aj** 4- Y2‘“ c = «2* — Ya* m ~ 2 a .2 y >, 

C = as* + Ya* /= a,* - y,* « = 2a3Y3 

Also 

Xi + Xa + Xa = K-i 4- Kj 4- Kg. 


The solution of these equations, giving Ki, Kj, K3 in terms of xi, Xa* 
Xs. a, h, c, d, e, f, /, w, n is straightforward, though tedious, and will not 
be given here in extenso. In Table I, results of such calculations for 
various crystals arc given and a comparison is made between obs. 
(measured directly by Krishnan and his collaborators) and <p calc., as 
derived from the formula 


tan <f> = tan (p — 


tL) = Xi ~~ ~~ ^8*^8^ Kggg^ 

Kia,Yi 4- K2a2Ya + KjaiYa 


[iiC.f using only molecular orientations and absolute values of suscepti¬ 
bilities]. 

• Robertson, ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 348 (1935). 
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Two additional columns give the values of (x (as previously defined) and 
n' (the angle between the c axis and the normal projection of K2 on (010)). 
It will be seen that the agreement between obs. and 1]^ calc, is very 
good, except for durene and dibenzyl. Even here the difference is not 
great. There is, of course, no agreement between p. or {x' and except 
for p-benzoquinone, in which the molecular plane is nearly normal to 


(010), tan(p-(x) 


Yi 

a. 


tan(li- ix') = 


X 

a* 


Yx 

a, 


■ 3 ^ therefore (X ~ |x' , 
a, J 


and also for chrysene, p-diphenylbenzcne, and p-diphenylbiphenyl, 
for all of which the long axis lies near or in the (010) plane [and 
hence |x — [x' — 90 "]. 

The experimental values of the principal susceptibilities of naphthalene 
and anthracene, given in Table 1 , differ from those previously published 
(Krishnan, Guha, and Banerjee, loc, cit.), which were found to be 
incorrect. It will be observed that the anomalous values of Kj and 
K2 for these two substances have now disappeared, the anisotropies of 
naphthalene and anthracene falling into line with those of other condensed 
aromatic compounds such as phenanthrene, chrysene, dibenzanthracene, 
and pyrene. One of the main facts which emerges from this table is 
that for all these simple aromatic compounds jKjl ~ |Ki| ~ |xi|. 
a postulate which has proved exceedingly useful in the estimation of 
molecular susceptibilities for simple compounds whose structure is not 
accurately known, but which may prove misleading if applied to more 
complex substances. 

It may be pointed out at this stage that if the unit cell of a crystal 
contains more molecules than are necessary to provide the symmetry of 
the class, then the orientations of all the molecules must be taken into 
account. Assuming as before that magnetically the molecules arc 
identically anisotropic, the formulae connecting principal susceptibilities 
of crystal and molecule will be 


Xi = i [K„ + K.-.- + V(K„ - K,-.-)® + 4K...*] 
X* == i [K„ -h K.V - V(K,, - K,.,.)* + 4K„.*] 
Xa ~ Kjj, 


Kb 9 — Ki + K 2 S a2* + K8 S 

K,, = Ki L pi® + K2 S P2* + K, S Pa* 

K,.,. = Ki S Yi® + Ka S Ya* + K 3 S Ya* 

K„- == Ki S «iYi + Ka S ajYa + Kj S a,Ya, 


where 






W" 


0 \ 


xi ^ 

§ S a 

£ 2 d 

a X - 

3^ y-^ (N m 

j- rn r^ ♦ '^ * 5 v 

^ ON m clon *2 2 
O ^25 -w > '«^ 
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the summation being taken over all the independently orientated mole* 
cules (not connected by symmetry operations inherent in the space* 
group) in the unit cell. 

If, however, in such circumstances an attempt is made to deduce the 
molecular orientation from magnetic measurements alone, by using an 
estimated value of the molecular anisotropy, the results may be quite 
misleading. This has been pointed out for stilbene* in which the mono¬ 
clinic unit cell contains two pairs of differently orientated centro-syra- 
metrical molecules. From magnetic measurements alone the molecule 
was thought to be not centro-symmetrical but folded and twisted in a 
most peculiar way.f This “ molecule ” is, in fact, composed of two halves 
of independently orientated molecules, a fact which could not possibly 
have been foreseen from a study of the magnetic properties of the crystal. 


Orthorhombic System 


The coordinates of equivalent points in the most symmetrical ortho¬ 
rhombic class are , I _ _ 

± \xyz-, xyz; xyz; xyz\. 


Relative to the orthorhombic crystal axes, the direction cosines of the 
Ki, Kg, Kj axes of the 8 molecules in the unit cell (centro-symmetrical 
molecules having identical direction cosines) may be expressed as follows: 


a b c a b c 





Yi 



Pi 

Yi 

Kg 

aj 

^3 

Ys 


-a* 

Ps 

Ys 

Kg 

«3 

p3 

Y3 


-*3 

Pa 

1 

Ya : 


a 

b 

c 

a 

b 

c 

Ki 

*1 

-Pi 

Yi 


1 .. 

’ 

Pi 

1 

-Yi 

Kg 

«a 

-Ps 

Yg 


“s 

Pa 

-Ys 

Kg 

«3 


Ya 


*8 

_1 

Pa 

1 

-Ya 


* Robertson, Prasad, and Woodward, ‘ Proc. Roy. Soc.,’ A, vol. 154, p. 187 (1936). 
t Krishnan, Guha, and Banerjce, loc. cit., p, 259. 
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only three of these cosines being independent. The 9 components along 
the axial directions are obtained as before: 

K..-Kiai* + Kaa,*> + K 3 a 3 ® 

K„ = 4 - K3Y3* 

~ 1^06 ~ i + K2P2Y* + l^aPsYs + K-iPiYi + l^aPaYa 

+ K3P3Y3 KiPiYi KjPjY* KsPsYs KiPiYi 

l^aPaY* ~ l^aPsYsl ~ 0. 

Similarly, 

K„ - = K,, = K3, = 0. 

Hence it follows that the resultant susceptibilities in this system lie along 
the crystal axes, being given by 

Xo ” 1^1 ^ * 1 * 4" K 2 ^ *2* "i' 1^3 ^ *3* ' 

X, - Ki X + Kj S Pa* 4- Ka S p3* I, 

X„ = K,SYi* + K32Y2* + K3SYa^ 

where the summation is taken over all the independently orientated 
molecules (not connected by symmetry operations inherent in the space- 
group) in the unit cell. 

If aj, (Xj, Yi are known (and hence the remainder of the direction cosines 
using the relations 

S a* = £ p* =• S Y* --=1 

£ ap = £ Py = £ Y* = 0), 

then, knowing also x«i Xd» Z«» molecular susceptibilities K^, Kj, and 
Kg may be very directly calculated. It is clear, therefore, that either 
triclinic or orthorhombic crystals are better than monoclinic for the 
calculation of the principal molecular susceptibilities. 

The reverse process, that is, the deduction of the molecular orientation 
from the magnetic measurements alone, is not practicable, even though 
Xoi Xu Xe are known and Kj, Kg, and Kg can be accurately estimated. 
The estimation of Ki, Kg, K, involves the use of the equation 

Xo + Xfc + Xc “ K-i 4- Kg 4- Kg, 

which, in elfect, reduces the number of equations in «!, ag, yi to two. If 
it can be assumed, however, that Kg = Kg (which is nearly true for many 
aromatic substances), then the equations reduce to 

X. - K, -I- (Kg - Kg) «3* 

X.-Kg 4 -(Kg-Kg) Pa*, 
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whence aj, (S,, y, can be calculated. In other words, a correct estimate 
of Kj = Kj, and of K, will locate the orientation of the molecular plane, 
but not of the atoms or axes in that plane.* 


Systems OF Higher Symmetry 


In systems of higher symmetry the information obtainable from 
magnetic measurements is less. For tetragonal, trigonal, and hexagonal 
crystals: 

X» = + K2Y2* + 


Xa 


X. = K, 


+ Pi* 


+ Kj 


2* + P,* 


+ Ka 


+ P.,* 


= i(Ki-K,-K3-x.). 


For cubic crystals 


To sum up: 


X« = Xi X. 


K, + K, + K3 


(1) In the triclinic system, measurement of Xi, Xa, and Xs. the principal 
magnetic susceptibilities of the crystal, gives directly the orientations and 
numerical values of Ki, Kj, and K3, the principal molecular suscepti¬ 
bilities. 

( 2 ) In the monoclinic system, given Xi> X2. X* and the molecular 
orientations deduced from a Fourier analysis or in some other reliable 
way, the numerical values of the susceptibilities along three orthogonal 
directions in the molecule, lKi|, |Kgl, jKjl may be calculated. 

Alternatively, for simple aromatic compounds having a plane con¬ 
figuration, for which |Ki| = 1K|| and jKsI can be estimated, a 
knowledge of Xi. X2» and Xa will give the line in which the plane of the 
molecule cuts the (010) symmetry plane, and the inclination of Kg to 
the h axis. 

( 3 ) In the orthorhombic system, |Ki|, |K,|, and IKg] can be 
calculated directly, given Xa. Xa. Xo and the exact orientations of the 
molecules. Alternatively, if Xa. Xa. and x® are measured and if 
|Ki| ~ |Kg| and IKj] can be estimated, the orientation of Kg can be 
calculated. 

( 4 ) In the tetragonal, trigonal, and hexagonal systems, a knowledge of 
Xa (=Xa) and of Xe. together with the exact molecular orientations, will 
not determine |Ki|, |K*|, and |Kj| unless the molecule has two of its 

• Lonsdale, ‘Nature,’ vol. 137, p. 826 (1936). 
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principal susceptibilities equal. If that is the case, so that, for instance, 
|Ki| ~ IK2I, then measurement of x« and x,, together with an estimate 
of |Kx| and iK^j, will give the inclination of K, to the c axis, but will 
not locate it precisely. 

( 5 ) In the cubic system, measurement of the principal susceptibility 
Xa = Xfc = X«. will only give the mean molecular susceptibility. No 
information concerning the molecular orientations can be obtained from 
magnetic measurements. 

One of us (K. L.) is indebted to the Managers of the Royal Institution 
and to the Trustees of the Leverhulme Research Fellowship Fund for 
grants defraying the expenses of the research. 


Summary 

The paper summarizes the mathematical relationships between crystal 
and molecular diamagnetic susceptibilities and molecular orientations, 
for the different crystal systems. Special reference is made to the large 
plane aromatic molecules, whose arrangement in the crystalline state 
has proved most amenable to accurate determination by X-ray methods. 
Attention is drawn to an error in the deductions from magnetic measure¬ 
ments, made in previous publications, which has led to a fictitious dis¬ 
crepancy in the results of magnetic and X-ray determinations of molecular 
orientations. The two methods actually give closely consistent results. 
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Experimental Investigations of Very Long Waves 
Reflected from the Ionosphere 

By J. E. Best, B.Sc. (Engineering Laboratory, Cambridge), J. A. 
Ratcliffe, M.A., and M. V. Wilkes, B.A. (Cavendish Laboratory, 

Cambridge) 

{Communicated by E. V. Appleton, F.R.S.—Received 3 April, 1936) 

1—Introduction 

This paper is an account of experiments which have been carried out to 
determine the characteristic features (amplitude, height of reflexion, and 
polarization) of waves of very great length (18-8 km) reflected from the 
ionosphere at fairly small angles of incidence. The transmission 
characteristics of long waves have previously been studied by Holling- 
worth,* Naismith,t and Namba.J In Hollingworth’s pioneer experi¬ 
ments measurements were made on the space characteristics of the inter¬ 
ference pattern produced at the ground by the superposition of the direct 
and the downcoming wave. The observations were made within the 
range 300-1000 km from the sender, during the daytime, and one mini¬ 
mum and one maximum of the interference pattern were located. With 
the large distances to be covered the measurements extended over three 
months, and it was necessary to assume constancy of the conditions from 
day to day. The results demonstrate the presence of the interference 
system in a very beautiful manner, but cannot be used for an accurate 
determination of the height of reflexion at any one time. In § 2 of the 
present paper we describe experiments, of the same type as Holling¬ 
worth’s, carried out at shorter distances (70-140 km). The advantages of 
using shorter transmission distances are twofold. Firstly, it is possible 
to make sufficient measurements in the course of a single day (or night) 
to determine the reflexion height and the reflexion coefficient for a single 
day (or night), and, secondly, the information derived applies to the 
conditions of nearly vertical incidence, and so is more directly comparable 
with the detailed information which is now available concerning short 
waves. 

* ‘J. Inst. EJec. Enges.,' vol. 64, p. 579 (1926); * Proc. Roy. Soc.,*A, vol. 119, 
p. 444(1928). 

t ‘ J. Inst. Elec. Engrs.,’ vol. 69, p. 875 (1931). 

t ‘ Proc. Inst. Rad. Engrs.,’ vol. 19, p. 1988 (1931). 
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In the papers mentioned above much attention has been given to the 
observation and explanation of the effects observed near sunset. It is 
pointed out that if the resultant signal strength on a single aerial system 
is alone observed, it is impossible to decide whether the changes are due 
to changes of amplitude, phase, or polarization of the downcoming wave. 
Assuming that the sunset variations are due entirely to phase variations, 
Hpllingworth first* deduced a change of reflexion height from 75 km to 
90 km during sunset, but laterf believed that the variations were almost 
entirely explained by a rotation of the plane of polarization of the wave, 
and that the change of reflexion height was only about 2 km. Naismith 
states that no sunset variations are observable at short distances (100 km) 
from the sender, and suggests that at vertical incidence the waves are 
reflected from a higher level which does not exhibit changes at sunset. 

In § 3 we describe experiments in which the sunrise and sunset varia- 
lions were investigated with a special aerial system in such a way that 
the changes of phase and of amplitude of the downcoming wave could 
be separately deduced. In this way we were able to show that quite 
marked changes occur at sunrise and sunset for short-distance trans¬ 
mission, and the change of reflexion height could be accurately measured. 

Both Hollingworthf and NambaJ have previously determined the 
polarization of the downcoming wave, Hollingworth for oblique incidence 
(j = 65° to 80°), and Namba for steeper incidence (/ - 40° to 65°), By 
using the apparatus described in § 3, we were able to determine roughly 
the state of polarization of the waves, and the variation over the sunrise 
and sunset periods, and in § Id we discuss the relation between our results 
and those of the previous workers. 

2—Measurements on the Ground Interference Pattern 

The British Post Office station GBR, situated at Rugby, 90 km from 
Cambridge in a direction 68° W. of N. (Magnetic), was used as the sending 
station. The wave-length was 18-8 km; frequency 16 kc/sec. 

The measuring apparatus was set up in a trailer caravan drawn by a 
motor-car. A loop aerial was employed, in conjunction with a frequency- 
charge amplifier employing radio-frequency amplification, followed by 
one stage of amplification at 1000 c/sec. The signal e.m.f. at 1000 c/sec 
was applied to a cathode-ray oscillograph. A local signal for com¬ 
parison purposes was generated by a well-screened oscillator followed 

* ‘ J. Inst. EIcc. Engrs.,’ vol. 64, p. 579 (1926). 
t ‘ Proc. Roy. Soc.,’ A, vol. 119, p. 444 (1928). 
t ‘ Proc. Inst. Rad. Engrs.,' vol. 19, p. 1988 (1931). 
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by a variable-fi separator valve. A Moullin voltmeter was used to 
measure the voltage developed across a resistance in the anode circuit of 
this valve, and a small fraction of the voltage was tapped off and injected 
into the centre of the loop. The amplitude of this local e.m.f. was 
adjustable by means of a grid bias control on the separator valve; this 
control was found very satisfactory, and had the advantage that it did not 
affect the oscillator frequency. Since the transmission consisted of 
Morse signals, it was possible to match the injected e.m.f. to the signal 
E.M.F. without turning the loop to the minimum position, so that any 
inaccuracies due to different interactions between the loop and the 
amplifier, for different positions of the loop, were avoided. The loop 
was provided with a screened transformer and was found to be free from 
antenna effect. Only relative values of the signal strength were measured. 

The distance between successive maxima of the ground interference 
pattern becomes greater as the distance from the sender is increased, so 
that, if the object is to plot a representative section of the pattern as 
quickly as possible, it is advisable to work near to the sender. On the 
other hand, working near the sender has its disadvantages, for there the 
distance between maxima is not sufficiently dependent on the height of 
reflexion. Distances which are one or two times the height of reflexion 
are most suitable for this work, since the interference pattern is sufficiently 
compact, and yet its size is sufficiently dependent on the height of reflexion. 
In the present series of experiments measurements were made at distances 
between 65 km and 145 km at points situated, as nearly as possible, on a 
line running east from Rugby through Cambridge. Open sites, not near 
telephone wires, were selected. 

In order to make useful measurements on the ground interference 
pattern, it was necessary for conditions to remain steady for at least six 
hours. This restricted the night measurements to the winter time and 
the day measurements to the summer time.* The results of a series of 
measurements are shown in fig. 1, in which the product of signal e.m.f. 
and distance is plotted against distance.f The daytime curve represents 
measurements made on two successive days, and the way in which the 
curves of the two days fit together indicates how closely conditions arc 
repeated from day to day. Fig. 2 shows three summer night-time curves, 
the agreement between which indicates the constancy from one night to 

• The station normally transmits more or less continuously from 9 a.m. to 3 a.m. 
the following morning. 

t The satisfactory plotting of these curves was only made possible by the kind 
assistance of Mr. T. Walmsley and the staff of GBR who arranged to send test signals 
for us at intervals during the pauses in the ordinary traffic of the station. 
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Fio» 1—Ground interference system as observed on a November night and a Sep* 
tember day. O 26/27 November, 1934 (night); • 3 September, 1934 (day); 
X 4 September, 1934 (day). 



Fig. 2—Ground interference system as observed on three winter nights in 1934; 
... 26/27 November;-3/4 December; — 23/14 December, 


2 U 2 
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another. Fig. 3 shows the results of measurements made during an 
August day and the following night. The measurements cannot be 
sufficiently extended at this time of the year to provide any accurate 
estimate of the equivalent height of reflexion, but they are important 
as indicating a definite change of height from day to night. This result 
does not agree with Hollingworth’s* later view that there is very little 
change of height. 

The determination of the equivalent height of reflexion from curves 
such as those of fig. 1 involves some uncertainty as to the order of any 



Fig. 3—Ground interference system as observed on an August day and on the follow¬ 
ing night. O 27 August, 1934 (day); x 27/28 August, 1934 (night). 

particular maximum or minimum on the curve. Table I shows the 
possible equivalent heights obtained by assigning different orders to the 
successive maxima and minima of fig. 1. 

Table I 

Date Position of Possible equivalent reflexion heights 


1934 

max. or min. 




km 



3 and 4 September 

84 km min. 

62 

73*5 

84 

94-5 

105 


(day) 

108 km max. 

62 

74 

85*5 

96-5 

107 



132 km min. 

60-5 

735 

86 

97 

108*5 


26/27 November 

78 km min. 

71-5 

82 

92*5 

102-5 

112*5 

122-5 

(night) 

94 km max. 

70*8 

81*8 

92 

102-8 

112-8 

123 


112 km min. 

69 

81 

92 

103 

113 

124 


128 km max. 

66-5 

79 

91 

102 

113 

123-5 


* ‘ Proc. Roy. Soc.,’ A, vol. 119, p. 444 (1928). 
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Reflexion is assumed to take pl^ce at a plane surface without change of 
phase. The most probable reflexion heights are seen to be 74 km for the 
day-time curve, and 92, 102, or 113 km for the night-time curve. The 
other night-time curves of fig. 3 give possible heights of 93, 103, 114 km 
(3/4 December) and 91, 102, 112 km (13/14 December). In order to 
decide on the correct value we make use of an experimental result dis¬ 
cussed in § M. It is there shown that during the sunset period on a 
November day there is a change of phase between the ground ray and the 
downcoming ray of about 400°. If the night-time height were 92 km this 
would mean a day-time height of 80 km in winter. This is not incon¬ 
sistent with a day-time height of 74 km at the beginning of September. We 
therefore consider the most probable reflexion heights for the curves of 
fig. 1 to be 74 km in the day, and 92 km at night, though we cannot exclude 
the possibility that the correct values may be 85 km and 102 km respec¬ 
tively. 

Once the reflexion height has been determined it is possible to calculate 
the reflexion coefficient on the assumption that the emitting aerial radiates 
a wave with amplitude proportional to sin /, where / is the angle made with 
the vertical. If we further assume that the ground wave suffers no attenua¬ 
tion we obtain the following approximate values for the reflexion coefficient 
for an average angle of incidence of about 30°, day-time, 0-25; night¬ 
time, 0-5. 


3~Sunrise and Sunset Variations 

(a) Experimental Arrangements —When observations were made on a 
single aerial at Cambridge, sunset* variations, although detectable, were 
always found to be small, owing to the fact that the ground wave was 
much stronger than the downcoming wave. In order to investigate these 
variations in greater detail, we made use of a combination of a loop and a 
vertical aerial of the type us6d by Ratcliffe and Whitef in experiments on 
shorter waves. We shall refer to this as the “ loop-and-aerial ” system. 
When using this arrangement with shorter waves (400 m) it had been 
possible to balance out the effect of the ground wave at midday, when 
the downcoming wave was of negligible amplitude. This method of 
working was impossible with long waves since the downcoming wave in 
the middle of the day was of appreciable amplitude. A method of 
working was therefore employed in which the signal received on the loop- 
and-aerial system was compared, as regards amplitude and phase, with 

* OBR does not normally work through the sunrise period, 
t ‘ Phil. Mag.,* vol. 16, p. 423 (1933). 
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ihat received on a vertical aerial, and from the observed changes it was 
possible to deduce the changes in phase and amplitude of the normal 
component of the downcoming wave. A loop perpendicular to the 
plane of propagation was also employed for the purpose of investigating 
the abnormal component of polarization. The theory of the method is 
given in § 3h. 

The observing hut was situated at Cambridge in the middle of a large 
open site, removed from trees and buildings. The transmission distance 



Fig. 4—Skeleton circuit of receiving apparatus. 


was 90 km and the angle of incidence for reflexion from a height of 80 km 
was 29". 

The aerial systems used are shown diagrammatically in fig. 4. Two 
amplifiers of the frequency-change type were employed, supplied with a 
local oscillation from a common source so that phase relations were 
preserved. The outputs at 75 kc/sec were applied to the two pairs of 
deflecting plates of a cathode-ray oscillograph. To avoid mutual coupling 
between the amplifiers, ferrocart-cored coils were used on account of 
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their small size and concentrated field. The common local oscillator 
was coupled to each amplifier by way of a separator valve. A neutral¬ 
izing arrangement was incorporated in the output circuits to avoid 
coupling in the oscillograph. Tests were made to ensure that there was 
no appreciable interaction between any parts of the apparatus. 

The short vertical aerial required for the loop-and-aerial system was 
mounted on the roof of the observing hut and provided with a small earth 
screen level with the roof. In this position it was found to be quite 
uninfluenced by the presence of the observer, or by rain on the roof or 
walls of the hut. The leads from the vertical aerial came down an earthed 
tube which formed an extension of the line of the aerial. The loop rotated 
about this tube as an axis of symmetry. The aerial and loop were tuned 
as shown in the diagram and were coupled through a mutual inductance 
M. 

A second loop aerial, the “ perpendicular loop ”, was mounted on the 
same axis of symmetry, in a plane at right angles to the first loop, and 
was arranged to rotate with it. The difl'erent aerial systems were con¬ 
nected to amplifier A by means of relays operated from the observing 
point, and it was found useful to arrange that the gain should be altered 
by a known amount when the different systems were connected. The 
aerial system not in use at any time was automatically detuned and 
connected to earth. 

The amplifier B was permanently connected to a short vertical aerial. 
In order to check the constancy of the amplifiers it was also arranged that 
a vertical aerial could be connected to amplifier A, and at the start of the 
experiment this was adjusted to give a straight line on the screen when 
compared with the vertical aerial of amplifier B. The two vertical aerials 
were afterwards compared every time an observation was taken and if 
necessary the amplifiers were readjusted until a straight line was obtained. 
The readjustments required were slight, and it was generally sufficient to 
make a small alteration in the local oscillator frequency. 

When only the shape of the ellipse is observed there is an ambiguity 
of sign in the phase relation. In order to resolve this ambiguity the 
change in the shape of the ellipse was observed when a small condenser 
was added in parallel in the output circuit of one of the amplifiers. 

(h) Theory and Adjustments of the Aerial Systems — 

Let Eo be the field due to the ground wave. 

El, E'l the normal component of the field due to the downcoming 
wave, i.e., the component in the plane of propagation. The 
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undashed symbol refers to mid-day, and the dashed symbol 
to other times.* 

E 2 , E '2 the abnormal component of the field due to the downcoming 
wave, i.e., the component perpendicular to the plane of 
propagation. The undashed symbol refers to midday, the 
dashed symbol to other times.* 

i the angle of incidence. 

4> the angle between the loop of the loop-and-aerial system and 
the plane of incidence. (Anticlock-wise from above.) 

t}/ the angle between the loop of the “ perpendicular system ” and 
the plane of incidence. (Anticlock-wise from above.) 

V the E.M.i'. on the oscillograph due to the signal received on the 
vertical aerial. 

L the E.M.F. on the oscillograph due to the signal received on the 
perpendicular loop. 

S the E.M.F. on the oscillograph due to the signal received on the 
loop-and-aerial system. 

The theory of a loop-and-aerial system such as that represented in 
fig. 3 has been given by RatclilTe and White* and by Ratcliffe and Pawsey.f 
Following their analysis it may be shown that 

V = a(Eo + 2EiSinO (1) 

L -- fi {(Eg + 2Ei) cos + 2 E 2 cos i sin 4'} (2) 

S-t{(E„ + 2Ei) cos ^ + 2 E 2 cos i sin -t- (X (Eg -f 2Ei sin /)}, (3) 

where a, (3, y ate (complex) constants representing the effects of the 
amplifiers and associated circuits, and |x is a (complex) parameter depend¬ 
ing on the value of the mutual inductance M and the capacity C in fig. 4. 

In the following analysis we shall make the important assumption that 
in the day-time the resultant e.m.f. (Eg -f 2Ei sin 1 ) acting on-the vertical 
aerial is not appreciably different from that of the ground wave alone 
(Eg), or from that of the e.m.f. acting on the loop (Eg 2Ei). That this 
is justifiable may be seen from the day-time curve of fig. 1, which shows 
that 2 |Ei|/|Egj = O'l, so that the e.m.f.’s considered do not differ by 
more than 3° in phase and 5% in amplitude. In deriving equations (4), 

* ‘ Phil. Mag.,' vol. 16, p. 423 (1933). The positive directions of the field vectors 
are assumed to be as in fig. 2 of this paper. 

t' Proc. Camb. Phil. Soc.,' vol. 29, p. 301 (1933). 
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(5), and (6) we shall further assume that (2E'i sin /)/£„ and (2E'j cos /)/Eo 
are negligible compared with unity at night. Using a fact which will be 
deduced in § M, namely that E\ and E '2 are approximately equal, the 
night-time curves of figs. 1 and 2 show that these approximations are 
accurate to within about 12% and 1°, an accuracy which is quite con¬ 
sistent with that of observation. 

The method of adjustment of the apparatus is as follows. In the 
middle of the day the loop-and-aerial system is arranged with the loop in 
the plane of propagation and the mutual inductance M and the condenser 
C (fig. 4) are manipulated so that no signal is received; then from equation 
(3) we have 

Eo + 2Ei 4- 11 (Eo -t- 2Ej sin i) = 0, 
or 

_ Eo f 2E. 

Eo -f 2Ei sin /' 

From what has been said above we see that to a very close approxi¬ 
mation [i. is real, and that its numerical value is unity. This is not in 
error by more than 5%. [a is now altered slightly to the value f (by 
manipulating M and C) until a small deflexion is produced on the oscillo¬ 
graph. We take care that the e.m.f. induced under these conditions is 
small (actually about Eo/20) so that f is also very nearly equal to —1. 

The loop-and-aerial system is now rotated through a right angle, so 
that (f> = njl and S =- y { 2 E 2 cos / 4- (Eo 4- 2Ei sin 1 )} and the two 
amplifiers arc adjusted until a straight line is obtained on the oscillograph 
screen. If the slope of this line is x we have 

_ S _ yijl' (Efl 4- 2Ei sin /) + 2yE2 cos i 
V « (Eo 4-2Ei sin I) 

and hence 

I % - xr. (4) 

a 

When the loop-and-aerial system is rotated through :t/ 2 for this setting 
the deflexion S is increased by about 20 times, and it is convenient to 
reduce the amplifier gain by a known amount before adjusting for the 
straight line. This large change of gain has recently been found to affect 
the phases in the amplifier under certain conditions, and has led to an 
ambiguity in the interpretation of some of the earlier results. This is 
referred to in § id. 

The loop-and-aerial system is now turned back into the plane of propa¬ 
gation (^ = 0) and observation of the ellipse on the oscillograph gives 
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the magnitude of the vector S/V. If, in the course of time, Ei alters to 
E'l we then have 

S T ((Eq -f 2E\) + (Eq + 2E\ sin i)} 

V a (Eo + 2E'a sin i) 

i=l|(l + + - sin/)} 

a I Eo ) 

■ ; G — A- (1 — sin /) (5) 

Eo 

where G is a constant vector of unknown magnitude and phase (since 
1 + [x' is not necessarily real). The approximation made in deriving 
this expression has already been discussed. 


1 > 



OP — observed value of S/V 
OG = G 

GP = -a( 1 -sinf)^'. 

Fig. 5—Ideal form of polar diagram. 

From the observations a polar curve is plotted with S/V as its radius 
vector. If E'l/Eo remains constant in amplitude but alters in phase the 
representative point will describe a circle with centre at the point G, as in 
fig. 5. The vector joining the centre of the circle to the position of the 
representative point at any time will give a (1 ~ sin j) 2E'i/Eo from which 
E'l/Eo can be deduced. When working through the sunset period it is 
found that the representative point describes this kind of curve, and it is 
possible to determine the unknown vector G, and hence E'l/Eo with 
sufficient accuracy for our purpose. 

To investigate the abnormal component of polarization in the wave, the 
loop perpendicular to the plane of propagation is employed. During the 
preliminary adjustments this loop is turned into the plane of propagation, 
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connected to amplifier A, and tuned so as to give on the screen a straight 
line of slope y. We then have 

L _ P (E„ + 2E,) ^ p 

V a (Eo + 2Ei sin i) * a' 

It is not possible to place the loop exactly at right angles to the plane of 
propagation for making the observations, so we assume in general that it 
makes an angle (i= njl) with that plane; observation of the oscillograph 
ellipse then gives us the magnitude and phase of the vector L/V, and if Ej 
and Eg change to E'j and E'^ we have 


L 

V 


p ((Eq I- 2E]) cos + 2 E '2 cos i sin't'} 
a {Eo + 2E'j sin /} 


I 2E' 

y I cos 4* H— 7^ cos / sin 


Eo 


in 4 ;| . 


( 6 ) 


The approximations made in deriving this expression have already been 
discussed. 

We now represent L/V as the radius vector of a polar curve, and if 
E' 2 /Eo remains constant in amplitude but alters in phase the representative 
point travels round a circle with centre represented by the vector y cos 4 ^. 
If the loop has been set accurately perpendicular to the plane of propaga¬ 
tion then <\i = n 12 and the centre of the circle is at the origin. 

(c) Method of Observing —After the initial adjustments had been made 
in the way described the observations consisted in observing the ellipse on 
the oscillograph screen, first with the loop-and-aerial connected to amplifier 
A, and then with the perpendicular loop connected. The vertical aerial 
was always connected to B. Observations were continued throughout 
the day and vectors representing the quantities S/V and L/'V were deduced 
from the ellipses, and were used to plot polar diagrams. Fig. 6 represents 
the kind of diagram obtained. With the loop-and-aerial system it is 
desirable that the origin should be inside the resulting circle, for only then 
does the ellipse go through a well-marked cycle of changes. Until some 
experience of the behaviour of the downcoming wave had been obtained 
it was not possible to adjust the apparatus so as to obtain a suitable vector 
diagram, but after observing one day’s cycle it was possible to readjust 
the apparatus so that, if the same cycle of events occurred on the following 
day, the origin would be inside the circle. 

After a polar diagram had been plotted, as described, it was necessary 
to decide on the probable magnitude of the vector G. For this purpose 
it was assumed that the downcoming wave changed continuously in phase 
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during the sunset period, and it was realized that it might also change in 
amplitude. The point G could then be guessed (rather roughly), and 
the quantity E',/Eo could be deduced from a knowledge of the vector 
joining G to the representative point at any time. In this way curves 
were plotted showing how the phase and magnitude of E'l varied with 
time. With the perpendicular loop there was no difficulty in getting the 
origin inside the circle, all that was required was to place the loop as 



Fiq. 6—Polar diagrams as observed for the sunset period 21 November, 1935. The 
figures do not correspond, those in a start at 1414 and finish at 1M5: those in 
tains points between 1000 and 1440); b, perpendicular loop. 

nearly as possible at right angles to the geographic direction of the station. 
The polar curve was plotted in a similar manner to that described for the 
loop*and-aerial system, and the variations in the phase and magnitude of 
E '2 were deduced. 

(d) Experiments in which the normal and abnormal com¬ 

ponents of the downcoming wave were both investigated throughout the 
day and the sunset period were made on 10 days in November, 1935. 
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Thanks to Mr. T. Walmsley and the help of the staff of GBR, it was 
possible to make experiments throughout the whole of four days, including 
the sunrise period, with observations at least once every quarter of an 
hour. Experiments in which the abnormal component alone was ob¬ 
served were made on 20 days between 30 July and 30 November, 1935. 
From the results of these experiments it was possible to deduce the 
behaviour of the downcoming wave on a “ normal ” day. It was found 


2-0 


(b) 

observed points are numbered consecutively in time. The numbers in the two 
b start at 1349 and finish at 1622. a, loop-and-aerial system (shaded area con- 

that during the daytime the characteristics of the wave were constant or 
only varying slowly (little change in a quarter of an hour) and that during 
the sunrise and sunset periods the characteristics changed gradually. 
After sunset it was sometimes found that the phase and amplitude 
fluctuated rapidly, though the range of the fluctuations was not great. 
Even during this period it was possible to determine a rough average 
phase and amplitude, and the average values were used in constructing 
the curves given below. We have not yet investigated these fluctuations 
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in detail. In analysing the results we have looked for correlations with 
terrestrial magnetic disturbances, and for this purpose we have used the 
published hourly values for the magnetic declination as observed at 
Abinger (S.E. England). In describing the results for an ordinary day we 
deal first with phase variations and then with amplitude variations. 

Phase Variations —The detailed results of an experiment made on a 
typical winter day are shown in fig. 7. On this occasion observations 



Fia. 7-~Pha8c variations of normal and abnormal components on 21 November, 
1935. For the sunset period compare fig. 6. x abnormal component; O nor¬ 
mal component. 


were not started early enough to show exactly when the sunrise effect 
began, but experiments starting an hour earlier on another day led us to 
believe that the night conditions prevailed until sunrise. Fig. 8 shows the 
results of all the twenty days’ experiments on the abnormal component, 
plotted with respect to sunset as zero. Owing to the possibility mentioned 
in § 36 that a phase change may occur in the amplifiers when the gain is 
altered considerably during the calibration process, there may be an error 
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not greater than 90° in the absolute value of the phase lag in some of 
these experiments. This applies only to the absolute value, and we 
consider that the changes in the phase lag, and the relative phases of the 
two components, are correctly determined. A comparison of the results 
for August, September, and October with those for November appears to 
indicate that the total phase change at sunset is greater in summer than 
in winter. More recent results obtained during January, February, and 
March, 1936, confirm this. 



Fio. 8—Phase variations of abnormal component on 20 days between 30 July and 
30 November, 1935, plotted with respect to sunset as zero. For any one day the 
points are plotted at hourly intervals, but the points for different days are spaced 
to avoid confusion. O August, September, and October; x November. The 
dilFerence between the November curve and the curve for the other months may 
be due to instrumental defects mentioned in § 3. 

From our observations summarized in figs. 7 and 8 we deduce the 
following results:— 

{a) In winter there is a change of phase of about 400° in each com¬ 
ponent of the wave during sunrise or sunset. This corresponds to 
a change of reflexion height of about 12 km if we assume that the 
mean height is about 80 km. 

(i) During the winter months the phase of the normal component is 
about 90° ahead of that of the abnormal component. 

(c) Experiments were made on some days which were violently magneti¬ 
cally disturbed (5, 6 Novembw) and on some which were very 
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quiet (21, 25, 26 November). There was no obvious difference in 
the behaviour of the phase on the two tyjjcs of day.* 

Amplitude Variations —The amplitude variations were not so regular as 
the phase variations. On the average, the amplitudes of the two com¬ 
ponents were roughly equal, so that, the phase relation being as mentioned 
above, the wave in the winter was roughly circularly polarized with left- 
handed sense of rotation as viewed by an observer looking along the 
direction of propagation. The abnormal component generally became 
approximately doubled during the hour before sunset. The more limited 
series of observations on the normal component did not show such a 
regular behaviour; on some occasions its amplitude was approximately 
doubled during the hour before sunset, and on other occasions it remained 
constant. We have not sufficient sunrise observations to determine the 
regular amplitude variations at that time. 

Abnormal Days —A few of the experiments led to results which did not 
fit in with the “normal day” behaviour described above. 18 and 19 
November in particular gave results which could only be interpreted on 
the assumption that the amplitude of both components and the ratio 
between the two varied considerably throughout the day. On 26 
November there was a marked decrease in the amplitude of both com¬ 
ponents during the two hours before sunset. There is no obvious 
peculiarity in the magnetic data for these days. 

(e) Discussion of Results —In this section we indicate the relation of our 
results to those obtained by previous workers. 

As a result of his measurements, Naismith came to the conclusion that 
the reflected wave was stronger when the plane of propagation was in 
the N .-S. direction than when it was in the E.-W. direction, and he suggested 
that if his hypothesis were true there should be very little reflected wave 
from GBR in the E.-W. direction in the day-time. Our experiments have 
shown that the day reflexion coefficient in the E.-W. direction is about 0 • 25, 
so that for this purpose it does not appear to be necessary to assume 
different propagation conditions in the different directions. 

The present experiments also show that, contrary to the ideas of 
Naismith, regular sunset changes are observed on nearby long-wave trans¬ 
mitters, but in order to make them easily observable it is necessary to 
suppress the very strong constant ground wave. 

* We have since observed on the occasion of a severe magnetic storm (23 March, 
1936) that the direction of the phase change reversed during a sunset experiment. 
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Our second type of experiment indicates a difference of reflexion height 
between night and day of about 12 km and the first type of experiment 
indicates a difference of about 17 km between a winter night and a 
September day. These figures are in agreement with Hollingworth’s 
first estimate of the difference of height for day and night, but do not 
support his later suggestion that the change is less than 2 km. This later 
suggestion was made on the basis of observations made on the sunset 
variations at a fixed point, and Hollingworth considers that these can be 
accounted for by a change of polarization without a change of reflexion 
height, ft is not possible to account for a change in the spatial inter¬ 
ference pattern in this way, and we consider that curves such as those of 
our figs. 1 and 3 demonstrate quite clearly that there is a difference in the 
equivalent reflexion height for day and night, whatever the accompanying 
changes of polarization may be. 

Our measurements of polarization are more comparable with those of 
Namba,* who worked with angles of incidence of 40“ and 65“, than with 
those of Hollingworthf (65° to 80°). Namba concluded that the wave 
was elliptically polarized with constants which change from day to night; 
Hollingworth concluded that the wave was plane polarized and that the 
plane of polarization rotated at sunrise and sunset. Our results do not 
agree well with either of these conclusions. We do not claim any high 
accuracy for our method, but we are satisfied that the wave on “ normal 
days ” in winter is approximately left-handed, circularly polarized, and 
remains roughly the same through the sunrise and sunset p>eriods. 


4—Theoretical Considerations 

When the vertical incidence propagation characteristics of the iono¬ 
sphere in the day-time are reviewed for the complete range of wave¬ 
lengths we are at once struck by the fact that there is a marked maximum 
of absorption in the region of wave-lengths round 1000 or 5000 m. Mid¬ 
day observations! have shown that the absorption increases rapidly as the 
wave-length is increased from 50 to 500 m, and the observed values agree 
with theoretical expressions based on the idea that most of the absorption 
occurs in a region below the main deviating region. If these expressions 
are extrapolated to the very long wave-lengths which are dealt with in this 
paper we should expect to find very large absorption, whereas, in fact, we 

• ‘ Proc. Inst. Rad. Engs.,’ vol. 19, p. 1988 (1931). 

t ‘ Proc. Roy. Soc.,’ A, vo^. 119, p. 444 (1928). 

i S«e Fanner and Ratcliffe, ‘ Proc. Roy. Soc.,’ A, vol. 151, p. 370 (1935). 
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find very little (reflexion coefficient 0-25 at midday). The conduaon 
from these results is that the longer waves are reflected without first 
traversing an absorbing region at all comparable with that operative in 
the case of medium waves. 

It is known that, for the E region, the equivalent reflexion height for 
100 m wave-length is aTsout 120 km, for 1000 m about 95 km,* and for 
18,800 m about 75 km (day). This represents an ionization gradient 
which is quite sharp compared with the length of the waves (18 km) 
considered in this paper, and it is probable that the mechanism by which 
the waves are returned is one of reflexion rather than refraction,t and the 
observed variations in reflexion coefficient are due to changes in the 
“ sharpness ” of the reflecting boundary. 

These ideas differ fundamentally from those of Green and Builder,^ 
who believe that the polarization results of Hollingworth can be explained 
by the differential absorption of two magneto-ionic components, in a 
manner analogous to that which is supposed to occur with medium waves. 
They assume that the wave is refracted as two plane polarized magneto¬ 
ionic components. At night the absorption is mainly in the upper part 
of the trajectory, where the main bending occurs, and one wave is more 
strongly absorbed than the other. In the day-time both suffer extra 
absorption in the lower regions of the atmosphere, where the absorption 
is equal for the two components, and they suggest that as a result the day 
amplitudes of the two components are equal. If we have interpreted 
their argument correctly, it appears to be erroneous, since equal absorption 
of two components which are unequal to begin with will not alter the 
ratio between them, and the extra day-time absorption in the lower part 
of the atmosphere will merely absorb the wave as a whole, without 
altering the polarization. Apart from this difficulty, however, we believe 
that the possibility of absorption below the main deviating region must be 
ruled out for the reasons given above. 

We wish to take this opportunity of thanking Mr. T. Walmslcy who 
made arrangements for the special transmissions from Rugby Radio 
Station, and the staff of that station for providing these transmissions. 
The work described here would have been impossible without their help. 
We wish also to thank Messrs. F. T. Farmer and H. G. Booker for con¬ 
siderable help in the taking of observations. Two of us (J. E. B. and 
M. V. W.) wish to thank the Department of Scientific and Industrial 

* See Appleton, ‘ Proc. Phys. Soc.,’ vol. 42, p. 321 (1930). 

t C/. Appleton and Barnett, ‘ Proc. Camb. Phil. Soc.,’ vol. 22, p. 675 (1925). 

i ‘ Proc. Roy. Soc.,’ A, vol. 145, p. 145 (1934). 
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Research for maintenance grants which have provided the opportunity for 
doing this work. 

Summary 

Two separate experimental investigations of the wave returned at steep 
incidence from the ionosphere using a wave-length of 18,800 m are 
described. 

In the first experiments, the Hollingworth method of plotting the 
stationary wave system at the ground was used, under such coitions 
that a determination of the equivalent height of reflexion and df the 
reflexion coefficient could be made in the course of a single day or night. 
It was shown that there was a marked change in equivalent reflexion 
height in passing from day to night. On a September day the equivalent 
height was about 74 km, and the reflexion coefficient about 0-25: on a 
November night the corresponding quantities were about 90 km and 
0-5. 

In the second experiments, sunset and sunrise variations were observed 
at a fixed point, 90 km from the transmitter, by using an aerial system 
arranged so as to be relatively insensitive to the very strong ground wave. 
These results led to the conclusion that, in winter, the wave was approxi¬ 
mately circularly polarized with a left-handed sense, and that the equi¬ 
valent reflexion height increased by about 12 km from day to night. 

The relation of these results to those of previous workers is discussed, 
and certain theoretical conclusions are deduced. 


2X2 
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The Interaction of Light Nuclei 

III—The Binding Energies of He'‘, He®, Li®, and of Nuclei 

of Type 4n 

By H. S. W. Massey, Ph.D., Independent Lecturer in Mathematical 
Physics, Queen's University, Belfast, and C. B. O. Mohr, Ph.D., 
Lecturer in Physics, University of Cape Town 

{Communicated by D. R. Hartree, F.R.S.—Received 3 April, 1936) 

The possibility of discussing nuclear structure in terms of neutrons and 
protons, and so avoiding the awkward difficulties associated with the 
behaviour of electrons under nuclear conditions, has greatly stimulated 
interest in the binding energies of nuclei. Investigation of these energies 
leads to information about the nature and magnitude of the interactions 
between neutrons and protons.t In a previous paper, J referred to hence¬ 
forth as Paper 1, we considered the binding energies of the nuclei com¬ 
posed of three particles (“ ternary ” nuclei) He® and H*. Assuming that 
the binding forces were of a two-body nature and taking simple short 
range potential functions to represent the interaction energies which were 
consistent with the observed mass of H®, the variation method was 
applied to determine the parameters in these potential functions. It was 
shown that it is improbable that the observed masses of the “ ternary ” 
nuclei could be explained without introducing attractive forces between 
like particles. Since then a more exact variational treatment, due to 
Thomas,§ has shown that these conclusions must be modiii^ if the range 
of interaction between neutron and proton is less than 10“®^ cm. In such 
circumstances Thomas proved that the binding energies of the tanary 
nuclei would be greater than the observed, unless repulsions between 
like particles are included. For greater ranges of interaction the con¬ 
clusions of Paper I are unaffected; namely, that for ranges of interaction 
less than 3 x 10~^ cm the interaction between like particles is less than 


t Wigner, ‘ Phys. Rev.,’ vol. 43, p. 252 (1933). 
t ‘ Proc. Roy, Soc.,’ A, vol. 152, p. 693 (1935). 
§ ‘ Phys. Rev,,’ vol. 47, p. 903 (1935). 
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that between unlike, provided the range of interaction is substantially 
the same in both cases. The results njay be summarized as follows: 

(a) For ranges of the two-body forces less than 10~“ cm repulsive 

forces between like particles must exist. 

(b) For ranges between 10^^® and 3 x 10~“ cm attractions between like 
particles exist but of smaller magnitude than between unlike par¬ 
ticles. The larger the range of interaction the greater does the 
like-particle attraction become relative to the unlike. 

To obtain more definite information concerning the interactions we 
must proceed to more complicated nuclei, thereby encountering increasing 
mathematical difficulties. Throughout the work of this paper we assume 
the potential “ well ” model for the interaction energy and use variation 
wave functions of the general form c"' to make the mathematics 
tractable. We first consider the a-particle and find that its mass defect 
is consistent with the conclusions summarized above and does not permit 
of any definite decision being made as to the magnitudes of the interaction 
energy parameter. The next step, to He®, takes us to a nucleus in which 
we have a closed shell together with a single particle which cannot be in 
the same state as the particles comprising the shell. It is not easy to 
say a priori exactly how this state of affairs is best represented theoretically, 
but in this paper we take the simplest viewpoint and assume that the 
extra particle enters the first excited state. Beyond this we neglect any 
explicit inclusion of exchange forces. The theory then proceeds in much 
the same way as for the lighter nuclei. To carry the process further to 
Li® is still more difficult, not only in detail but in finding a method which 
will give reasonably accurate results. In this paper we use the same method 
as that adopted for He® with the understanding that results obtained by 
its use are less reliable than for the lighter nuclei. For Li' and Be® other 
methods must be used, taking account of the exclusion effects due to 
Pauli’s P*rinciple and exchange forces and their influence on the inter¬ 
action energy. We accordingly leave their treatment to a later paper. 

Although the theory of Be® has not been carried through, it is of interest 
to start from this nucleus as determined by the interaction of a-particle 
groups and attempt to calculate the mass defect of the nuclei of An type. 
The accuracy of this method depends on the degree to which 
K-particles may be considered independent nuclear structural units. It 
is found that this approximation is unsatisfactory even for CP*. 
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1—General Remarks on Method Used 
The interaction energies between the different pairs of particles are 


i~c. 

n< a. 
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Fio. 1—Illustrating the accuracy of the variation method using the wave function 
c -«'’ and the “ potential well ” interaction. 


The relation between C and a is adjusted to fit the observed binding 
energy of the deuteron (2 -2x10* c-volts) and has been worked out in Paper 
I {see fig. 2 of that paper). In that paper most attention was concentrated 
on the exponential form of interaction for which it was found that the 
variation method, using c"*''* as trial function, does not give satisfactory 
results. For four or higher body problems wave functions of this type 
are the only ones which can be dealt with, and so in the calculations of this 
paper we have used the form (1) for V for which the trial function 
gives better results. This is illustrated in fig. 1. For a< 2-5 X 10"“ 
cm it is clear that this method is not longer reliable. 

t We use the notation «, v, r to signify the a-partiole, neutron, and proton respectively 
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2— Results for H® and He® 

We must first repeat the calculations of Paper I, using (1) and the trial 
function e The method closely follows that of Paper 1, so we need 
give no further detail here. Using the wave-function 

- exp {- a (ri® + Ta®) - fJria*), 

where ri, are the v — 7t distances, we find for H® that the energy is given 
by the minimum (as a function of a, fi) of 


/)® 

47r®M 


(6a + 3p) - 2C 


- ' ' ' a + fj ' 

2a]Ml±2Ln‘ 

I. 7t (a + (i) I 


exp 


D 


(a T 2fi) — 2fl ( f exp { - (a -|- 2fi) a®} 


I _ 2a (g + 2p)q® V] 
I ■ (a + p) j J 

(4) 


For C --- D, (a ^ p) this expression is twice that given for the two-body 
problem in which the potential well is of depth C' -- C and range 
a' — 1 • 5S 0 . The variation method does not give accurate results for 
a' < 2'5 X lO"’® cm, but it is a reasonable assumption that the exact 
energy of the equivalent two-body problem is a much better approximation 
to the true energy of the three-body problem. We shall use this idea, 
first made use of by Feenberg,^ in much of the following work, to avoid 
the failure of the variation method for small ranges of interaction. 

Solving the equivalent two-body problem exactly for C = D, we obtain 
curve 11 of fig. 2. Curve 1 represents the results of Paper I for D — 0. 
We see that the observed binding energy requires C > D and in fig. 4 
the ratio D/C required to give the observed value for H® is illustrated as 
a function of a. The broken line of curve I, fig. 4, indicates the less 
accurate portion. 

The difference in binding energy between H* and He* is largely accounted 
for by long range Coulomb forces between the protons, and we will 
therefore make the approximation D = F in what follows. 

t The function (.x) is defined by 

= a/-1 
Jo 

{ ' Kiys. Rev.,’ vol. 48, p. 907 (1935). 
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Range of interaction in cm 

Fig. 2—Comparison of observed and calculated binding energies of H® for various 
ranges of interaction of the constituent particles. Curve 1, calculated by variation 
method assuming no neutron-neutron interaction. Curve II, calculated by 
“ equivalent two-body method ” assuming v-v interaction === v — interaction. 
Curve III, observed binding energy. 

3—The a-PARTICLE 

If we denote the neutron coordinates by ti, the proton coordinates by 

Fa, 14 , the wave equation for the system is 

HT EE ^ (V,« + + Va* + V,*) + V (r,,) + V (r,*) 

+ V (r.a) + V (r,,) + U (r,*) + W (/-a,)} T = ET, (5) 

where M is the mass of the proton or neutron. 

To apply the variation method to the calculation of E we take for T*, 

T = exp {- «(ria* + + /•*,* + - Pr,,* - yr^^}, (6) 
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whore the parameters a, p, and y are adjusted to give the minimum value 
of 

E=--7-. (7) 



Range of interaction in 10^’® cm 

Fio. 3—Comparison of observed and calculated binding energies of He* for various 
ranges of interaction of the constituent particles. Curve I, assuming no attrac¬ 
tion between unlike particles: (a) calculated by variation method using one- 
parameter function; (b) calculated by variation method using two-parameter 
function; (c) calculated by “ equivalent two-body ” method. Curve II, calcu¬ 
lated by ''equivalent two-body” method assuming equal forces between al? 
particles. Curve III, observed binding energy. 

To carry out this calculation the values of D and F, which determine U 
and W, must be fixed. Let us first take these as both zero, and suppose 
Coulomb repulsion between protons to hold at all distances. The 
variation method with p === y === o gives the energy as a function of a 
illustrated in fig. 3, curve la. Allowing p == r to vary gives curve lb 
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in the same figure. It will be seen that although the variation method is 
probably considerably in error for a = cm, it gives for this value of a 
almost the observed binding energy of the a-particle without including 
any like particle forces. More accurate results can probably be obtained 
using Feenberg’s “ equivalent two-body problem ” method. With 
p == Y = 0 and D — F - 0 the variation method gives 

E = - 4C [<D [a ) - (^)* « exp (- ^ou^)] + (^)‘ (8) 

If we neglect the last term which represents the effect on the Coulomb 
repulsion between the protons and is quite small (between 1 and 2 million 
volts), this expression for E is four times that which would be given for a 
two-body problem with the same value of C but with a range a' ~ (H)* a. 
Calculating the energy for this two-body problem exactly gives the curve 
Ic of fig. 3. This curve indicates that the range of interaction between 
neutron and proton cannot be less than 1 -4 x 10“*® cm unless repulsive 
forces exist between like particles. This agrees with the result obtained 
by Thomas for H®. For ranges much greater than 1 -4 x 10 ** cm it 
appears necessary to include like particle attractions. The first step in 
this direction is to take C = D = F giving a — p — y and 

E = # 6C I O (2o Va) - 4 (|)‘ a exp (- 4fl*a) 

+ 4 f <?* exp (— 4a®a), (9) 

This is the same, apart for the last term, as six times the energy given by 
the two-body problem with the same value of C but with o' — 2* a, 
and exact solution of this problem leads to curve II of fig. 3. Results 
obtained by the direct use of the variation method are indicated by crosses, 
and are seen to be quite accurate in the range a > 2 x 10 ** cm. It is 
then clear that the forces between like particles are less than those between 
unlike particles if a > 4 x 10~*® cm, just as was found in Paper I and 
again in § 2 of this paper from a study of the binding energies of the 
ternary nuclei. 

Assuming D = F, we can determine the value of die ratio C/D for 
each value of a to give the best fit with the observed mass of the «-particle. 
The results are plotted in fig, 4, curve II, The broken line indicates the 
less accurate portion of the curve. We see from the figure then that the 
best agreement with the observed masses of H®, He®, and He* is obtained 
for fl=i2*3 x 10-** cm with C = 28 x 10® e-volts, D = 8*5 x 10® 
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e-voks-t However, Thomas has shown that for a < !(>-“ cm repulsive 
forces between like particles are necessary to give the observed mass of 
H®. This requires that curve I of fig. 4 should fall more steeply to zero 
for small a than is plotted in the figure and so values of a less than 
2-3 X 10^1“ cm cannot be excluded until more complete numerical 
calculations have been carried out using Thomas’s method. Further 
evidence as to the best value of a is provided when we consider He'*. 

4—He'*—Before discussing this nucleus in detail, we must consider the 
way in which we are to introduce the extra neutron. We adopt the 
attitude that the nuclear particles (neutrons or protons) have five degrees 



1 2 .3 4 


Range of interaction in 10~“cni 

Fia. 4—Illustrating ratio of attraction between like particles to that between unlike 
required to give observed binding energy, 1 of Hj* and It of He*, as a function of 
the range of interaction. 

of freedom, the 3 degrees of freedom associated with position in space, 
the spin in a 4 point fourth dimension, and the identity in a further 2 point 
dimension, The neutron and proton are then regarded as two quantum 
states of the same particle. We further assume that the particles obey 
Pauli’s Principle so only 2 neutrons and 2 protons can occupy simul¬ 
taneously the same space quantum state, the like particles having opposite 
spins. When we add the extra neutron to form He^ it must therefore go 
into an excited state with respect to the centre of mass of the system. 

t These results agree reasonably well with those obtained by Fecnberg (‘ Phys. 
Rev.,' vol. 48, p. 907 (1935)), using the interaction energy function O'**’’’ instead of 
our “ potential well ” form. 




642 


H, S. W. Massey and C. B. O. Mohr 


The question then arises as to which state this will be. This may be 
answered by examining the order of the stationary states for potentials 
of form (1). Such potentials differ in two respects from Coulomb fields 
in this connexion. Firstly, there are only a finite number of states, and 
secondly, the first excited state is arp- and not an j-state, and we may 
designate it a l/?-state. The first result is of importance in determining 
whether He"’ is stable or not, the second in showing that the extra nehtron 
must be accommodated, if at all, in a l/> level. This is very fortunate 
because the variation method must be used with especial caution in 
dealing with excited states. Unless the trial wave function adopted is 
closely orthogonal to the wave functions of lower states, the variation 
method tends to give the energy, not of the excited state, but of the ground 
state. It is relatively easy to find a \p trial function which satisfies these 
conditions, but a Is state would be very difficult to deal with. 

4.1 —The Two-Body Problem for \p-States —^The exact solution of this 
problem with V given by (1) shows that no \p energy level occurs unlessf 

/47:*MC\* 


The variation method gives, if we take as trial wave function 

t}* == XC"*'*, 

/2a\l 


5/»* 

47:*M 


<I> (a \/2x) — 2a(—f (I + J o*a) e"-**’ . (11) 

^ TC / ' J 


This expression is of use when we use the method of the equivalent two- 
body problem. J 

4.2 —Calculation for He^—We have now, denoting the coordinates of 
the added neutron by t^, the wave equation 


H'F 


- + V) 

H- V (ri3) + V (r,*) + V (r,s) + V + V (r^,) + V (r^) 

+ U (r,,) 4- U (r,^) + U + W (rs4)] ^ 
ET, (12) 


t Vide Perrin and Eisasser, ‘ J. Phys. Rad.,’ Ser. 7, p. 184 (1935). 

X As the variation method must be used in the following, its accuracy for dcaiix^ 
with Ip-statcs under conditions approximating to those which actually occur in 
succeeding sections was tested by numerical evaluation of special cases. It was 
found that the method does predict when the energy level will first appear quite 
accurately. 
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and we take as trial function 


T [c ( 2 x 5 — Xi — Xj) + ( 2 xs — X 4 — X 3 )] 

X exp {-a (ri 4 * + -j- - p 

- Y(r4r* + 0 -S(^u“ + '-*5*)}- (13) 
Strictly speaking, we should take the antisymmetric linear combination 
including the factors depending on the spin and identity coordinates. 
In view, however, of the complexity of this procedure, we use the simple 
form (13). The probable effect of “ antisymmetrizing ” is effectively to 
prevent the outer neutron from penetrating into the region occupied by 
the compact a-particle group. Since we are dealing here with a p-state, 
this variation of the effective field acting at small distances from the 
centre of mass of the a-particle group is probably small, especially as we 
expect the added neutron to have small if not zero binding energy and so 
to be located at some distance from the a-group. 

The calculation of the energy for the most general case, using even the 
form (13), is very lengthy and so we give the results for the two special 
cases, D = F = 0, and C = D = F, only. They are:— 


E -- 


(a) D — F = 0 and so c = 0, S ~ 0, p = 0 approximately. 




(12« + 9y) - C 


3a -t- Y 




32 + y)^ )* f -4a(2a -h y) -s\ a (3a + y) ~| 

lTc(3a-fY)®i 3a + Y j2a(2a+Y)-l 


+ 2c* 


2a\4 


(14) 


(i>) C “ D = F, so c = </, ^ == Y» * — P" 

' + 1«T) - c[6 « (a VSTTT) + 4 ®(» 

+ >.[(4£^)'„p,-(4. + r)»-)+{?X|^}‘ 
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From these formulae we can derive some information concerning He* 
without further investigation. Assuming y we find for the extra 
energy due to the presence of the third neutron:— 


Case (fl) 

9/i® 

E“4;?Mf + 2C 




Case (h) 


E = r + 4C[8 ( ^ ? 


47X*M 


O (2a V y)]- 

O (a V%)]- 


(16) 

(17) 


Comparing these expressions with those obtained for the two-body p-state 
problem we find:— 

Case .(a) corresponds to limes the energy of the Ip-state in a potential 
of form (1) with C' = and a' = 2* a. 

Case (b) corresponds to V’ times the energy of the Ip-state in a potential 
of form (1) with C' = |C and a' — 24 a. Now the condition for the 
existence of a Ip-state in the two-body problem has been given in §4.1. 

This requires a' C' ) > 7t. We find for case (a) the following 

values for this expression:— 


X10“ cm a' 

X10“ cm 

'^’fi^Cxl0““cm* 

rr 

^’i'^Cxl0-**cm* 

rr 

, (Aim 

\ 

2 0 

2-83 

0-865 

0-96 

2-8 

10 

1-414 

2-94 

3-27 

2-6 


and so we expect no stable He* nucleus for these ranges of a. 

Case {b) applies to values of a in the neighbourhood of 4 x 16““ cm, 
and we find for a = 4 x 10““ cm, a' = 3-45. The con¬ 

clusion is then that a stable He* nucleus will exist with considerable 
binding energy only for values of o > 2 x 10 ~“ cm. 

A more accurate variation calculation may be made by allowing both 
a and Y to vary in (14) and (15). We find then 

a — 4 X 10““ cm, — E = 15*6 x 10* c-volts 
a — 2 X 10““ cm Unstable 

a = 1 X 10““ cm Unstable 

providing a general confirmation of the qualitative considerations dis¬ 
cussed above. 
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To fix the lowest value of a at which a stable /7-state first appears would 
require the use of the general form (13). As this would be very com¬ 
plicated a second method was used in which it is assumed that the particle 
is little affected by the neutron and the interaction energy between the 
a-particle and the neutron calculated using the wave function (6) for 
the a-particle with the values of the parameters derived from the varia¬ 
tion calculations for He*. The energy of the Ip-state for the relative 
motion of a-particle and neutron in the field is then evaluated. 


4.3— Calculation of the Interaction Between a Neutron and an ct-Particle — 
The mutual potential energy between a neutron and an a-particle is 
given as a function of the distance r between the centre of mass of the 
a-particle and the neutron by 


'r(r) = [[[ {V(|r -- 0,1) + V(|r -0,1) + U (|r - p,|) + U (|r - p,|)} 

I + (pi. Pi, Oi)i® dpi rfp, dox. ( 18 ) 


Here p,, p,, o,, o, are the position vectors of the two neutrons and two 
protons in the a-particle referred to its centre of mass, and (p,. p,, c,) 
is the wave function representing the motion of the four particles in the 
ground state of the a-particle. We take for 

'll — N exp [— 2 ((3a -f p) (p,* + p/) ■+ (2a + 2p) oj® 

+ 4*Pi • P 2 + 2 (a + P) (pj + P 2 ) • ®i}]' (19) 


where the constants a, p are determined from the calculations described 
in §3. 

(0 --- 32a (g + P) <20) 

5a + p ’ 

we find, on evaluating the integral (18), 


a/j (r) == — (C -f- D) I O ((r -h fl) {(/• — a) wi) 


( 21 ) 


For the interaction between an a-particle and a proton we must add the 
Coulomb repulsion 

- ^ [d) ((fl _ r) (oi) - 4* {(a + r) «»}]. (22) 

The general form of this function is illustrated in fig. 5, taking a — 2-0 
X 10““ cm. The probable effect of exchange forces is to introduce a 
repulsion at small distances, thereby diminishing the effective range of 
the field. 
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4.4—Approximate Theory for He*^—We now describe an approximate 
method of discussing the stability of He®. The problem is treated as a 
two-body problem with the interaction energy (21). It is further assumed 
that the allowed ground state of He® is the l/»-state in this field. Taking 
the trial form xe"”’’’ for the wave function representing the relative 
motion, we find, by applying the variation method, that the binding 



Distance from proton to centre of a-particles in 10-** cm 
Fio. 5—First order approximation to the interaction energy between a proton and an 
a>particle, neglecting exchange effects and assuming range of neutron-proton 
forces — 2 0 X 10-**cm. 


energy of He® (relative to an a-particle and neutron) is given by the 
minimum of the following expression considered as a function of «:— 


_ 25/j* 
327:®M 



M is here the mass of the proton or neutron. 

Taking the values of C and D which give the correct binding energies 
for H®and He* we find, for varying values of a, the following results:— 


Binding energy of He® (considered as a -|- v) 
16*4 X 10® e-volts 
8-2 X 10® e-volts 
Unstable 

A stable level first becomes possible for o s 2*2 x 10““ cm. 


ax 10*® cm 
4 
3 
2 
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The accuracy of this method can be tested by comparison with the 
more accurate method of § 4.2 where the effect of the extra neutron on the 
a-particle wave functions was included. This comparison shows that 
the approximate treatment of this section is quite reliable.f 

For values of a < 2-2 x 10 ~*® cm we conclude that He® cannot 
exist as a stable nucleus. This result is probably true, even if exchange 
forces are included, as they are almost certain to reduce the range of the 
effective attraction. These conclusions apply a fortiori to Li® owing to 
the Coulomb repulsion term (22) which must be included in this case. 
There are no definite experimental results available which indicate the 
occurrence of a stable He® nucleus, and it is probable that it does not 
exist. If, however, it is discovered with an appreciable binding energy, 
then it is very likely that Li® will be stable also, for the additional Coulomb 
repulsion in the latter case will not lower the binding energy by more 
than 1-5 x 10* e-volts. When we consider Li* we shall find further 
evidence for the non-existence of He®. 


5— Approximate Theory for Li" 

The success of the two-body method for He® suggests that it is prob¬ 
ably a good approximation to treat Li® as a three-body problem (an 
a-particle, a proton, and a neutron), using the interaction energy function 
(21) (including (22) for the proton). However, it is important to recognize 
at the outset that the exchange forces are probably more effective for Li* 
than He®. The value of a which gives the observed value of the mass 
defect of Li* must be regarded as a lower limit. A further difficulty 
faces us when we attempt to apply the variation method in detail. The 
ground state of Li* is presumably a singlet S state compounded from two 
Ip-states. This state should certainly lie deeper than the triplet, for in the 
latter the neutron and proton are prevented from approaching closely, 
so excluding the powerful short range forces which remain effective in 
the orbitally symmetrical singlet state. Unfortunately, it is not easy to 
choose a wave function for an S state which satisfies the orthogonality 
conditions required of the trial function for an excited state. To avoid 
this difficulty, the energy of an excited singlet state which should lie quite 
close to the ground state was considered. 

t It would be of interest in this connexion to calculate the scattering of a-particles 
in hydrogen and of neutrons in helium, using the interaction energy (21) and (22). 
Comparison with experiment would then provide a test of the validity of this expres¬ 
sion for the energy. These calculations will be carried out in a later paper. 

V(M.. CLVI.—A. 2 Y 
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If Tj, Tg are the coordinates of the neutron and proton respectively 
relative to the a-particJe, the wave function chosen was 


+ x^yi) exp { — a (rj* + ~ 


(24) 


This function should satisfy the orthogonality conditions and represent 
an excited state lying close to the ground state. 

Using this function, we find that the energy of this state of Li* is given 
by the minimum of the following expression qua function of a and P:— 


25A* 

327:*M 


<“+»- pc+2D) [>{» (^/} 


— 8-1 exp 


{-a 


+ 2a|3 + 2(3- 

,2 toX ) I 


w 4 - xi a* + 2 ap + 2 | 3 * 

«+ P __.__ . P* 


P’ 


2 




/ 6 ) ‘ J I 

i^co + X/ \ 

I (g + 

^16a2(a + 2(if^'co+X 
e 

p* 


a®( 


w 4 - X 


)' 


+ 


12a (a + 2p) 3 (co + X) (a* -f 2aP + 2^*)/ 


i‘)J- 


O (o V* + 2p) 


(a .4- 2P) " (a+2/3)«> j 4 


n‘ 


2p) 

a* + 2ap + 2p* 


<sr* 


+ i 


a® + 2ap -f 2p* 


a. __ 2 «, 

' a + 2p 




^ _ 2a (g + 2P) 
a + p ■ 


(25) 


Minimizing this expression, we find the following values for the energy 
of the excited state of Li* considered:— 


o X 10‘® cm Binding energy of Li* (considered as a -f v H - n) 


2 

1-7 

1-5 


16 X 10* e-volts 
0 

Unstable. 


From these results we see that the energy of the excited level approaches 
the observed energy of the ground state of Li* for a slightly greater than 
1 •? X 10“^® cm. At first sight it may seem surprising that the binding 
energy for Li* is so much greater than that for He*. This is due to the 
much greater contribution to the binding energy due to the neutron* 
proton pair than in the case of H®. In the latter nucleus there exists a 
very large zero point energy; but this becomes greatly reduced when the 
centre of mass of the pair is no longer fixed. Thus for c == 2 x 10““ cm 
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the contribution to the binding from the neutron-proton attraction is 
about 20 X 10® e-volts, nearly ten times the binding energy of the deutron. 
For this reason it is unlikely that He® can exist as a stable nucleus if Li® 
has a binding energy of only 3-5 x 10® e-volts, even allowing for the 
greater repulsive forces due to exchange effects. 

The result of these calculations is that we have shown that the binding 
energies of the nuclei from H® to Li® are consistent with the assumption of 
attractive forces between neutrons and protons of approximately the 
same range, 2 x 10 cm,t and with the forces between unlike particles 
approximately four times those between like ones. 

When we consider the possibility of discussing the next two nuclei LF 
and Be®, we immediately realize that the above described methods are 
unlikely to be satisfactory. It is fairly clear, for example, that the binding 
energy of Li’' for a - 2 x 10~^® cm would, if calculated in the manner 
shown above, be greater than the observed value, and that of Be® more so. 
For these nuclei a “ molecular ” rather than an “ atomic ” model is 
probably the most satisfactory. Thus for Be® we should first calculate 
the interaction of two a-particles, taking account of exchange forces, and 
then discuss the energy levels for this interaction energy. We leave this 
calculation for a later paper and meanwhile examine to what extent we 
can treat a-particles as independent in light nuclei. 


6—Nuclei of Type 4n Treated as a-PARTiCLE Aggregates! 

Two a-particles are first assumed to have an interaction energy 

r<ro, 

r > /-o. (26) 

To determine the relation between G and ro we must consider Be®. This 
nucleus is known to have a very small binding energy, but its value (whether 
positive or negative) is not known accurately. We shall therefore assume 
certain convenient and possible values for its binding energy in what 
follows. 

t It is true that the calculations of this paper would predict too large a binding 
energy for Li* with this value of a, but the inclusion of exchange forces will reduce 
the effective range of the attractive forces and give a much smaller binding energy 
for a given value of a, 

X A preliminary account of calculations for C** was reported in “ Nature,” vol. 136, 
p. 141 (193S). 
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The wave equation for the relative motion of the particles in Be^ is 

v«^ + (E - V) 4; = 0. 

where M. is the mass of the a-particle. 

Writing 

K» = - 47t*M.E/A*, z - ^ = 4Tr*M. (E + G)/A*, (27) 

the equation for the function representing the s states’becomes 

(|i+!^*)r+ = 0, r<r„. j 

The appropriate solution of this equation is given by 

/•(j'= Asin fxr, r < to, 

= BW_./2,.*(2Kr), r>ro. (29) 

The continuity conditions at r = ro require 

tan ^ (2Kro) 

t^o ■ 2KroW'_./,..,(2Kro)’ 

which fixes the binding energy in terms of G and ro* To determine G 
when K and are given, we use the formula:— 


giving 


W*.j(x) 


r(i -*) 


wv,(x) ,_ , , fc._ 

W*.i(x) 


k 




(31) 


Given k the right-hand side of (30) may be evaluated and hence n deter¬ 
mined. As remarked earlier, k is not known exactly from experiment so 
the values E = 0, 0-194, and 0-770 x 10* e-volts were taken, and the 
relation between G and to derived in the three cases. The results are 
illustrated in fig. 6. 

Having fixed the interaction energy from Be^ we next conndo* an 
aggregate of n a-particles interacting in pairs. Since the particles obQ' 
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the Bose-Einstein statistics they roust all be considered as occupying the 
same state in the ground level of the 4«-nucleus. If is the vector 
separating the ^h and /th particles we take as wave function for the 
system 

^ = exp[-aSr^*], 

at 

and the energy is given by the minimum of the following expression qua 
function of a:— 


E = (« — 


1 ) 




G O (r„ V«a) + 2 (/•oG+4^)]. (32) 



Range of interaction between a-particles in cm 

Fio. 6—Illustrating the relation between the depth (G) and range of interaction between 
a-particles taking the binding energy of Be* in curve 1 — 0; curve II — 2 x 10* 
e-volts; curve III 7*5 x 10* e-volts. 

Comparing this with the expression for the two-body case we see that 
this expression is equivalent to \n (« — 1 ) times that given by the two- 
body problem in which the interaction energy is 

V--G, 

Now the energy of this problem increases with n until it reaches the 
limiting value O for very large ». Thus if the independent «-particle 
model were valid the energy per a — « bond should increase with n. 
Actually it has the value 2-5 x 10* e-volts for C“, 2-27 x 10* e-volts 
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forO“, and about 1 -8 x 10® e-volts for Ne**,t giving the reverse behaviour. 
This is most clearly revealed in fig. 7 where the energy per bond is illus¬ 
trated for these three nuclei, calculated on the assumption of either the 
two smaller values assumed for the binding energy of Be®. Thus taking 
this energy as zero we find Tq = 0-85 x 10~“ cm is necessary to give the 
correct binding energy for C“, but this gives a binding energy of 40 x 10® 
e-volts for O^®, considerably in excess of the observed value of 15 x 10® 



Range of interaction of a-particles in 10-** cm 
Fig. 7—Calculated binding energies of light nuclei of type 4«, assuming two-body 
a-particles interaction as in Be*. Curve I, assuming binding energy of Be* =■ 0; 
curve ri, assuming binding energy of Be* = 2 x 10* e-volts. — C**, O**, 

—Ne»». 

e-volts. These results show that, although it was well known that the 
assumption of independently acting particles could not apply to heavy 
elements because of the existence of the maximum in the mass defect 
curve, it is not even possible to apply this approxinuition to a nucleus 
composed of 4 particles with any accuracy. The assumption of a short 

t The values for C*' and O** are derived from the mass scheme due to Bethe (* Pfays. 
Rev.,* vol. 47, p. 633 (1935)) and to Oliphant, Kempton, and Rutherford C Broc. 
Roy. Soc.,’ A, vol. 150, p. 241 (1935)) and so are probably more accurate than the 
value for Ne**- 
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Tange repulsive force does not affect this situation appreciably for calcu¬ 
lations were carried out with the interaction energy 

V - 0, /•</•!, 

= — G, fi < r < To, 

4e* . 

and the same results were obtained.t If the energy of C** is obtained 
correctly, that of O^'' is too large. These results seem definitely to indicate 
the existence of exchange forces of some type so the forces between 
aggregates of a-particles are not of a two-body nature. 

It is interesting to consider whether the result that a value r„ ~ 0-85 
X 10^^* cm in (26) gives the binding energy of C“ correctly has any real 
significance. The only evidence in this connexion is that such a result is 
not definitely inconsistent with the « — a interaction deduced from 
anomalous scattering in helium. The results of these experiments cannot, 
however, give definite indication of the validity of the value r,, = 0-85 
X 10“^® cm as the anomalous scattering is determined mainly by small 
departures from the Coulomb field at larger distances. A further test is 
to consider Be® as a three-body problem. Using a wave function of the 
type (24), a — a interaction of form (26), and the a — v interaction (21), 
some calculations were carried out which indicated that such a model 
predicts a binding energy which is rather too large by 3-4 x 10® e-volts. 

Summary 

The binding energies of the nuclei from H* to Li® inclusive have been 
investigated, assuming two-body forces of the same range between neutrons 
and protons, neutrons and neutrons, and protons and protons. The 
protons are treated effectively as different quantum states of the same 
particle which obeys the Pauli Principle. He* then represents a closed 
shell and in He® the extra neutron goes into a ip level with respect to the 
centre of mass of the system. He® is treated both as a five- and three- 
body system, the two methods giving the same general results. 

Allowing for various approximations, it is found that the observed 
masses of the nuclei considered are reasonably consistent if the range of 
interaction between the particles is between I -7 and 2-2 x 10~” cm and 
the attraction between like particles between 0-2 and 0-3 of that between 

t It must be remembered, however, that the variation method is probably very un- 
rbliatde for this type of potential. 
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unlike particles. He’’ is shown to be probably unstable. For nudei 
such as Li’ and Be^ the calculations indicate the necessity of explicit 
inclusion of some form of exchange force. 

The light nuclei of type 4« have also been investigated, assuming inde¬ 
pendence of the constituent a-particles. If the a — a interaction is 
adjusted to give the observed masses of Be* and C“, too large a binding 
energy is found for and Ne®*. 


On the Relation Between the Form, Force Constants, 
and Vibration Frequencies of Triatomic Systems 

By W. G. Penney, Pembroke College, Cambridge, and G. B. B. M. 

Sutherland, Pembroke College, Cambridge 

{Communicated by J. E. Lennard-Jones, F.R.S.—Received 6 April, 1936) 

Introduction 

Within the past few years extensive contributions have been made to 
our knowledge of the architecture of polyatomic moledules. The some¬ 
what indefinite bond diagrams of the chemists have been replaced by a 
more precise stereo-chemistry in which inter-atomic distances and 
valency angles are known with considerable accuracy. Most of this 
advance has come from the experimental side, particularly from vibration 
spectra and X-ray and electron diffraction measurements, but some pro¬ 
gress has also been made on the purely theoretical side. For reasons of 
simplicity, attention up to the present has been mainly confined to two 
classes of molecule, namely those which possess a high degree of sym¬ 
metry, e.g., CHd, CjH 2 , and those which contain only three atoms, e.g., 
SO 2 . There are, however, so many molecules belonging to the second 
of these classes that a detailed study of them alone is well worth while. 
It is the purpose of the present paper to make a critical survey of the 
experimental evidence on .the shapes and fundamental frequencies of a 
number of triatomic molecules by studying the variations in the force 
constants from molecule to molecule. 

Our procedure is as follows. We begin by making a list of all the 
triatomic molecules and ions on which there is any experimental or 
theoretical evidence as regards size, shape, and vibration 6:equencies. 
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These we divide roughly into three categories, “ certain ”, “ less certain ”, 
and ” doubtful ”, and use the results on the first of these to guide us in 
dealing with the others. There is naturally no difficulty about evaluating 
the force constants for the molecules which are “ certain ”; in fact, for 
some of these various authors have already calculated all the force con¬ 
stants in the most general potential function of second degree consistent 
with the symmetry of the molecule. The present calculations, of course, 
do not aim at such accuracy as this because in most cases the data are not 
sufficient. We are more concerned with discovering whether the funda¬ 
mental frequencies have been correctly assigned and whether we have 
adopted the right shape for the molecule. 

The question immediately arises what type of approximation is to be 
used for the potential fields in the molecules? There are two possi¬ 
bilities, known respectively as the “ valence force field ” and the “ central- 
force field Both have been used extensively by experimenters in 
representing their results, and therefore some of the figures given in the 
present paper have already appeared elsewhere. The material is, how¬ 
ever, very scattered, and has not so far been collected and correlated in 
any systematic manner. By doing so we are enabled to make critical 
comparisons of the force constants of the valence and central force fields 
throughout sets of molecules of similar electronic structure. In this 
way it is possible to get an idea of the validity of the approximations made 
in the valence and central force fields, and at the same time to show that 
present interpretations of some of the experimental data lead to force 
constants absurdly inconsistent with those in similar molecules. It 
appears that the valence force field is generally a better approximation 
t^t the central force field, and we shall therefore confine ourselves mainly 
to the former. Even this, of course, is not entirely satisfactory, but the 
data are not good enough to permit the use of a more general field. To 
put the matter in another way, the force constants which we shall calcu¬ 
late have no very precise meaning, but nevertheless they should be fairly 
consistent throughout sets of molecules, provided the set is properly 
chosen. We shall explain in the next paragraph how the set is to be 
chosen. 

Method of Classification 

We investigate the force constants, sizes, and shapes of some twenty 
triatomic molecules and ions, and our first consideration is naturally to 
find some convenient method of classification. One way would be to 

* See, for example, Kohiraucb, “Der Smekal-Raman-Effeckt,” Springer, 1931, 
p. 170. Brief descriptions of these fields will be given later in the paper. 
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divide the molecules into groups according to their shapes—linear, 
approximately right-angled, and so on. Another would be to classify the 
molecules according to the number of single, double, or triple bonds 
which they contain. Neither of these, however, is as convenient as a 
method originally proposed by Langmuir,t and recently taken up by 
others,t in which one simply counts the number of electrons in the mole¬ 
cule not in closed atomic shells. In Table I we have grouped together a 
number of molecules and ions according to this scheme. For the present 



Table I 


Number of 

“ molecular or 

Shape 

Examples 

valence ” electrons 

8 

Approx, right-angled 

HA H,S 

10 

Linear 

HCN 

16 

Linear 

CO„ CS„ SCO, NNO, SCN 
ClCN,BrCN,ICN,OCN 
*N.- 

17 

Wide-angled 

No„ ‘coa 

18 

Wide-angled 

so,. NO,-, *0,, •NOCl 

19 

Wide-angled 

•CIO, 

20 

Approx, right-angled 

oa„ OF, 


* Molecules whose shapes are still rather doubtful. 


purpose, therefore, the molecule CO* and the ion NCS“ are to be grouped 
together because they both have sixteen electrons located in essentially 
molecular orbits. From an inspection of the table and a knowledge of 
the experimental evidence, an interesting feature becomes clear, namely, 
that molecules in the same group have, roughly speaking, the same shape.§ 
This rule is obeyed by all molecules and ions for which the experimental 
evidence is conclusive. It may therefore be useful in confirming or even 
predicting the shapes of molecules for which the experimental data are 
uncertain. 

The table may be extended to systems with 21 “molecular” or 
“ valence ” electrons, such as X 3 (X a halogen). These must be linear 
in their most stable configuration, as the calculations of Eyring and 

t ‘ J. Amer. Chem. Soc.,* vol. 41, p. 868 (1919). 

t Kronig, " The Optical Basis of the Theory of Valency,” Macmillan, 1935, p. 118. 
Mulliken, ‘ J. Chem. Phys.,’ vol. 3, p. 720 (1935). 

§ This rule was proposed by Cassie, ‘Nature,* vol. 131, p. 438 (1933). TaUe I 
is much more comprehensive than the scheme given by Cassie as thm is considoaUy 
more experimental maUM’ial now available. 
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Polanyi* show, but we have not included them in the table since they 
are not molecules in the chemical sense. 

The Valence and Central Force Fields 

Consider a polyatomic molecule containing n atoms. It has (3 m — 6) 
normal, or fundamental, frequencies. These are determined by the 
potential field in which the nuclei move, and may, in fact, be computed 
from a knowledge of the field and nuclear masses. The inverse problem 
of determining the potential field from a knowledge of the fundamental 
frequencies and nuclear masses is much more difficult, and in general is 
insoluble unless specific assumptions are made as to the nature of the 
potential function. The usual procedure is to express the variation in the 
potential function from its minimum value as a Taylor’s series in the 
nuclear displacements. Even when second order terms alone are 
retained, there are usually more parameters in the potential function than 
there are vibration frequencies to determine them. By making some 
simplifying assumption it is possible to reduce the number of arbitrary 
constants to be equal to, or even less than, the number of equations. 
Various workers have employed various assumptions, but none has met 
with more than moderate success. For triatomic molecules two approxi¬ 
mations, the valence force field and the central force field, have been 
commonly used. In this paper we make a critical comparison of these 
two fields. 

The Valence Force Field 

The valence force field for a triatomic molecule is defined as follows. 
Of the three atoms mx, m 2 , and mg, it is assumed that mx and m 3 are more 
closely bound to mt than they are to each other. Thus we choose for the 
displacement coordinates the distance between mx and m, (rx 2 ), the dis¬ 
tance between mj and m, (/• 23 ). and the angle between the line m,m 2 and 
the line msmg (angle a). The fundamental assumption that character¬ 
izes the valence force field is that the potential function has the form 

8V = i f^x (S^x,)* + K («/•«»)* + K (»«)»]. (1) 

In neglecting cross products such as SrxiSrjs and SrxgSa we are assuming 
that the displacement does not affect or a. This is obviously not 
true, but the correcting term in 8 V should be small compared with any 
of those in ( 1 ). In neglecting cubic and higher terms in the potential 
function we are assuming that the anharmonicities in the vibrations are 
negligible. 

• ‘ Z. phy«. cawim.,’ B, vol. 12, p. 279 (1931). 
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A straightforward classical calculation gives equations for the flinda* 
mental frequencies vg, and v, in terms of the force constants kt, k^, 
and k., and the atomic masses. The results for linear molecules and for 
symmetrical molecules are given in Table II. 

A few words of explanation are required for the formulae shown in 
Table II. Consider first of all a symmetrical molecule BAg; in this case 
ki ~ ki, and 8V involves only two parameters ki and k,. There are, 
however, three fundamental frequencies, and we therefore have three 
equations to determine two unknowns. One way of representing the 
results is to write down one expression for k, and two expressions for 
ki. These expressions for the symmetrical linear molecule, for example, 





m, a 

^ -» ». 

m, ♦ m, 

y, Va 

Fio. 1 

Are given by (2), (3), and (4 a) in Table II. Another way of arranging the 
equations is to regard the angle of the molecule as an unknown and 
use the three equations to determine the three unknowns k^, k„ and a. The 
resulting expressions for ki and k, for the symmetrical non-linear mole¬ 
cule are given by (7) and (8) in Table II, while the equation for the angle 
a is 

X = [x®Vvg*/v 3 * (Vg* + Vg* 4- Vg*) (1 -h 2m/M)l 

-f- 2v,» (1 + m/M)/(vg« -t- Vg* -1-Vg*). (10) 

Here x = 1 -f- (2 »j/M) sin* a/2, m is the mass of the repeated atom and 
M is the mass of the central atom. Thus the valence force field gives a 
method of determining the angle of symmetrical non-linear molecules 
once the vibration frequencies are known. 

Consider now the linear non-symmetrical molecule. In this case there 
are three force constants kg, kg, and k., and three fundamental frequencies 
from which to determine them. Hence there are just enough equatimis 
to determine the force constants. This situation also holds for non¬ 
linear, non-symmetrical molecules provided the ang^e of the molecule is 
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known from other data, although the equations in this case are rather 
elaborate. The data on non-linear, non-synunetrical molecules are very 
meagre, and are hardly worth considering in the present connexion. 


Table II 


Symmetrical 

linear 

molecules 

m — wfi = /Wj 


- mMv,»/(M + 2m), (2) 

ka - 2mMv,*£f«/(M -f 2m), (3) 

m (vi* -f vg*) -h {ka (M -f 2m)/Mrf*|. (4) 


ki — k^ 
M = m* 


By substituting (3) in (4) an alternative expression for ky is 
obtained 


ki — mvi*. 


(4a) 


Unsymmetrical 

linear 

molecules 

(Order of 
atoms 

/Wimimj) 


Vj* -j- Vj* “ ki ^ 4- k^ ( -f" *^\ 

^\mi mtJ mj* 

vi*v,* ^ kikt (nti ntt f m^)lmxm%m^, 

ka ^ 4v,Vi*VjaV{(''2sVmi) -f (ruVwg) 4- (ritVwa)}. 


(5) 

( 6 ) 


Symmetrical 

triangular 

molecules 

M m* 

m — mi = m, 
kx ^ k% 
Angle a 
rxt ^ fis d 


^ mMv,*/(M 4- 2m sin* a/2), (7) 

ka mvi*va*^/*(M + 2m sin* a/2)/va* (M 4- 2m), (8) 

m (vi* + v,«) - {^1 (M 4- 2m cos* a/2)/M[ 

4* {k^ (M 4 * 2m sin* a/2)/M^*}. (9) 

By substituting (7) and (8) in (9), the equation (10) for a given 
in the text is obtained. 


Units —If V is expressed in units 100 cm**', m is expressed as an atomic weight 
(O = 16), and d is expressed in Angstroms, then on multiplying by 5-9 x I0-’ the 
force constants kx and k% are obtained in units 10>^ dynes/cm, and k^ is obtained in 
units 10-" dyncs-cm per radian. 


The Central Force Field 

Denote the molecule by ; then the central force field expresses 

the change in potential energy for small displacements S/*i, in nixm^, Sr*, 
in rngma, and ir^i in as 

8V i [kr (8rxj)* + (Sr,*)* + A:, (BrM ^ (H) 
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Once again a straightforward cfdculadon gives expressions for the 
three force constants in terms of the three fundamental frequencies. The 
most interesting case, and' the only one which we need consider, is that 
of the symmetrica] molecule m = = iwg of angle a. Here ki = k,, 

and we have three equations to determine two unknown force constants. 
As in the corresponding situation in the valence force field, two procedures 
are possible. Either we can regard the angle of the molecule as a third 
unknown, and then we have three equations for three unknowns, or we 
can take the value of a from the experimental evidence and use the extra 
equation as a test of the validity of the assumed potential field. We shall 
give examples later of both schemes. 

The three equations satisfied by the two force constants of a S3unmetrical 
molecule of angle a are 


= mv 3 */{ 1 + (2m/M) sin* a/2}, (12) 

ka = wM vi*v 3 * {1 + (2mIM) sin* a/2}/2v3* (M + 2m) cos* a/2, (13) 

m (vj* 4- vj*) = 2/C3 + (1 + (2m/M) cos* a/2}. (14) 

From these equations it is possible to eliminate the two force constants 
ki and k^, and in this way one obtains a rather complicated equation for 
the angle a.* 




1 + 2m/M 


+ 


+ 


m v,*v 


2 


Llf2m/M'M va 


+ (1 — 2w/M) (vj* + vj* + V 3 ®) 


— 2(1+ m/M) Vg®!^ sin* etil 

1 ^2!^ (vj2 + vg* + V3*) + 2(1+ mJM) V3*l = 0. 


, 1 + 2mjM 


(15) 


where m is the mass of the repeated atom, and M is the mass of the other. 
We shall discuss in the next section the application of these formulae 
to various molecules. 


The Self-Consistency of the Valence Force Field 

As we have already explained, there are three equations connecting the 
angle a of a symmetrical molecule BAj and the two force constants of the 

* This equation has also been given by Bailey and Cassie, ‘ Proc. Roy. $oc.,’ A, 
vol. 137, p. 622 (1932), and applied to calculate the angles of some of the molecules 
considered in the present paper. 
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valence force field with the three fundamental frequencies and the nuclear 
masses. Therefore when « and the fundamental frequencies are known 
the two force constants ki and k, should satisfy three relations. The self- 
consistency of these relations is a useful test of the approximations of the 
valence force field. There are eight systems which are sufficiently well 
known to enable this test to be applied to them; two, COa and CSa, are 
linear, but the other six, HaO, DjO, HjS, HjC, SOj, NOa, are bent. The 
results are given in Table III. The first column specifies the molecule: 

Table III 

HjC from HjCO; F = {k, (M + 2m cos* a/2)/M} 

+ {k. (M + 2m sin* a/2)/M</*} 

Electron diffraction data give SOa as wide-angled, and the angle in 
NOa fo fie between 90° and 120° 



*calc 

Otiixp 

k. 

ka 

m(vi* f va®) 

F 

H,0 

121 

105 

169 

1 *23 

917 

9*48 

D,0 

114 

105 

7-90 

1-28 

10*03 

10*24 

H,S 

101 

92 

3*96 

1*63 

4*98 

5*01 

H,C 

98 

115 

4*75 

1*35 

6*43 

6*40 

SO, 

120 

120 (?) 

100 

3*29 

15*2 

15*2 

NO, 

114 

120 (?) 

9*1 

3*29 

21*6 

20*5 

CO, 

157 

180 

14*1 

3*09 

20*7 

22*5 

CS, 

165 

180 

6 95 

2*22 

11*2 

12*9 


the second column gives the angle as calculated from equation (10); the 
third column gives the accurate value of the angle as determined from other 
4ata; the fourth column gives the value of kj calculated from (7) using 
the accurate a; the fifth column gives k. calculated from (8) using the 
accurate a; the sixth and seventh columns give the values of the functions 
appearing on either side of (9), and these would be equal if the valence 
force field were a rigorous approximation. It will be seen that for the 
five bent molecules the last two columns agree closely, the discrepancy in 
the worst case (NO*) amounting to only 5%; on the other hand, the agree¬ 
ment is not quite so good for the two linear molecules, the discrepancy 
being about 10% for COj, and 15% for CS,. Again, from Table III it 
will be seen that the calculated value of a agrees quite well with the 
experimental value. 

The self-consistency of the valence force field can be exhibited in several 
•other ways. Thus, for example, the inconsistencies in alternative expres¬ 
sions for the same force constant may be examined. Let us apply this 
test to the two molecules CO, and CS,. Evaluating the two expressions 
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for the force constant given by (2) and (4a) respectively, we find for CX), 
the two values 16-4 and 14-1, and for CS, the two values 8*2 and 7*0 
respectively, the units in each case being 10® dynes/cm. Now CX), and 
CS, are molecules which are probably favourable to the approximations 
made in the valence force field, and even for them there arc inconsistencies 
in the force constants of the order of 10%. We should not be surprised, 
therefore, if the force constants in molecules such as SO,, NO,, and F,0, 
when evaluated by alternative formulae, show inconsistencies even greater 
than this. The remarkable self-consistency of the valence force field in 
the two molecules SO, and NO, has only been obtained by a suitable 
choice of the angles, but until the angles have been determined by other 
more precise methods it will not be possible to decide whether this self- 
consistency is partly spurious. In view of the fact that (10) offers one 
of the few methods at present available for estimating the angle of these 
and other molecules, the question of its reliability immediately arises. 
We see at once from Table III that in the special cases of linear molecules 
and molecules containing two hydrogen atoms, equation (10) gives the 
angle correctly within about 20°. A similar accuracy may also be expected 
for the angle in molecules like SO, and NO,, as the following discussion 
shows. 

Let us assume that the self-consistency of the equations of the valence 
force field are no better for SO, and NO, than they are for CO, and CS,. 
Now in the case of CO, and CS, we found that if we evaluated k, and k, 
by the formulae in Table II and then used this value of k, in (4), we obtained 
an alternative value for ki which differed from the first by 10 or 15%. 
Therefore let us calculate a from (10) for the two molecules SO, and NO„ 
and then use this value of a in (7) and (8) to obtain ki and k,. By sub¬ 
stituting ki and k. in (9), we obtain an equation which is satisfied by Oo,]*. 
We now assume that the force constant k, varies by 10% on either side of 
its mean value, k. remaining constant, and find how the solution occ 
varies. The range in gives us a good idea of the accuracy that can 
be attached to angles calculated from (10). 

We have plotted for the SO, molecule in fig. 2 the two sides of equation 
(9) as functions of a. The left-hand side is, of course, independent of a, 
and is represented by a horizontal full line. The other does depend on a, 
and is represented by a curved full line. The intersection of the two 
full lines gives the value of K^ir shown in Table III. When k, is varied 
by 10% about its mean value, the functions represented by the full curves 
in the figures assume the extreme positions indicated by the dotted lines. 
The corresponding values for Ocuc are 142° and 102° for SO,; and 126° 
and 100° for NO,. From these two examples it would appear that the 
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equation (10) of the valence force field probably gives the angle of the 
molecule within an accuracy of 20'’. 

To sum up the conclusions of the present section, we may say that the 
equations of the valence force field seem to be reasonably self-consistent. 
Alternative expressions for force constants do not differ by more than 
about 10%, and equation (10) enables a rough estimate of the angle to be 
made. Too much weight must, however, not be given to (10) because 
small variations in the equation cause fairly large variations in a. 


The Self-Consistency of the Central Force Field 

Consider the expressions for the force constants of the central force 
field. In the denominator of (13) there is a factor cos® a/2; thus the 



central force field gives an infinite value for the force constant ka in 
linear symmetrical molecules. This corresponds to the fact that the 
central force field (11) gives no resistance to bending, in the linear mole¬ 
cule, because for small angles of bending the distances between the 
atoms change only in second order. Hence the central force field can be 
applied only to non-linear molecules, preferably those of fairly sharp 
angles—say between 60° and 120°. With this preliminary remark we can 
proceed to consider the self-consistency of the central force field in a few 
special molecules. 

'Die central force field for the symmetrical molecule BA# gives three 
relations between the two force constants ki and ka, and the angle «, 
and the self-consistency of these relations can be examined in a way very 
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similar to that employed with the valence force field. Of the eight mole¬ 
cules used there as test cases only six are non-linear, and are therefore 
suitable for use in the present connexion. Table IV gives a summary of 
the results. The first column specifies the molecule under consideration; 
the significance of the second column will be explained later; the third 
column gives the experimental value of the angle a; the fourth column 
gives the force constant as calculated from (12), using the accurate a; 
the fifth column gives the force constant as calculated from (13), using 
the accurate a; the sixth and seventh columns give the values of the 
functions on either side of equation (14), and if the central force field were 
a rigorous approximation these two would be equal. 

Table IV 


HaC from H^CO; G = 2k^-\-ki (1 + (2m/M) cos-*a/2}. 



*niln 



kt 


G 

H.O 

86 

105 

7*69 

1-80 

9*2 

11*7 

D,0 

116 

105 

7*90 

1-88 

1003 

12*39 

H,S 

— 

92 

3 96 

0-93 

50 

6*0 

H,C 

72 

115 

4-75 

200 

6*43 

9*08 

SO, 

120 

120 (?) 

10*0 

3-24 

15*3 

19*0 

NO, 

118 

120 (?) 

91 

4*57 

21*6 

23*5 


The significance of the quantity given in the second column of Table 
IV may now be described. It was intended to give here the angle of the 
molecule as determined from (15), which is simply the eliminant of kx and 
ki from the three equations (12), (13), and (14), but in not a single case 
does the equation have a real root. We have therefore determined the 
angle amin at which the function on the left-hand side of equation (15) is 
nearest to zero, and the values of amj„ are given in the table. On the 
whole, a^in agrees fairly well with the knownangle, but HgS is a serious 
exception. In this case the function on the left-hand side of (15) has no 
minimum at positive values of sin* a/2. 

From an inspection of Table IV it is seen that the agreement between 
the last two columns is poor, the discrepancy usually amounting to about 
25%. The corresponding discrepancies for the valence force field were a 
good deal less, and did not exceed 10%. To sum up, therefore, the central 
force field would appear to be a poor approximation in symmetrical 
triatomic molecules of the type BA,. The equation for the angje has 
seldom a real solution, and alternative expressions for the force constants 
usually differ by at least 25%. In the remainder of this papOT we shall 
accordingly confine ourselves mainly to the valence force field. 

We prot^ to a detailed discussion of the various molecules and ions. 
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Eight Valence Electrons. HjO, D,0, H,S, H*C 

The two best-known members of this class are HjO and Both 
have been extensively studied and their fundamental constants are well 
established. For this reason we were able to use these two molecules in 
testing the accuracy of the approximations of the two force fields. 

The force constants and the calculated and observed angles in the four 
systems H 2 O, D 2 O, H 2 S, and HjC are given in Table III, and there is no 
need to repeat them here. The experimental data used as a basis for the 
calculations are given in Table V. Most of them have been taken from 
the book by Sponer.* Those given for the H 2 C group have been taken 
from observations on the CHjO molecule.! 




Table V 




Vl 


Vg 

d 

HgO 

3600 

1600 

3750 

0*96 

DgO 

2666 

1179 

2784 

0 96 

HgS 

2615 

1265 

2630 

1-345 

H,C 

2970 

, 1444 

3000 

1-08 


It is perhaps worth pointing out that if we had calculated the frequencies 
of the D 2 O molecule from the force constants of the valence force field 
in HgO we should have obtained vj = 2604, vj = 1164, Vg = 2747. 
These frequencies can be measured with an accuracy of a few wave 
numbers. We see, therefore, that the valence force field is not good 
enough to predict the frequencies with anything like the accuracy of the 
experimental determinations. In order to accomplish this it is necessary 
to use a potential function including all the “ cross-terms ”. 

From an inspection of Table III it will be seen that the force constant A:, 
in CHg is a little greater than that in HgS, although they are both appreci¬ 
ably less than ki in HgO and DgO. These differences are just about what 
one would expect from a knowledge of the binding energies and chemical 
structures of the molecules. On the other hand, the force constant Ac. is 
remarkably similar in the four cases, and this could have hardly been 
foreseen. 

* Except where otherwise stated, our data are taken from the compilation of Sponer, 
“ MolektUspektien," Springer, 1935. Frequencies are expressed in wave numbers 
(cm"*), intenmclear distances in Angstroms (I0-* cm), force constants ki and kt 
are given in units 10* dynes per cm, and force constant A;, is given in units 10~** dyne- 
cm per radian. 

t Sponer, op. clt., p. 86; Sutherland and Dennison, ‘ Proc. Roy. Soc.,’ A, vol. 148, 
p. 250 (1935). 
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Ten Valence Electrons HCN 

A number of observers has examined the infra-red and Raman spectra 
of HCN. The most recent measurements are those of Bartunek and 
Barker,* who also measured two of the infra-red bands of DCN. From a 
comparison of their results on DCN and HCN Bartunek and Barker 
were able to calculate all the force constants in the most general 
quadratic potential function consistent with the symmetry of the mole¬ 
cule. Their results are extremely interesting because they afford still 
another test of the accuracy of the approximation of the valence force 
field. For displacements in the line of the molecule Bartunek and Barker 
assume a potential function of the form V = J 

where q is the change in the C—H distance, z is the change in the C—N 
distance, and the k's are force constants. Since the experimental values 
of the two “ parallel ” vibrations of HCN, and of one of the “ parallel ” 
vibrations of DCN, were known, the three force constants could all be 
calculated. Two possible sets of values result because of the quadratic 
nature of V. They are, in units 10® dynes/cm, 

ka = 5-6987j =■■ 5-6981 

= 6-443 r 0-30491-. 

*33 = 25-34 I * 33 = 18-065 

Presumably the second of these is the correct one because it has only a 
very small cross-term. Our approximation is to neglect the cross-term 
altogether. Taking for the HCN frequencies 

vj = 2089, vj = 712, Vs = 3312, 

and for the internuclear distances those quoted by Bartunek and Barker, 
namely 

C —H=l-06, C —N=l-15, 
we obtain from the appropriate formulae in Table II 
*o„=5-8, *cn=17-9, *. = 0-98. 

Sixteen Valence Electrons, OCO, SCS, OCS, NNO, SCN“, 
aCN, BrCN, ICN, NNN" 

There are many examples of triatomic systems with sixteen valence 
electrons, and for some of them the experimental data are quite complete. 


• • Phys. Rev.,’ vol. 48, p. 516 (1935). 
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First of all we consider the three molecules CO,, CS,, and OCS, for which 
the data are particularly good. These three form an interesting set 
because the third can be regarded as a hybrid of the other two. Next we 
consider the systems N 2 O, XCN (X = Cl, Br, or I), andNCS”. Finally, 
we attempt to make calculations on the azide ion Nj~, for which, how¬ 
ever, the data are not quite complete enough to enable any definite con¬ 
clusions to be reached. The results for these systems, as well as for those 
for HCN, are collected together in Table VII. 

oco 

The fundamentals* * * § and internuclear distances in this molecule are 
vi == 1320, va - 668, va = 2350, C — O = 1 16. 

As we have already explained, there are two expressions for the force 
constant Ar, in linear symmetrical molecules, and in general the two values 
do not agree. The discrepancy arises because of the neglect of a “ cross¬ 
term ” in the potential function, and the criterion that this omission is 
permissible is that the two values should not differ much from each other. 
In the case of CO^ we find that A:, obtained from v, is 16-4, and that A:, 
obtained from Vj is 14-1. The agreement is satisfactory, and for our 
final value we take the mean of these two. The calculation of the bending 
force constant is quite straightforward. 

*1-15-2, *.-3-09. 

SCS 

The fundamental frequencies for this molecule are 
Vj = 660, Vj = 397, Vj = 1523. 

The internuclear C—S distance has recently been measured by Cross and 
Brockway§ to be 1 -54 x 10~* cm. 

Once again there are two values for *, which are 8 -2 and 7-0 respec¬ 
tively, with a mean 7 -6. 

*1 = 7-6, *. = 2-22. 

OCS 

The fundamental frequencies of this molecule have been given by 
Bailey and Ca8sie,t and by Bartunek and Barker,| while the internuclear 

• These frequencies are taken from a paper by Adel and Dennison, ‘ Phys. Rev.,’ 
vol. 43, p. 716 (1933). These authors have shown how to determine vi and v, from 
the observed values of the “ resonating ” pair vi and 2v,. 
t ‘ Proc. Roy. Soc.,’ A, vol. 135. p. 375 (1932). 
t ‘ Phys. Rev.,’ vol. 48, p. 516 (1935). 

§ • J, Chem. Phys.,’ vol. 3. p. 821 (1935). 
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distances have been measured by Cross and Brockway.* The values are 
as follows: 

= 859, V, = 527, vg = 2079, C—O = 1 • 16, C—S =1-54. 

This time there are just three equations to determine three unknowns and 
the solution is unique. The calculation of k, is direct, but to obtain kx 
and kx it is necessary to solve a pair of simultaneous equations. We find 

^08 — 8-0, koo — lA-l, k. — 2'62. 

NNO 

The experimental data on the NjO molecule are also very complete 
and require that the molecule is linear with the atoms arranged in the 
order NNO. The fundamental frequencies and intemuclear distances 
(based on ionic radii) are 

vi = 1285, vj = 589, vg = 2224, N—N = 1 ■ 15, N—O = 1 -23. 

Unfortunately, the pair of equations (5) and (6) for kx and just miss 
having a real solution.! This is hardly surprising because the fact that 
mi is almost equal to requires that, with kx and k^ as cc^rdinate axes, 
the straight line (5) is almost tangential to the hyperbola (6). If indeed 
mx and mg were the same, as in CO, and CSg, the straight line would have 
to be exactly tangential to the hyperbola, and the point of contact would 
lie on the central line kx = k,. Clearly in the cases where and m, 
are very nearly the same, a small inconsistency in the equations (5) and 
(6) can cause a large variation in the roots kx and k^, and may very well 
cause the straight line to miss the hyperbola altogether. TUs is what 
happens in NgO (and, in point of fact, in CO, and CS, as well). When the 
left-hand side of (6) is decreased by 3% a unique solution results; de¬ 
creasing it further gives two points of intersection of the straight line and 
the hyperbola, and the difference between them rapidly increases. All 
that we can deduce from (5) and (6) in the special case of is that k, 
and k, are both between 12 and 17, and that their product is very close 
to 200. From general considerations, of course, one would expwi kx 
to be about 14 or 16, and k, to be about 12 or 13. 

The calculation of k, is quite direct, and leads to a value agreeing well 
with those in CO, and CS,. 

^kit'^ 14~16, fciio'**'12—14, k,— 2'7S, 

• • J. Chem. Phys.,’vol. 3, p. 821. (1935). 

t This has been pointed out by Bail^ and Cassie, * Pl^. Rev.,’ vol. .39, p. 534 
0932 ). 
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SCN- 

The fundamental frequencies of this ion have been determined from 
the Raman spectrum by Langseth, Nidsen, and Serensen.* We take 
the N—C distance from HCN, and the C—S distance from CSj. 

vi - 750, vj = 398, V 3 = 2066, N—C =1-15, C—S =1-54. 
The force constants are as follows: 

A:eK-14-4, fc.= l-44. 

CICN, BrCN, ICN 

These three molecules are obviously similar in structure, and we there¬ 
fore take them together. The molecules are linear, and their fundamental 
frequencies are well known. We repeat them in Table VI, and give also 
the internuclear distances. For the C—N distance we take the value 
given by Bartunek and Barker for the C—distance in HCN; the C—Q 
distance we have taken from Sutton and Brockway’sf determination in 
CCI 4 ; the Br—-C and I—C distances we have obtained by adding the 
difference between the ionic radii of Br and Cl, and I and Cl respectively. 
A straightforward calculation using the appropriate formulae of Table 
II then gives the force constants. 


Table VI 



Vl 

Vt 




ki 

kcM 

ka 

CICN 

129 

397 

2201 

1-76 

115 

5-2 

16 1 

1-58 

BrCN 

580 

368 

■2187 

1-93 

115 

4-2 

16-9 

1-49 

ICN 

470 

321 

2158 

2-12 

115 

30 

16-7 

118 


NNN- 

There has been considerable discussion in the literature as to whether 
the azide ion Na~ is linear and symmetrical or not, but it cannot be said 
that the matter has been definitely settled yet. Knaggs^ finds by X-ray 
methods that the N* group in cyanuric triazide is linear but not symmetri¬ 
cal. The distances from the central N atom to the other two N atoms are 
1 *26 A, and 1 • 11 A, respectively, the former being that to the N atom 
which is bound to a carbon atom of the ring. When the ion is in solution 
Of in an ionic crystal, however, rather different conditions prevail, and 
one has to deal with the free Na“ system. The usual assumption is that 
the ion is linear and symmetrical. 

• ‘ Z. phys. Oiem.,’ B, vol. 27, p. 100 (1934). 
t * I. Amer. Chetn. Soc.,’ vol. 57, p. 473 (1935). 
t ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 576 (1935). 



670 W. G. Penney and G. B. B. M. Sutherland 

Langseth, Nielsen, and Safensen* have made a careful study of the 
Raman spectrum of saturated aqueous solutions of sodium azide. Their 
work shows that 

= 1348, vg == 630. 

The internuclear distance d must be practically the same as the lesser of 
the two N—N distances measured by Knaggs, and accordingly we take 
d~ 1-11 X 10"“. With the linear symmetrical model we then find 

A:i=15 0, ka = 2 6S. 

These values are in harmony with those obtained for wo-electronic systems. 

Unfortunately, there is some doubt about the assignment of the Vg 
fundamental. Garner and Gommf have measured the infra-red absorp¬ 
tion spectrum of crystalline a and p lead azides, and their results indicate 
that V 3 is about 2040. With this value of V 3 and the above values of Vj 
and Va, we find that the linear symmetrical model does not fit at all well 
into the valence force scheme. Assuming that the two extreme N atoms 
are at any rate symmetrically located with respect to the central N atom, 
equation (10) then gives the angle of the molecule as 140°. A discussion 
of the experimental data on the vibration spectra of Ng" is given in the 
following paper. 

Our values for the force constants in HCN and the sixteen valence 
electron systems are collected together in Table VII. Notice how the 
bending force constant k, is always between 1 -0 and US for molecules 
containing a single bond, and is between 2-0 and 3-0 for molecules 
containing multiple bonds. Other features worth pointing out are the 
similarity of the systems SCN~ and CICN, and the remarkable steadiness 
of the C—O, C—N, and C—S force constants throughout the series of 
molecules. 


Systems with 17, 18, or 19 Valence Electrons 

We take the systems with 17, 18, or 19 valence electrons together 
because they all presumably have a wide-angled structure. There are, 
unfortunately, only three molecules (SOj, NO*, Og) and one ion (NOg“) 
where the data are good enough to enable us to make any calculations. 
The situation is roughly as follows. With SO* and NO, the fundamentals 
have almost certainly been correctly assigned; they obey very well the 
equations of the valence force field and lead to sensible values for the 
force constants and angles. On the other hand the fundamentals in 0$ 

* ‘ Z. phys. Chem.,’ B, vol. 27, p. 100 (1934). 
t ‘ J. Owm. Soc.,’p. 2133 (1931). 
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and NOi~ are still rather uncertain, and those vibrations which appear 
from the infra-red and Raman spectra most likely to be fundamentals 
lead to hopeless inconsistencies in the valence force field. It may be 
that the valence force field is a very bad approximation in these cases, 
and, as a matter of fact, the same sets of fundamentals do give consistent 
schemes in the central force system. However, the values of the force 
constants of the central force field do not seem very reasonable, and can 
probably be ruled out on this account. The details for each molecule 
are given in the appropriate sub-section. 


Table VII 


ntinttmi 

^1 

kt 

ka 

HCN 

5-8 

17‘9 

0*98 

CICN 

5-2 

J6*7 

1’58 

BrCN 

4-2 

16-9 

1*49 

ICN 

30 

16-7 

118 

SCN- 

5-4 

14*4 

1-44 

NNO 

14*6 

13*7 

2-75 

OCO 

15*3 

15-3 

3 09 

SCS 

7-6 

7-6 

2*22 

SCO 

BO 

14*2 

2*62 

NNN- 

I50(?) 

150(?) 

2 -68 (?) 


ki refers to the force constant between and mt. 
kt refers to the force constant between and m,. 


Arguing from the fact that Os, NO,", and (CH ,)8 (cycto-propane) have 
equal numbers of electrons we might have expected the three systems to 
have similar forms. Since the masses are also about equal in the three 
cases Vi, vg, and Vj might also be expected to have similar values. As a 
matter of fact the vibration spectra are entirely different in the three cases, 
and only for cyc/o-propane can one feel sure that the data have been 
correctly interpreted. Here there is no doubt that the three carbon 
atoms lie at the corners of an equilateral trisHB^. X-ray evidence* gives 
the angle in NOg" at 130°, but the shape of Og is still uncertain. 

SOg (18 valence electrons) 

The fundamentals and the S—O distance! are as follows: 

vi * 1152, vg = 524, vg = 1361, S—O = 1 -46. 

Since we have considered this molecule in some detail in earlier sections, 
there is no need to give more than the bare results. The angle of the 

• Ziegler, ’ Phys. Rev.,’ vol. 38, p. 1040 (1931). 
t Ooss and Brockway, ‘ 3. Chem. Phys.,* vol. 3, p. 821 (1935). 
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molecule calculated from equation ( 10 ) is 120 °, and the force constants 
are as follows: 

A:i=10 0, k, = 3 29. 

NOa (17 electrons) 

The fundamentals and the N—O distance (based on ionic radii) are 
flfi fVillrvwc • 

Vi = 1370, Va = 640, Vg = 1620, N—O = 1 -20. 

The NOa molecule has also been considered in earlier sections; the angle 
of the molecule calculated from (10) is 114°, and the force constants, 
assuming an angle 120 °, are 

jti = 91, it. = 3-29. 

O 3 (18 electrons) 

The most recent investigation of the vibration spectrum of O 3 is due 
to Hettner, Pohlman, and Schumacher.* They find in the infra-red 
spectrum three bands which are much more intense than any others, and 
accordingly these were suggested as fundamentals. 

vj = 2105, V 3 = 1037, V 3 = 710. 

We shall discuss this assignment of the fundamentals in the following 
paper and show that it is probably incorrect. Naturally, one now enquires 
whether a more satisfactory scheme can be obtained by permuting the 
above fundamentals. There appears to be no such scheme. 

We make the tentative suggestion that the fundamentals in O 3 are 

vi = 1037, V, = 710, V, = 1740. 

These fundamentals fit very well into the equations of the valence force 
field. They give a wide-angled structure (127°), and extremely plausible 
values for the force constants. Assiuning a = 120 ° and 0—0 »= 1 *29, 
we find 

A:x=ll-5, ife. = 2*34. 

The interpretation of the infra-red spectrum of ozone on the basis of these 
fimdamentals is given in the following paper. 

NO,“ (18 valence electrons) 

Langseth and Wallesf have investigated the Raman spectrum of 
aqueous solutions of NaNOa, and find three lines which are presumably 
fimdamentals. One way of interpreting them is 

I Vj = 1240, Vg = 813, Vg =s 1331. 

• • Z. Physik,’ vol. 91, p. 372 (1934); ‘ Z. Hektrochem.,’ vol. 41, p. 524 (1935). 
t ‘ Z. phys. Chem.,’ B, vol. 27, p, 209 (1934). 
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Bailey and Thompsonf have investigated the abscnption spectrum of 
crystalline NaNO,, and find numerous bands. They assign the funda- 
mentals in the NO*" ion as follows: 

II vi=1361, vj = 777, v,= 1223. 

Neither I nor II is at all satisfactory so far as the equations of the 
valence force field are conc»'ned. The equations for the angle have no 
real solutions; and assuming any angle between 90° and 130° gives a 
very low value for ki (less than 7), and a high value of Ar, (greater than 6). 
Similarly, neither assignment fits into a central force field. Both lead to 
a sensible value for the angle (90°-100°), but the O—O force constant is 
in both cases appreciably greater than the N—O force constant,, a clearly 
impossible situation. The same unsatisfactory feature is also present 
in the force constants of the valence force field. 

Thus, to sum up, in so far as present data are reliable, the vibration 
spectra of Os and NOs“ show little resemblance to each other. In both 
cases three bands stronger than any others have been observed, but if 
these are all really fundamentals then the force fields in the molecules 
must be very different from either the valence force field or the central 
force field. 

We have collected together in Table VIII our results on SO„ NO#, Os, 
and NOs~. It will be seen that the first three go very nicely together, but 
that NOs~ is quite anomalous. 

Table VIII 



Angle 

ki 

ka 

SO, 

120 

100 

3-29 

NO, 

114 

9*1 

3-29 

0, 

127 

11-5 

2-34 

NO,- 

No solution 

<7 

>6 


Twenty Valence Electrons. F,0, ClsO 

A fair amount of experimental material is available for two molecules 
(FsO and Ci|0) which belong to this class. Since the angles are known 
from electron scattering experiments, it appears at first sight as if these 
molecules are suitable for use in testing the accuracy of the equations of the 
central and valence force fields. Unfortunately this is not so, because it 
is difficult to tell from the experimental data which arc the fundamentals. 
There seems little doubt t^t earlier assignments are incorrect, and 

• ‘ Nature,'vol. 135, p. 913 (1935), 
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although the assignments which we suggest are quite successful so far as 
present data go, further experiments are necessary before the matter can 
be regarded as settled. An investigation of the Raman spectra of these 
molecules would be very helpful in deciding between the various possi¬ 
bilities. 


FsO 

The form of this molecule has been established by Sutton and Brock- 
way,* from electron scattering experiments. Hettner, Pohlman, and 
Schumachert have investigated the infra-red spectrum and from their 
results have suggested an assignment of the fundamentals. We give, 
however, an alternative scheme which leads to much more reasonable 
values for the force constants and gives an even better interpretation of 
the infra-red absorption spectrum. The details are shown in Table IX. 


Table IX 



Vl 

Vg 

Vg 

HRS. 

1740 

870 

1280 

RS. 

830 

490 

1110 


The F—O distance is 1 36 and the F—O—F angle is 104® 


The letters H.P.S. refer to the Hettner, Pohlman, and Schumacher 
assignment, and the letters P.S. to the Penney and Sutherland assignment. 
The corresponding angles calculated from equation (10) and the force 
constants of the valence force field are given in Table X. 

Table X 

ki ka * 

H.P.S. 7-4 20-6 104® 

P.S. 56 217 136® 

The weak point in the H.P.S. assignment is the very high value of v,. 
In the water molecule the corresponding vibration is only 1600, and one 
expects the substitution of relatively large and heavy fluorine atoms for 
hydrogen atoms to decrease the vg frequency by a factor at least four. A 
similar objection applies to the assignment of Bailey and Cassie of the 
fundamentals of the ClgO molecule {see next paragraph). The high value 
of the bending frequency leads to a ridiculously high vaiue of the bending 
force constant ka, as is seen above. 

• ‘ J. Amer. Chem. Soc.,’ vol. 57, p. 473 (1935). 
t ‘ Z. Physik,’ vol. 96, p. 203 (1935). 
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ci,o 

The form of this molecule has been established by Sutton and Brock- 
way. * The infra-red spectrum has been investigated by Bailey and Cassie,t 
who from their results suggested an assignment of the fundamentals. 
The assignment has been questioned by Hettner, Pohlman, and Schu- 
macher.t but they did not suggest an alternative scheme. An assign¬ 
ment which seems much more likely to be correct is shown in Table XI. 


Table XI 




Vt 


B.C 

973 

640 

1310 

RS. 

680 

330 

973 

The Cl—0 distance 

1'71 

and the Cl — O—Cl angle 

is 111". The 

angles calculated from (10) and the force constants are given in Table 

XII. 


Table XII 



ky 

k^ 

a 

B.C. 

8*8 

10*9 

- 142" 

P.S. 

50 

2*40 

132“ 


Conclusion 

The conclusions of this investigation may now be briefly summarized. 
It appears that in general the shape of a molecule can be roughly deter¬ 
mined solely from a knowledge of the vibration frequencies. Attempts to 
obtain the exact form in this way, however, are bound to be unprofitable. 
The general thesis regarding the similarity in form of iso-electronic mole¬ 
cules has been largely confirmed. Of the two types of force field with 
which this paper has dealt, there is little doubt that the valence force field 
is a much better approximation than the central force field. The former 
has been shown to yield values for the force constants which, from their 
self-consistency, may be regarded as having a definite physical significance. 
It has, unfortunately, failed to provide a means of determining the angle 
between the two " bonds ” which it assumes in the molecule with an 
accuracy better than 20°. One of the pleasing features of its application 
to a long series of molecules has been to demonstrate that the force 

• ‘ J. Amer. Chem. Soc.,’ vol. 57, p. 473 (1935). 
t Bailey and Cassie, ‘ Proc. Roy. Soc.,’ A, vol. 142, p. 129 (193.3). 
j Hettner, Pohlman, and Schumacher, * Naturwias.,’ vol. 23, p. 114 (1935). 
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constant determining the resistance of the molecule to “ ai^e deforma¬ 
tion ” has a very ddinite range of values for the different classes of bonds 
which are being deformed. 

Since it is improbable that the rotational fine structure of the bands of 
these molecules will be resolved sufficiently to allow of accurate analysis 
for some time to come, we must search for some other means of deter¬ 
mining their exact form and dimensions. The electron diffraction method 
will undoubtedly be one of the most useful sources of information, but it 
has definite limitations, e.g., in the case of molecules which are almost 
linear or molecules which contain hydrogen atoms. Badger* has recently 
indicated another possible method. It depends on extending to poly¬ 
atomic molecules an empirical relation between the intemuclear distance 
and the force constant which he and others have developed for diatomic 
molecules. This relation may be conveniently put in the form 

= (C«/Ar.r + 4 . (16) 

Here r, is the intemuclear distance, k, is the force constant controlling 
the vibration of the two atoms, and and dif arc constants which depend 
on the position of the atoms in the periodic table. Using force constants 
determined from vibration spectra by the application of a valence force 
field Badger has successfully applied this relation by verifying the inter- 
nuclear distances in the molecules HjO, CO 2 , and CSa* We have accord¬ 
ingly tried to extend the method to as many as possible of the molecules 
dealt with in this paper. The results have been collected together in 
Table XIll, where the intemuclear distances calculated from (16) are 
compared with the true values, known from other evidence. It will be 
seen that on the whole the agreement is remarkably good. Only where 
Cl, Br, or I atoms are concerned are the distances much in error. It 
should be emphasized, however, that we have presented the residts in a 
very favourable way, because we calculated the intemuclear distances 
from the force constants. If we had calculated tiie force cbnstants from 
the known intemuclear distances, and then compared the two sets of 
force constants, the agreement would not have been more than moderate. 
The reason for this is, of course, that in equation (16) snoall variations in 
the intemuclear distance cause large variations in the force constants, 
whereas small variations in the force constants produce hardly any effect 
in the intemuclear distances. Thus the X—C force constants in XGN 
(X = Cl, Br, or 1), calculated from (16) and the known intemuclear 
distances are only about one-half of those we obtain' from ffie equations 

* ‘ J, Chem. Phys.,’ vol. 2, p. 128 (1934); vol. 2. p. 128 (1935). 
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of the valence force field. It therefore appears that Badger’s relation can 
only be used to determine internuclear distances from force constants, 
and that the reverse procedure is without much significance. 


Table XIII 





Internuclear 



Force constant 

distance 

Internuclear 

Molecule 

ke 

from Bada^r’s 

distance from 




relation 

other data 

HCN 

180 

C—N 

1*15 

1*15 


5-8 

C—H 

1024 

1*06 

OCS 

14-2 

C—O 

M9 

M6 


8 0 

C—S 

1*52 

1*54 

CHj 

4-75 

C—H 

107 

1*08 

OF| 

5-6 

O—F 

1*37 

1*36 

OCI, 

5-0 

O—Cl 

1*61 

1*71 

NO, 

9-1 

N—0 

1*27 

M5«l*3 

CO, 

11*5 

0—0 

1*23 

1*20 in O, 

XCN 

5-2 

Cl—C 

1*61 

1 *76 in ecu 


4*2 

Br—C 

1*73 

1*76 -f 017 


3*0 

I—C 

1*91 

1*76 + 0*36 


16*8 

C—N 

1*16 

M5 in HCN 


One of us (W. G. P.) wishes to thank the Commissioners of the 1851 
Exhibition for the award of a Senior Studentship. 


Summary 

The equations of the valence and central force fields offer possibilities 
for determining the form and the force constants of symmetrical triatomic 
molecules of the type BAj. A critical investigation is made in this paper 
of the reliability of these equations. It is shown that those of the valence 
force field are generally to be preferred to those of the central force field, 
as they are usually more nearly self-consistent and give better results in 
vatious test cases. From a comparison of the force constants of the 
valence force field throughout sets of molecules of similar electronic 
structure certain well-marked regularities appear. These afford valuable 
checks on the assignments of the fundamental vibration frequencies in 
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molecules where they are doubtful. It appears that present assignments 
in Ob, NOj", FaO, and ClgO are open to severe criticism, and new assign¬ 
ments conforming much better to the general scheme are suggested in Oj, 
FgO, and ClgO. Badger’s relation is tested by calculating the internuclear 
distances from the force constants and comparing the results with values 
known from other evidence. 


On the Assignment of the Fundamental Vibration 
Frequencies in O 3 , FgO, ClgO, NO, and N," 

By G. B. B. M. Sutherland, Pembroke College, Cambridge, and 
W. G. Penney, Pembroke College, Cambridge 

{Communicated by J. E. Lennard~Jones, F.R.S.—Received 6 April, 1936) 

Introduction 

In the preceding paper our object was to investigate critically the 
application of simplified types of force fields to the correlation of the 
vibration frequencies of triatomic molecules. Starting from the better- 
known molecules and using them as test cases, we have been able to 
estimate the probable errors in the results obtained by applying the same 
type of field to the less well-known molecules. On the whole we have 
found a remarkable regularity in that isoelectronic molecules tend to 
have the same geometrical shape, and that the values of the force con¬ 
stants associated with particular deformations lie within quite strict 
limits. There are, however, a few cases in which this regularity is com¬ 
pletely negatived on applying the existing assignment of the fundamental 
frequencies of the molecules, and for some of these we suggested re- 
assignments which bring them more into line with the others. The 
purpose of the present paper is to justify such reassignraents in relation 
to the experimental data. We hope to show that the assignments which 
we have proposed in the foregoing paper provide an interpretation at 
least as good as, if not better than, the earlier ones. We also suggest here 
experiments which might be made to discriminate between the difierent 
assignments in as simple and definite a way as possible. 
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Ozone 

There have been several investigations of the infra-red absorption 
spectrum of ozone, and one unsuccessful attempt to obtain its Raman 
spectrum. The most recent work is that of Hettner, Pohlman, and 
Schumacher,* and it is of extreme importance as they show that one 
absorption band which all previous investigators had taken to be due to 
ozone (viz., at 7-6 jx) is due to nitrogen pentoxide, TTie results of 
Hettner, Pohlman, and Schumacher have been summarized in Table 1, 
although reference should be made to their original paper for details 
which would take too much space for reproduction here. The inter¬ 
pretation of these results which Hettner, Pohlman, and Schumacher 
favour is that the fundamental frequencies are the three most intense 

Table 1 —Infra-Red Spectrum of Ozone O 3 


Position 

of 

band in cm- ^ 

710 

Intensity 

Strong 

Structure 

Doublet 

Interpretation 

Existing Proposed 

Vs Vj 

1037 

V. strong 

Doublet 


Vi 

1740 

Weak 

7 

V, -f- V, 

Vs 

2105 

Strong 

7 

Vi 

2vi ) 

2800 

Weak 

7 

V, + V, 

3 Vs i 

2vi f V, 

3050 

Weak 

7 

V, + V, 

3v, 


bands in the spectrum, viz., 710 cm 1037 cm“\ and 2105 cm ^ These 
they assign as v,, vj, and vj respectively. The notation to describe the 
frequencies is the conventional numerical one used and illustrated in the 
preceding paper. Such an assignment can only mean that the force 
required to alter the distance between the two basal atoms of the Oj 
molecule is very much greater than that required to make a similar 
alteration in the distance between the apical atom and either of the basal 
ones. In fact, using a central force field, Hettner, Pohlman, and Schu¬ 
macher conclude that the ozone molecule has the form of a very sharp 
isosceles triangle with the apical angle close to 40®. They calculate the 
force constant between the basal atoms to be 20*8 x W dynes,cm and 
that between each of the other pairs to be 3 -86 x 10® dynes/cm. The 
smallness of the latter, they say, accounts for the ease with which the 
ozone inolecuie parts with an atom of oxygen in oxidizing processes. 

• ‘ Z. Physik,* vol. 91, p. 372 (1934); ‘ Z. Elektrochem.,’ vol. 41, p. 524 (1935). 

VOL. CLVL—A. 3 A 
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Unfortunately, there are two very serious objections to this interpreta* 
tion. • The first is that the force constant in the normal oxygen molecule 
is only 11-8 x 10® dynes/cm. It is very difficult to sec how the addition 
of a third atom could strengthen the binding of the two original oxygen 
atoms to such an extent. One would normally expect the binding to be 
weakened. We might add that none of the excited states of the oxygen 
molecule so far known exhibit a higher fundamental frequency than the 
normal oxygen molecule (1550 cm“^). The second objection comes 
from a consideration of the contours of the bands. It is well known that 
in a non-linear triatomic molecule the fundamental bands and vg 
should have similar contours which will differ from that of vg. For a 
molecule with tan* a/2 < M/(M -f 2m), where a is the apical angle, vj 
and Vg may be expected to exhibit a Q branch, while vg will have a doublet 
structure; when tan* a/2 > M/(M + 2m), the opposite is the case. Now 
the curves of Hettner, Pohlman, and Schumacher show very clearly that 
the band at 710 cm~* (which is Vg on their interpretation) has a doublet 
structure. If their view is the correct one we should therefore expect the 
bands at 1037 cm~^ and 2105 cm' * to have Q branches. The curves of 
Hettner, Pohlman, and Schumacher are not sufficiently good to show 
whether these Q branches exist or not. Gerhard,* however, has examined 
the band at 1037 under very high dispersion using a grating spectrometer 
and has shown very decisively that it has a doublet structure. This has 
been confirmed more recently by an examination of this band as it occurs 
in atmospheric absorption by Adel, Slipher, and Fouts.f 
The interpretation which we propose (Table I) is open to neither of 
those criticisms. There are, however, some objections to it which we 
fully recognize. In the first place the intensity of is considerably 
greater than that of vg, a fact which is against the usual intensity distri¬ 
bution in such molecules. The great intensity of the overtone of vj 
at 2105 cm'* is also rather anomalous, although this may be accounted 
for partly by overlapping with Svj. Since we are uncertain what exactly 
determines the relative intensities of absorption bands in the infra-red, 
these objections do not seem to us to be nearly so serious as those we 
have advanced against the earlier interpretation. It is clear, however, 
that more experimental work on the spectrum of this molecule is still 
required—particularly on its Raman spectrum—before the above assign¬ 
ment can be regarded as final. 

• • Phys. Rev.,’ vol. 42, p. 622 (1932). 

t ‘ Phys. Rev.,’ vol. 49. p. 299 (1936). 
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Fluorine Monoxide F,0 

The infra-red spectrum of this molecule has recently been investigated 
by Hettner, Pohlman, and Schumacher* between 1 ft and 27 (x; their 
essential observations are summarized in Table II. There is no record 
of its Raman spectrum. From electron scattering Brockway and Suttonf 
have shown that the form of the molecule is that of an isosceles triangle 
with the O atom at the apex and the angle F-O-F equal to 104®. The 
interpretation of the spectrum favoured by Hettner, Pohlman, and Schu¬ 
macher is that in which = 1740 cm“^, v, = 870 cm“^, and v, = 1280 
cm~^ We have shown that serious difficulties are encountered when one 
attempts to correlate these frequencies by means of the usual types of 

Table II—Infra-Red Spectrum of Fluorine Monoxide 


Position 



Interpretation 

of 

band in cm-* 

Intensity 

Structure 

Existing 

Proposed 

492 

Weak 

7 

? 


625 

Weak 

? 

? 

Vg - Vg 

833 

Strong 

Doublet ? 

1 V. i 

Vx 

926 

Medium 

Doublet 

)■ * 1 

2v, 

1110 

Weak 

7 

? 


1280 

Strong 

? 


Vl + V, 

1740 

Medium 

Doublet ? 

Vi 

Vi 1- 2v, 

2190 

Weak 

? 

V| “f Vg 

2v, 

2544 

V. weak 

? 

2v8 

2vi + 2v, 


force field. Thus using a central force field the force constant between 
the F atoms (13-5 x 10'^ dynes/cm) comes out to be nearly twice that 
between an O and an F atom (7-6 x 10 *^ dynes/cm). Using a valence 
force field the force constant for the deformation of the angle turns out 
to be 20*6 X 10“^^ ergs/radian. Such values are clearly absurd in 
view of the analogy to be expected on the electronic theory of valency 
between this molecule and HjO. We note, moreover, that this inter¬ 
pretation of the spectrum leaves the bands at 492 cm“^, 625 cm‘S and 
1110 cm~^ unexplained. The agreement between the angle F-O-F as 
calculated on the central force field and that observed by electron diffrac¬ 
tion can only be regarded as fortuitous. 

As we have already shown, the interpretation which we propose leads 
to reasonable values for the force constants on the assumption of a 

• ‘ Z. Pbysik,’ vol. 96, p. 203 (1935). 

' t ‘ J. Amer. Giem. Soc.,’ vol. 57, p. 473 (1935). 
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valence force field. It would seem much more probable that a valence 
force held should be the correct approximation rather than a central 
force field in a molecule having a vertical angle of over 100“. The grrat 
virtue of the new interpretation is that it leaves no band unexplained. 
Furthermore, on the old scheme theabsorptions at 833 cm“^ and 926 cm“^ 
were treated as parts of one band with its centre at 870 cm“^, whereas 
we take them to be separate bands. One needs only consider the width 
of the separation (100 cm“^), and indeed of the whole “ band ” (circa 
200 cm^), and compare it with those of the other bands of the molecule, 
to realize how small the probability is of this being a single band. We 
might also remark that the intensities of the two peaks of absorption at 
833 cm"^ and 926 cm-^ are markedly different. It is unfortunate that 
more information is not available regarding the contours of the bands, 
and it is to be hoped that they will soon be re-examined under higher 
dispersion. Such of them as are known agree with our assignment. 
It will be noticed that objections may be raised to the “ anomalous ” 
intensity of certain bands similar to those in ozone. Yet the interpretation 
is so satisfactory from all other points of view that we must conclude that 
the empirical rule of Vg being a more intense band than vj in triangular 
molecules is not of such general validity as one had supposed. 

Chlorine Monoxide 

The experimental data on the vibration spectra of this molecule are 
rather scanty. Bailey and Cassie* have observed four bands between 
1 [i and 18 |i under low dispersion. There are no observations on the 
Raman spectrum, but the form of the molecule has been established 
(from electron scattering) as isosceles, the Cl-O-Cl angle being equal to 
110“ and the Cl-0 distance 1 *71 A.f The assignment of the frequencies 
proposed by Bailey and Cassie is given in Table III; they regarded the 
doubling of the band at 640 cm"* as being due to absorption by CO*. 
This last has been criticized by Hettner, Pohlman, and Schumacherwho 
find that the molecule definitely possesses two absorption bands in this 
region. These authors do not, however, propose exactly how the assign¬ 
ment of Bailey and Cassie should be modified. We have seen that the 
assignment of Bailey and Cassie leads to an impossibly high value for the 
force constant k. controlling the angle deformation. The amendment 
we propose is to regard one of the bands at 650 cm~^ as a fundamental 

• ‘ Proc. Roy. Soc.,’ A, vol. 142, p. 129 (1933). 

t Brockway and Sutton, he. cit. 

t ‘ Naturwiss.,’ vol. 23, p. 114 (1935). 
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and the other as the overtone of a fundamental at 330 cm~^ which has yet 
to be observed. The range of spectrum investigated by Bailey and Cassie 
did not extend far enough to include such a possibility. 

It will be seen from Table III that our proposed interpretation satis¬ 
factorily accounts for the observations so far as they go. An extension of 
the spectrum to 35 (i will be of considerable interest in view of our pre¬ 
dictions. A re-examination of the known bands under higher dispersion 
and some knowledge of the Raman spectrum of the molecule are also 
very desirable. 


Table 111—Spectrum of Chlorine Monoxide 


Position 



Interpretation 

of 

band in 

Intensity 

Contour 

Existing 

Proposed 

640 

Medium 

7 

! 1 

2va 

6B0 

Strong 

? 

i' 1 


973 

V. strong 

Q branch 

^8 

V8 

1245 

Strong 

n 


Vj -f- Vj 

1331 

Medium 

7 

2vj 

2v, 


Nitrogen Dioxide 

The infra-red spectrum of this molecule has been the subject of several 
investigations, but its interpretation still presents several difficulties. It 
is established that the molecule is not linear, and this has been confirmed 

Table IV— Spectrum of Nitrogen Dioxide NOj 


Position 


Contour 


of 

Intensity 



Assignment 



band in cm-* 


Observed 

Predicted 


()48 

Strong 

Doublet 

Doublet 


1321 

7 

? 

Doublet 

Vl 

1621 

V. strong 

7 

Q branch 

Vs 

2220 

Medium 

Doublet 

Q branch 

Vg + Vg 

2630 

Medium 

? 

Doublet 

2v, 

2910 

Strong 

Doublet 

Q branch 

V, + V, 

3242 

Strong 

7 

Doublet 

2v, 


by experiments on electron scattering.* The known bands together with 
customary assignment of the Aindamentals are given in Table IV. 
F^om an investigation of the contours of the overtone bands at 2220 cm~* 
and 2910 cm~\ one of usf has shown that such an assignment would 

• Maxwell, Mosley, and Demtng, * J. Chem. Phys.,’ vol. 2, p. 331 (1934). 
t Sutiierlaod, ‘ Proc. Roy. Soc.,’ A, vol. 145, p. 278 (1934). 
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imply that the NOg molecule is roughly equilateral in stna^ure. This 
follows from an application of the criterion that tan* «/2 > M/(M -f- 2w) 
in order for Vj + vj and vg + v, to be doublet bands, and leads to a 
maximum value for the O-N-0 angle of 58°. The application of a 
valence force field, however, gives this angle as 114° while the observa¬ 
tions on electron scattering favour an angle of at least 100°. It would 
seem then that the contours of the bands cannot be acc^ted as a trust¬ 
worthy guide in this case, and we have already published a note to that 
efiect.* This is a most unsatisfactory conclusion since in all the other 
molecules the contours do agree. The most likely explanation would 
appear to be that the band observed at 2220 cm~^ was not due to NO* 
but to NgO present as an impurity. It coincides exactly with a well- 
known fundamental of the latter molecule. As regards the contour of the 
band at 2910 cm~^, all that we can suggest is that it be re-examined at 
various pressures, since a Q branch is often obscured unless the con¬ 
ditions are exactly right. The same applies to the band at 1630 cm“^ 
which appears to be a doublet under low dispersion, but which is extremely 
difficult to observe under high dispersion because of the intense absorption 
of atmospheric water vapour in that region. In a private communica¬ 
tion to us Dr. R. M. Badger has suggested interchanging the assignments 
of vj and vg. This still leaves the difficulty about the contour of the 
band at 2910 cm~^ unsolved as well as yielding very improbable values for 
the force constants. 


The Azide Ion Ng“ 

Here we must distinguish rather carefully between evidence from three 
different sources on three difTerent forms of the ion. We have observa¬ 
tions (1) on the Raman spectrum of the ion in aqueous solution, (2) 
on the infra-red spectrum of crystalline lead azide, and (3) on the X-ray 
diffraction patterns of complex organic molecules containing-the azide 
group, e.g., cyanuric triazide. As regards (1), the experiments of Lang- 
seth, Nielsen, and Sorensenf have shown that the aqueous solution of 
NaNg possesses one very strong Raman line at 1348 cm~* together with 
a very weak companion line at 1258 cm~^. Such a spectrum is a strong 
indication of a linear symmetrical structure, the intense Une being due to 
the symmetrical frequency, the weak one being due to the overtone of tiie 
perpendicular frequency, vg, resonating with the symmetrical frequemgr 
(<f. COg). It is not conclusive, however, as in a triangular molecule 
it may occasionally happen that v, and v, are very weak compared with 

• Sutherland and Penney, ‘ Nature,’ vol. 136, p. 146 (1933). 
t ‘ Z. phys. Oiem,,’ B, vol. 27, p. lOO (1934). 
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vi. Assuming for the moment that the linear symmetrical form is the 
correct one and that = 1348 cra~\ the force constant kx comes to be 
15 0 X 10* dynes/cm. 

Next we consider how the evidence from (2) fits in with such a structure. 
Gamer and Gomm* have investigated the infra-red absorption spectrum 
of a and p lead azides. They observed the bands indicated in Table V. 
We notice that in the a form (the more stable) the frequency observed 
near 1350 cm“^ by Langseth, Nielsen, and Sorenson is missing, whereas 
it is present in the p form. In the latter case, therefore, the linear sym¬ 
metrical structure is definitely ruled out, since the symmetrical frequency 

Table V—Infra-Red Spectrum of Lead Azide 
(Frequencies given in cm *) 


«azide . — 2080 2702 3420 

P azide . 1352 2040 2702 3400 


Vj should be inactive in absorption. In the former case, if we interpret 
the band at 2080 cm“* as being due to Vg then taking vj as 1350 cm and 
vj as circa 630 cm, the remaining bands at 2702 cm“* and 3420 cm“* 
can only be interpreted as Vj -f vj and vg -f- vj. But in a linear sym¬ 
metrical model the combination frequency v, -f vg is forbidden in 
absorption, so that even if the ion is linear and symmetrical in the solu¬ 
tion, it does not appear to be so in the crystal. There is another difficulty 
in that using the value 2080 for vg, the force constant ki is calculated to be 
only 11 -4 X 10* dynes/cm as compared with the value of 15 x 10* dynes/ 
cm from the Raman data on the ion in solution. Such a discrepancy is 
too large to be accounted for by the deficiencies of the valence force 
field, and also seems rather large to be explained as the change in going 
from the crystal to the solution. It may be of interest to remark that 
using the valence force field and the values of the fundamentals given 
above, the angle of the azide ion is computed to be 140°. 

As we have explained above, the assumption of a linear symmetrical 
model for the azide ion in a and p lead azides leads to a violation of 
selection rules in the infra-red absorption spectrum. This dilemma may 
be removed by assuming that the ion in these crystals is linear but not 
symmetrical, as it is, for example, in cyanuric triazide.f However, the 
pair of simultaneous equations (5) and (6) of the preceding paper for kt 
and kt (the two N-N force constants in the linear non-symmetrical model) 

••J.C3iem.Soc.,*p. 2133 (1931). 

t Knaggs, ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 576 (1935). 
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do not involve the internuclear distances and have no real solution with 
the aforementioned fundamentals. We must therefore conclude that the 
structure of the azide ion cannot yet be definitely determined from the 
present data. Further information is needed on the Raman and infra->red 
spectra of the ion in crystals* and in solution. The most probable funda¬ 
mentals would appear to be 

Vj — 1350, Vj ~ 630, Vg ~ 2080. 

We wish to thank Mr. Bailey for helpful discussion and Drs. Hettner 
and Badger for interesting correspondence. 

Summary 

The interpretations of the vibration spectra of Og, FjO, ClgO, NOg, 
and Nj", in terms of the fundamental vibration frequencies are con¬ 
sidered. Suspicion that earlier assignments in the first three of these 
molecules were not correct has arisen because they imply extraordinary 
rigidity to angle deformation. New assignments not having this dis¬ 
advantage are accordingly suggested, and it is shown that these interpret 
the experimental data at least as well as, if not better than, the older 
assignments. A discussion is also given of the interpretation of the 
vibration spectrum of NOg and Ng-. Difficulties are met with in the 
former because the contours of two combination bands appear to disagree 
with an assignment which is otherwise perfectly satisfactory. A reason 
for this discrepancy is suggested. The azide ion is interesting because it 
seems to have a slightly different structure in aqueous solution (where it is 
almost certainly linear and symmetrical) and in the lead azides. Further 
experimental work on the ion in solution and in crystals of varying 
“ ionicity ” are highly desirable. 

• Mr. C. R. Bailey has kindly informed us that he has investigated the infra-red 
absorption spectrum of crystalline NaN,. He was unable to detect absorption bands 
at 1350 cm“* and 2700 cm'^. This evidence is very important as favouring a linear 
symmetrical structure for the ion in NaN«. 
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The Magnetic Properties of Bismuth 

I—Dependence of Susceptibility on Temperature and 
Addition of Other Elements 

By D. Shoenberg, Senior Rouse Ball Student, Trinity College, Cambridge, 
and M. Zaki Uddin, Trinity College, Cambridge 

{Communicated by Lord Rutherford, O.M., F.R.S.—Received 22 April, 

1936) 

Introduction 

Recent theoretical work by Peierls* and by Jonesf has shown that the 
anomalous behaviour of bismuth is probably due to the critical nature 
of its electronic structure. One consequence of this is that the electronic 
structure of pure bismuth is very sensitive to the addition of small con¬ 
centrations of other elements, and Goetz and FockeJ have shown that 
this sensitivity is reflected in the magnetic properties, while Thompson,§ 
more recently, has shown it in the electrical properties also. 

Since the effect of such admixtures is essentially to vary the electronic 
structure of the bismuth, a study of their influence on various physical 
phenomena may be expected to yield information both about the electronic 
structure and about the mechanism of the phenomena. We have investi¬ 
gated from this point of view the nature of the temperature dependence of 
the susceptibility of bismuth, and also the periodic field dependence of 
susceptibility at low temperatures discovered by de Haas and van Alphen; 
in both cases, no very detailed interpretation of the results is at present 
possible, but it is to be hoped that the experimental data will be of use in 
guiding future theoretical development. 

In order to obtain fundamental lattice properties, it is necessary to work 
with single crystals and we have developed a very simple method suitable 
for growing single crystals of low melting point metals. 

Apart from this, the experimental methods are not new, and will be only 
briefly described. As the results on field dependence at low temperatures 
(de Haas-van Alphen effect) arc of a different nature from those at higher 
temperatures, it is convenient to deal with them separately in Part 11 of 
this paper. 

• ' Z. Physik,* vol. 80, p. 763 (1933) and vol. 81. p. 186 (1933). 
t • Proc. Roy. Soc.,’ A, vol. 147, p. 396 (1934). 
t * Phys. Rev.,’ vol, 45, p. 170 (1934). 

8 ‘ Pfoc. Roy. Soc.,’ A, vbl. 155, p. Ill (1936). 
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Experimental Methods 

(a) Susceptibility Measurement —Since part of the investigation was 
concerned with susceptibilities which were not independent of fidd 
strength, the most convenient method* * * § was that of Faraday, in which the 
force on a rma// specimen in an inhomogeneous magnetic field is measured, 
the specimen being so small that the field can be considered approximately 
the same all over it. A convenient method of measuring small forces of 
just the required order of magnitude (~ 10 dynes) has been described by 
Sucksmith.t and more recently in a form suitable for low temperature 
measurements by Jackson,! and this method turned out to be quite 
suitable for our work. 

A balance was therefore constructed of the same general design as that 
of Jackson, but adapted to suit the particular cryogenic technique of the 
laboratory, and also to satisfy the limitations set by the electromagnet 
available. The accuracy of measurement of the deflexion of the balance 
for a given force was limited by imperfections of the optical system and 
mechanical vibrations to about i% for the largest deflexions and about 
2% for the smallest deflexions. The main disadvantage of the balance 
was its sensitivity to side forces, so that unless these were eliminated by 
very accurate centring of the specimen in the field, the forces due to 
sideways inhomogencity contributed appreciably to the deflexion of the 
balance. This effect was considerably reduced by Jackson’s device of a 
flat constraining spiral spring; but even so, careful adjustment was 
necessary to give a reproducibility of 1% (if, for instance, a specimen was 
removed from the balance and replaced). 

A further limitation of accuracy was caused by slight hysteresis effects 
in the magnet and by slight fluctuations in the magnet current (obtained 
from a D.C. generator), so that the field for a given reading of the 
ammeter was not always exactly the same. Such inaccuracies amounted 
to less than 1% for the higher field strengths but were rather larger in the 
region of low fields where the field varied rapidly with current.! 

Finally, it is necessary to point out that the accuracy of the absolute 
susceptibility values depends on the calibration both of the magnet and 

* Some time was spent in an attempt to develop a method based on induction, but 
this did not prove practicable. 

t ‘ Phil. Mag.,’ vol. 8, p. 158 (1929). 

t ‘ Proc. Roy. Soc.,’ A, vol. 140, p. 695 (1933). 

§ The lower fields were used only in the experiments of Part II, and fiiis circum* 
stance together with the reduced magnitude of the force accounts for the scatter of 
points in the susceptibitity-4ield curves at low fields. 
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the balance. The fonner was probably accurate to about 2% and the 
latter to about 1%, so summarizing, we may say that the sctde of suscepti¬ 
bility values is accurate to about 3%, while due to the various factors 
discussed above, the relative susceptibility values of Part 1 are subject to 
a random error of about 1% for high values and about 2% for low values. 

These considerations are useful in deciding whidi features of the experi¬ 
mental results are genuine and which are to be ascribed to experimental 
errors. 

(6) Purity of Material —As we wished to study the influence of alloying 
small concentrations of other elements, it was essential that the bismuth 
to which they were added should be free from impurities. Many experi¬ 
ments were first made with Hilger Bismuth No. 8016 (which had been used 
for earlier magnetostriction experiments*), but in spite of its high spectro- 
graphic purity (99-995%), the magnetic behaviour showed some well- 
marked features which our later work proved to be similar to those caused 
by addition of a small trace of tellurium, and therefore not characteristic 
of pure bismuth. All the experiments to be described here were made 
with Hilger Bismuth No. 10,283 (spectrographic purity 99-998%) which 
the experiments showed to be sufficiently pure for the investigation (except 
in one respect— see p. 700 and p. 711, Part II). The elements added need 
not be of the very highest purity, owing to the small concentrations used, 
but for safety only the purest available sources were used. 

The alloys were usually made by way of parent alloys (to avoid the 
weighing of too small quantities) and in the case of the lead alloys several 
different parent alloys were used to check the accuracy of the final 
concentrations. 

(c) Preparation of the Crystals and Method of Suspension from the 
Balance —Most of the methodsf of growing single crystals of low melting 
point metals have been designed to grow crystals in the form of long 
rods, and if a particular orientation of the crystal axes relative to the 
rod is required, such methods are complicated by the necessity of using 
a seed crystal. Since the Faraday method requires only quite small 
specimens (about 0*3 gm bismuth in our conditions), we used instead a 
new and very simple method of crystallization. 

A small bead of the molten metal was allowed to cool very slowly 
through the melting point, its temperature being controlled electrically, 
and it was found that, provided the rate of cooling was slow enough, 

• Shoenberg, ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 619 (1935). 
t C/. Kapiti*. • Proc. Roy. Soc.,’ A, vol. 119, p. 369 (1928). 
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(>-w 2° C per minute) and all mechanical disturbance avoided, the solidified 
bead was always a single crystal. 

The question of predetermining the crystal orientation does not arise 
since the bead is roughly spherical and can be attached to the balance in 
any desired orientation. This method has application also to other 
metals of reasonably low melting point, and recently we have used it 
successfully to prepare single crystals of antimony (m.p. 658° C) in quartz 
containers and an atmosphere of nitrogen. 

After etching to confirm the single crystalline nature of the bismuth 
bead, the crystal was cleaved along its main cleavage plane, thus deter¬ 
mining the position of the trigonal axis in the bead.* The susceptibility 
of a substance with the crystal symmetry of bismuth is completely 
described by two parameters Xi and Xs. so long as the magnetization is a 
linear function of the field (as in all the experiments of Part I), and it can 
be easily shown that if the crystal is suspended freely in a horizontal 
magnetic field whose magnitude varies along the vertical direction, a 
vertical force acts on it which is proportional to 

Xi sin* tj/ 4- (Xi cos* a + xa sin® «) cos® 

where «is the angle between the trigonal axis and the vertical, and <j; is the 
angle between the field and the projection of the trigonal axis on a hori¬ 
zontal plane. 

Thus in order to measure both Xi and Xai the crystal was suspended with 
a == 90°, /.<?., with its main cleavage plane vertical, and was varied by 
rotating the magnet (the whole apparatus being supported independently 
of the magnet). The maximum and minimum values of the force then 
occur for = 90° and ™ 0° and are proportional to Xi and Xs-t 

(d) Temperature Control —For varying the temperature of the specimen 
from 14° K up to room temperature we adopted a simple method described 
originally by Owen.J Starting with a cooling bath of the lowest tempera¬ 
ture required, this was aljowed to boil slowly away, and susc^tilulity 
measurements were taken at frequent intervals as the temperature 
increased. Since the time of warming up was as long as one or two hours, 
no difficulty was experienced in detennining the temperatiue (with a small 
platinum resistance thermometer surrounding the specimm) to 1 or 2° K, 
an accuracy sufiicient for the purpose of these experiments. 

* The trigonal axis is perpendicular to the main cleavage plane in bismuth. Tlie 
position of the binary axes is irrelevant for the experiments of Part I, and was detor- 
mined magnetically for the experiments of Part II {see p. 703). 

t For most of the crystals xi i* the maximum, but in several it is the minitaum. 

} ‘ Ann. Physik,’ vol, 37, p. 637 (1912). 
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This method has the advantage that it does not require the use of a 
variety of cooling baths (the exchanging of which occupies time and can 
disturb the adjustment of the specimen), and, moreover, it permits covering 
the awkward temperature range between 20^ K and SS® K, which was 
important for some of the experiments of Part II. Since a large number 
of experimental points could be obtained, the random error of each was 
not so important, and the temperature variation curves could usually be 
drawn with some confidence. 

As a check on the applicability of the method, Curie’s Law was verified 
on a very small specimen of iron ammonium alum (sufficiently small for 
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the balance deflexions to be comparable with those produced by the 
usual bismuth specimens). 

Results 

Temperature Variation of Xi and x »—For pure bismuth the temperature 
variation of Xi and xs was measured from 14“ K to 400“ K, at a field 
strength of 9500 gauss, and the curves of fig. 1 were obtained. The 
large apparent rise of Xi. below 50“ K is due to the field dependence of 
susceptibility to be discussed in Part II, and has therefore no significance 
for the present discussion. To eliminate it, some measurements (shown 
with circles) were made at a much lower field strength (4850 gauss), and 
although the accuracy was necessarily much poorer, these points represent 
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roughly the field independent susceptibility at the low temperatures (thk 
difficulty does not arise for Xa)- 

It will be seen that both Xi and Xa vary linearly ovor a considerable 
temperature range, and this linearity appears to be exact mthin the 
limits of experimental error. The linear variation of xa ceases rather 
sharply below about 75° K while that of xi ceases more gradually below 
about 200° K. Finally below about 50° K both Xa and the low field 
value of Xi are approximately independent of temperature. 

Over the linear range the absolute values of the temperature variation 


19-8 X 10-“ 


^==71 X 10 -“.* 
aT 


We looked especially for peculiarities in the curves at 75° C where a 
jump in the thermal expansion has been found,! which, it has been sug¬ 
gested, might be due to a lattice modification. Our experiments show, 
however, that if there is such a modification, its effect on susceptibility 
is less than 0 ■ 5% 

We may consider three possible causes for a temperature dependence of 
the diamagnetism of bismuth: 

(1) The temperature, if sufficiently high, may change the distribution 
of the electrons among the possible states of motion, and in ffiis 
way change the susceptibility. 

(2) The temperature vibrations of the lattice cause corresponding 
vibrations of the field of force in which the electrons move, and the 
susceptibility may depend on the amplitude of these vibrations. 

(3) The change in the lattice parameters caused by thermal expansion 
(/.e., due to the anharmonicity of the lattice vibrations) may affect 
the susceptibility. 

With the help of magnetostriction data, the possibility (3) has already 
been investigated! leading to a temperature variation 

^ - 1 -7 X 10-“ ^ = 1 -4 X 10-“, 

« 1 d\ 


* These do not agree well with Kapitza’s values 

^ = 26-5 X 10-w ^ =. 10-3 X lO-w, 

but the difference is probably due to small impurities in Kapitza’s bismuth. 

t Roberts, ‘ Proc. Roy. Soc.,’ A, vol. 106, p. 385 (1924); Jay, * Proc. Roy. Soc.,’ A, 
vol. 143, p. 465 (1934). 

{ Shoenberg, ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 619 (1935). Note that the X*» 
discussed there are volume susceptibilities and have to be divided by 9*8 to give mass 
ausceptibiUties. 
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which is too small to account for moi« than a small part of the observed 
temperature variation.* 

It should, however, be pointed out that this estimate is not exact, as it 
assumes that the change due to a thermal expansion can be completely 
described by a suitable system of strains. Actually, however, a thermal 
expansion and an equivalent strain system may change the relative arrange* 
ment of the two atoms in the unit cell of the bismuth lattice in different 
ways, and this cannot be taken into account in the calculation. In spite 
of this circumstance, it is probable that the calculation does give the right 
order of magnitude. 

The relative importance of (2) above is difficult to estimate, but it is 
probable that an effect of this kind will occur, since it is unlikely that the 
susceptibility varies linearly with the vibration amplitude, and conse¬ 
quently its mean value will depend on the amplitude of the vibration and 
therefore on the temperature. 

The purely electronic cause (1) has not usually been discussed, as the 
electrons in a metal are usually degenerate at ordinary temperatures. 
This is not, however, the case for bismuth, and Peierls {loc. cit.) on the 
evidence of the de Haas-van Alphen effect (see Part II) has suggested that 
the degeneracy temperature for bismuth may be as low as 150° K. This 
would lead to a temperature dependence in the right sense—the sus¬ 
ceptibility varying roughly as 1 /T at higher temperatures, and independent 
of temperature well below 150° K. 

This electronic interpretation does not, however, account for the linearity 
of the temperature variation over a large range, unless we suppose that 
several groups of electrons with different degeneracy temperatures con¬ 
tribute to the susceptibility and the combination of their effects leads to an 
approximately linear variation. 

Temperature Variation for the Alloys —Since the chief effect of alloying 
small concentrations of various elements to the pure bismuth is to vary 
the electronic structure, it is possible to obtain more information about 
the relative importance of the causes (1) and (2) above, by examining the 
susceptibility temperature curves for these alloys. Fig. 2 shows the 
temperature variation of Xi an<i X» for some typical cases (to avoid con- 

* A number of other metals, viz., cadmium, thallium, lead zinc, and copper, also 
show an appreciable temperature dependence of susceptibility (de Haas and van 
Alphen, ‘ Comm. Phys. Lab. Leiden,’ No. 125b (1933)) which cause (3) would be 
su^ent to explain, if these metals had a magnetostriction M ~ 10-**. This magneto¬ 
striction would be rather too small to measure by ordinary methods, but should be 
readily observable with Kapitza’s high field technique C Proc. Roy. Soc.,’ A, vol. 135, 
p. 537 (1932)). 



694 


D. Shoenberg and M. 2L Vddin 


fusion not all the measured curves are shown, and the experimental 
points, which fit the curves about as well as in fig. 1, are omitted). The 
fact that for addition of lead (up to about O'2%) the increase of Xi con¬ 
tinues to lower temperatures, suggests that the cause (2) above is probably 


Xi Xs 



not a major one. Thus it is well known from specific heat theory that 
the energy of the lattice vibrations, which varies approximately linem^ly 
with temperature at higher temperatures, falls off much more rapidly 
below the Debye characteristic temperature 0, which is about 100® K 
for bismuth,* and consequently any susceptibility variation associated 

• Kmom and van den Ende, ‘ Conun. Phys. Lab. Leiden,’ No. 2l3c (1931), 
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with the lattice vibrations should become much smaller below 100° K. 
No data exist for the specific heats of bismuth-lead alloys, but it is unlikely 
(since the lattice parameters are practically unchanged) that the addition of 
lead could greatly change 0, and the continued increase of Xi. down to 
14° K for these lead alloys, suggests that the cause (2) also cannot account 
for more than a small part of the temperature dependence. 

On the other hand, this same result supports the view that the main 
cause is the purely electronic one, for, as we shall see in Part 11, the 
degeneracy temperature for the electrons responsible for Xi is probably 
lower for the lead alloys than for pure bismuth, so the temperature 
variation should indeed continue to lower temperatures. Similarly, the 
addition of tellurium increases the degeneracy temperature, and this 
agrees with the result that the increase of Xi ceases at higher temperatures 
with addition of tellurium. 

It is also significant that the linearity of the temperature variation 
observed for pure bismuth is no longer preserved for the lead rich alloys, 
where the variation has a definite curvature throughout the measured 
range. This lends support to the idea that the exact linearity is due to 
a rather fortuitous combination of circumstances. 

For addition of more than 0 -4% lead, a new feature appears in the Xi* 
temperature curves, namely, a maximum of susceptibility at a temperature 
which increases progressively as the lead content is further increased (an 
exactly similar effect occurs for the high concentration tin alloys). We 
cannot see any immediate explanation of this phenomenon on the lines 
indicated above, but may remark that probably the electronic structure 
for these alloys is already so different from that of pure bismuth that 
the same considerations no longer apply. 

So far we have been discussing mainly the temperature variation of Xi 
and have said little about Xs- Jones (he. cit.) has discussed the electronic 
structure of bismuth and shows that Xa is mainly caused by electrons over¬ 
lapping into the second Brillouin zone; these electrons have, however, a 
high degeneracy temperature (~ 2000° K) and cannot contribute to any 
temperature variation of susceptibility. We may suppose, then, that the 
observed temperature variation of xa (which is in general much smaller 
than that of Xi) is due partly to a contribution from electrons with lower 
degeneracy temperature, from other parts of the Brillouin zone, and 
partly to the causes (1) and (2) of p. 692. It may be noticed that addition 
of tellurium has very little effect on the slope of the temperature variation, 
but makes the variation continue to lower temperatures, while addition of 
lead reduces Uie slope and increases the temperature at which variation 
ceases. For ftirther addition of lead (at the concentrations where the 
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“ maximum ” feature occurs in the xi — T curves) the slope changes sign 
and becomes numerically about as large as for pure bismuth. If, then, 
the temperature effects for Xa are mainly electronic in nature, this evidence 
suggests that the degeneracy temperature of the relevant electrons is 
affected oppositely by alloying to that of the electrons responsible for 
Xi- 

It is perhaps worth pointing out, also, that with addition of sufficient 
tellurium (when on our views the Xi electrons are quite degenerate at 
ordinary temperatures, and so should not contribute to the temperature 
variation), the value of dxildT is of the same sign and order of magnitude 

16 


1-2 


y,»/xt 

0-8 


0-4 


0 

as that obtained from cause (3) above. As, however, both the magneto¬ 
striction and the thermal expansion of the alloys are different from those 
of pure bismuth, this coincidence is probably not of great »gnificance. 

Before concluding this discussion of temperature variation, we may 
mention that our results do not confirm the law found by Goetz and Focke 
(loc. cit„ p. 182) that p == Xs/Xi is in general a linear function of tempera¬ 
ture. Fig. 3, shows, in fact, that the p — T variation is in general not 
linear. This discrepancy is probably due to the rather small number of 
points in Goetz and Focke’s straight lines, and curves of the type of fig. 3 
can equally well be fitted to their experimental points. 
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The whole discussion suggests, indeed, that Xi and Xs should be con¬ 
sidered separately and that Xs/Xi has no special significance in itself, 
except as an empirical parameter (which, being independent of calibra¬ 
tion uncertainties, provides a useful basis of comparison for the results of 
different experiments). 

Effect of Alloying on Susceptibility —^The variation of Xi and Xs at a 
given temperature with concentration of various added elements has 
already been measured by Goetz and Focke {he. cit.); since, however, our 
own results introduce some new features, as well as confirming the general 
nature of Goetz and Focke’s work, they form a convenient basis for the 
discussion of Part II, and will be briefly described here. 

From a theoretical point of view, the influence of alloying should be 
studied at absolute zero, since the various complicating influences intro¬ 
duced by temperature are then absent, and a low temperature is advan¬ 
tageous also from an empirical point of view, since the effects of alloying 
are then most pronounced. It will be seen from the curves of fig. 2, that 
in general the values of xi and Xa at 75° K are not greatly different from 
those at lower temperatures, and the susceptibility-concentration curves 
at this temperature (shown in fig. 4) are probably similar in character to 
those which could be obtained by extrapolation to absolute zero. 

Before discussing the curves of fig. 4 it is necessary to comment on the 
scatter of the experimental points in order to justify the smooth curves 
actually drawn. To the extent already indicated on p. 689, this may be due 
to errors of measurement of susceptibility, but the main scatter is due to 
errors in concentration (particularly marked for the lead alloys), and 
probably caused by uneven distribution of lead in some of the parent 
alloys. Where the points lie very much off the curves (as at 0-32% and 
0-49% of lead) we verified by spectrographic analysis that the lead con¬ 
centrations were definitely wrong in the requisite sense. A criterion for 
deciding when the concentration is at fault is to see if both the xi and Xs 
points can be brought back to the curve by the same displacement of 
concentration. For one of the alloy crystals (0 -08% lead) we showed that 
the magnetic properties were not appreciably changed by dissolving away 
about half the crystal, so that if there are fluctuations of concentration in 
tiie actual crystal they must be fairly uniformly distributed. 

The most striking features of the curves of fig. 4, that such small con¬ 
centrations are effective, that tellurium has an opposite influence to lead 
or tin, and that Xi aad Xa ar® oppositely affected, have already been 
explained in a general way by Jones (he. cit.) as due to the fact that 
tdHurium has one more, and lead or tin one less, valence electron than 
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bismuth. Owing to the critical nature of the bismuth electronic structure, 
the small increase or decrease in the average number of electrons per 
atom produced by alloying, considerably changes the “ effective ” number 
of electrons responsible for the magnetic properties, i.e., those over¬ 
lapping into the second Brillouin zone and the “ holes ” in the first zone. 

This qualitative theory cannot, however, explain the experimental 
result that though tin and lead have the same number of valence electrons. 



0-2% Tc 0-4% Te 

Fig. 4— • Bi-Pb (parent alloy 1); O Bi-Pb (parent alloy 2); + Bi-Sn; x Bi-Sb; 
O Bi-Tc. All percentages are atomic. 

about four times as many lead atoms are required to reproduce the effect 
of a given number of tin atoms. There are two possible interpretations 
of this fact:— 

(a) The tin electrons might be more tightly bound to their atoms dian 
those of lead, so that the reduction of ‘‘ effective ” electron number 
by tin would be greater than by lead. This interpretation is 
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rendered less plausible by the fact that tellurium also has quantita¬ 
tively about the same influence per atom as tin (in the opposite 
direction of course), so on this view we should have to suppose that 
in tellurium also the electrons were tightly bound to a similar 
extent. Moreover, it is perhaps not irrelevant that the Zs'Con- 
centration curves (unlike the Xi curves) for tin and lead cannot be 
brought together by a mere change of concentration scale, so if the 
difference between tin and lead is simply in the number of electrons 
contributed by them, equivalent quantities of tin and lead do not 
give the same x, values. 

{b) The susceptibility does not depend only on the number of effective 
electrons, but, as Jones shows, it depends also on the form of the 
energy surfaces in k space.* It is convenient to postpone a fuller 
discussion to Part II, but we can say here that the addition of 
foreign atoms is very likely to change the perturbing field of the 
lattice and so to change the form of the energy surfaces. On this 
view it is not surprising that tin and lead have different effects, 
since there is no reason why their influence on the lattice field 
should be the same. It is not, however, easy to see why it should 
be possible to bring the xrconcentration curves for tin and lead 
together by a mere change of concentration scale. 

The influence of adding antimony is also interesting, since antimony 
has the same number of valence electrons as bismuth, and so on Jones’s 
qualitative theory should have no influence on the magnetic properties of 
bismuth. 

For low concentrations the addition of antimony has indeed little effect 
(as was shown also by Goetz and Focke), but for higher concentrations 
this is no longer true, and for addition of 6*2% antimony Xi is increased 
to about the same extent as for 0 06% tin. The interesting feature, 
however, is that xs is also increased, so that the influence of antimony is 
intermediate between that of tin and that of tellurium—“ tin-like ” for 
Xi and “ tellurium-like ” for xa- This characteristic behaviour, shown 
also by the temperature dependence of susceptibility (see fig. 2), makes it 
unlikely that the observed influence is due to impurities in the antimony 
(which, moreover, spectrographic analysis showed to be about 99 -96% 
pure). 

The falling off of xi when more than 0 -3% lead (or 0 -075% tin) has 
been added is clearly connected with the “ maximum ” feature of the 


• k is the electron wave vector, see Jones (loc. cit.). 
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7 . — T curves in this range of concentration, but there does not appear 
to be any simple explanation of it. It may be observed that xs for the 
bismuth-tellurium alloys shows a similar, though much less marked, 
falling off, and probably a similar effect occurs with the antimony alloys 
at very high concentrations. 

Another feature of fig. 4 which requires comment is the small initial 
flat portion of the susceptibility-concentration curve for tin, which sug¬ 
gests that a crystal of bismuth containing less than 0-014% tin behaves 
exactly like a pure bismuth crystal (this is more strikingly brought out by 
the de Haas-van Alphen effect of Part 11). It is probable that this 
behaviour is not a fundamental property of bismuth, but is due to some 
trace of impurity in the bismuth which prevents the first very small 
admixture of tin from going into solid solution. We must, however, 
suppose that this tin is still present in the body of the crystal, in small 
flaws perhaps, as spectrographic analysis still shows tin lines. A very 
much more marked effect of this kind was found in our earlier experiments 
with the less pure bismuth mentioned on p. 689, in which there was a 
similar flat portion in the susceptibility-concentration curves for lead up 
to about 0-05%, and which, as fig. 4 shows, no longer appears in the 
present experiments with purer bismuth. 

This interpretation finds support also in some experiments with triple 
alloy crystals of bismuth-tellurium-lead and bismuth-tellurium-tin, which 
were prepared in the hope of being able to balance the effects of tellurium 
and tin or lead against each other, if they were present simultaneously. 
Actually these crystals behaved either as if no tellurium or else no tin or 
lead had gone into solid solution. Thus for 0*026% tin together with 
0-021% tellurium the crystal had almost exactly the magnetic properties 
of a 0-021% tellurium alloy, while for 0-04% lead together with 0-006% 
tellurium it behaved as if the lead alone were present. It is quite possible 
that for a very narrow range of concentrations both tellurium and lead or 
tin can co-exist in solid solution, and we hope to investigate this more 
thoroughly later, but the present results show already that a trace of 
tellurium or some similar clement, too small to be detected spectro- 
graphically, can indeed prevent the first small amount of tin from going 
into solid solution. 


Summary 

The detailed temperature dependence of the principal susceptibilities 
of bismuth single crystals has been investigated from room temperature 
down to 14° K. The crystals were prepared by a special method and the 



The Magnetic Properties of Bismuth 701 

measurements made with a Sucksmith balance. This temperature 
dependence is considerably changed by the addition of small concentra¬ 
tions of other elements to the bismuth, and these changes are discussed 
in connexion with the general interpretation of the temperature depen¬ 
dence. The effect of alloying on the susceptibility at a low temperature is 
also discussed. 


The Magnetic Properties of Bismuth 
11—The de Haas-van Alphen Effect 

By D. Shoenberg, Senior Rouse Ball Student, Trinity College, Cambridge, 
and M. Zaki Uddin, Trinity College, Cambridge 

(Communicated hv Lord Rutherford, O.M., f.R.S.—Received 22 April, 

1936) 

Introduction 

Some years ago de Haas and van Alphen* showed that the variation 
of the magnetization of bismuth with field, which is linear at ordinary 
temperatures, assumes a complicated periodic character at the tempera¬ 
ture of liquid hydrogen (20° K) and below. Later, Peierlsf was able to 
show theoretically that such an effect was to be expected in general, but 
that it should be marked only for metals of a special electronic structure 
such as bismuth. 

Since this non-linear field dependence of magnetization (which we shall 
refer to as the de Haas-van Alphen effect) is interesting in itself as a new 
phenomenon for diamagnetics, and in the light of Peierls's theory could 
be expected to give information about the electronic structure of bismuth, 
we have made a further experimental study of it, first confirming the 
features already found by de Haas and van Alphen and then examining 
its temperature dependence in greater detail, and the influence of alloying 
other elements with the bismuth. 

After some considerations of a formal character, which indicate how 
the crystal symmetry specifies the directional properties of the effect, 
the experimental results are described, followed by a theoretical section 
in which the results are compared with Peierls's theory and the electronic 
structure of bismuth is discussed. 

* ‘ Comm. Phys. Lab. Leiden,’ No. 2l2a (1930); No. 220d (1932). 
t ‘ Z. Physik,’ vol. 81, p. 186 (1933). 
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Formal Considerations 

In ordinary circumstances the magnetization (per unit mass), I is a 
linear function of the field H, or in tensor notation 

( 1 ) 

Applying the limitations of crystal symmetry to the tensor Xoi..* it is a 
simple matter to calculate how the magnetization depends on the ori/enta- 
tion of the crystal axes with respect to the field, and the expression for the 
force on the crystal, given in Part I (p. 690) is obtained. In particular, 
for the orientation a = 0, i.e., with the trigonal axis perpendicular to the 
field, the force becomes simply proportional to Xi and is independent of 
the angle X, between the binary axis and the field, i.e., independent of 
rotation of the magnet about the trigonal axis. This may, however, no 
longer be true if the assumption (1) of linearity fails, as with bismuth at 
low temperatures. 

If I can be expanded as a power series in H, the most general relation 
is of the form 

la "" Zai> Hfc + Xofctd + Xabcd./ +, etc., (2) 

and the number of independent components of the various tensors is 
considerably reduced by the condition that all the suffixes must commute. 
In order to see how the magnetization depends on the position of the 
crystal axes, it is necessary to investigate the limitations on the x tensors 
caused by crystal symmetry, but the calculation becomes almost im¬ 
possibly complicated for tensors of rank higher than 6. It is, however, 
possible to examine some special cases, which, fortunately, are the chief 
ones of practical importance. 

Thus if a = 0 (field perpendicular to trigonal axis), it is only necessary 
to examine those components of the tensors which contain no suffix 3. 
It can then be shown by applying methods developed in a previous paperf 
that the vertical force will no longer be independent of the angle X, between 
the binary axis and field, and is proportional to 

grad (H®) [aq + Oi cos bX, -f- a* cos 12C ... + a„ cos 6nX, ...] (3) 

is a function of H containing only powers of index higher than 6n — 2, 

* In this notation the suffix 3 refers to the trigonal axis, and the suffix 1 to the 
binary axis; the only non-vanishing components of Xo» for bismuth are then Xu * 
Xm Xi and Xm “= X»- 

t Shoenberg, ‘ Proc. Camb. Phil. Soc.,’ vol. 31, p. 265 (1935). 



703 


The Magnetic Properties of Bismuth 

and is different from zero only if powers of index at least 6« — 1 are 
present in (2) above. Thus no variation of force with rotation will 
occur until the expansion of I in powers of H contains terms of in&ex 5 
and higher. The result (3) explains also the observation of de Haas and 
van Alphen that if the magnet is rotated about the trigonal axis the varia¬ 
tion of force with rotation is symmetrical about the position^ of field 
parallel and perpendicular to a binary axis (? == 0° and 30°) and has a 
60° period. 

In our work we made use of this circumstance to determine the position 
of the binary axes in the crystal, by observing this variation of force with 
rotation at a given field strength. A typical “ rotation curve ” (for pure 
bismuth at 20° K and 10,600 gauss) is shown in fig. 1, together with the 
position of the binary axis deduced from it. 


Binary axis parallel to field 



The result (3) suggests that something can be learnt about the field 
dependence of magnetization from a rotation curve at a single field 
strength and it is interesting to examine fig. 1 from this point of view. 
Fourier analysis shows that the force is proportional to 

667 -I- 18-7cos6!: + 10-7cos 121: - 2-4cos 181; -h 0-7cos241;, 

and from the above analysis we at once conclude that if the magnetiza¬ 
tion can be expanded in powers of H, powers of index as high as 23 have 
an appreciable influence. In other words, the power series converges 
very slowly and the field dependence is of a very complicated character— 
a conclusion amply confirmed by the measurements to be described. 

The other special case we consider, is for the field parallel to the trigonal 
axis and (2) then becomes simply 


Is — Xas H "b Xssas H® *b Xsssasa H® +. etc. ... 


(4) 
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de Haas and van Alphen showed, however, that the field variation of la 
is linear down to 14° K (this was confirmed also by our experiments), 
so that although the formal description permits the appearance of higher 
order terms, none do, in fact, occur; an absence which we shall see is 
significant for the electronic structure of bismuth. 

For a complete description of the magnetic properties it would be 
necessary to study the field dependence of magnetization for aU possible 
orientations of the crystal axes, but apart from the great difficulty of doing 
this, such an investigation would be of little value in the present qualitative 
state of the theory of the bismuth electronic structure, and we have 
limited our experiments to the orientations discussed above. Moreover, 
in the case of the field perpendicular to the trigonal axis (for which the 
non-linear field dependence occurs), we have for the same reasons limited 
the field dependence measurements to the two orientations of the binary 
axes parallel and perpendicular to the field, as was done by de Haas and 
van Alphen. 


The de Haas-van Alphen Effect at 14° K 

As an introduction to the newer results, we first describe the field 
variation of magnetization, with the binary axis parallel and perpendicular 
to the field, at 14° K, and compare our results with those of de Haas and 
van Alphen. 


Crossing field in gauss x 10*-®-— 

dc H. and v. A... 

S. and U. 

Table I 

. 10-3 

. 9*75 

7*2 

70 

5*6 

5*6 

4*6 

3-8 

I/H X 10® at crossing-place— 

de H, and v. A. 

S. and U. 

. 200 

. 20-8 

16-2 

16 8 

17*9 

18*5 

17-8 

17-3 


Size of loop— 

de H. and V. A. 17% 16% ~ 7% 

S. andU. 18% 15% 10% 6% 3% 


Our curves are shown in fig. 2 and the most striking feature is the 
periodic character of the variation, and the crowding of the singularities 
towards low fields. As a basis of comparison we may roughly describe 
the magnitude of the singularities by the sizes of the loops between the 
two curves, and the positions of the singularities by the fields at which die 
two curves cross each other. 

Our measurements at low fields were more detailed than those of de Haas 
and van Alphen and the extra loops found by us are quite definite. 
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Apart from this, the agreement shown in Table I is reasonably satisfactory, 
especially in view of the entirely different experimental technique and 
material. 

Experiments with the slightly less pure bismuth mentioned in Part I 
(p. 689) gave quite a different de Haas-van Alphen effect with the crossing 
places occurring at about 15% lower fields, and since the later expo-iments 
show that this difference is due to the greater content of impurities in 



this bismuth, the good agreement shown above may be interpreted as 
meaning that both our best bismuth and that of de Haas and van Alphen 
are almost completely pure, since it is unlikely that they should both 
contain the same amount of impurity. Also in view of the different 
methods used for preparing the crystals, the agreement suggests that the 
de Haas-van Alphen effect is not very sensitive to the mechanical state 
of the crystal {i.e., internal strains and plastic deformation). 

The slight lack of agreement shown by the comparison above is most 
probably due to slight traces of impurity in our bismuth, and the later 
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experiments show that 0-004% lead would be sufficient to account for it.* 
It might also be partly due to differences of calibration accuracy, which 
was not very great in either experiment. 

de Haas and van Alphen continued their measurements to higher 
fields (up to 35,000 gauss), and showed several more loops of the kind 
occurring at lower fields. Our experimental arrangement did not con¬ 
veniently permit of fields higher than 10,500 gauss, but the agreement in 
the lower range of fields suggests that this is sufficient for a study of the 
influence of temperature and alloying. 



Temperature Dependence of the de Haas-van Alphen Effect 

de Haas and van Alphen made experiments at only two temperatures, 
14® K and 20® K, and it was interesting to see both how the effect behaved 
at the lower temperature of liquid helium (4° K)t and how it disappeared 

* The analysis supplied by Hilger gave the impurity content as 0-001% silver and 
0-0004% lead, but quantitative estimates in spectrographic analysis can easily be 
wrong by a factor 10. Independent analysis did, in fact, suggestahigher lead content, 
t Note added in proof, 26 June, 1936—^We have just learned that van Alphen in 
his dissertation has also described experiments at temperatures lower than 14” K. 
His curves contain only a few points below 10,000 gauss, and these agree at 4° K 
with fig, 3. His results suggest, fUrther, that dovm to 8000 gauss there is little 
diilbrence caused by lowering the temperature to 2” K. (See “Enkele magoetische 
eigenschappen der metalen bU lage temperatuur,” p. 56, Amsterdam (1933).) 
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as the temperature was increased above 20° K. The results are more 
strikingly brought out by plotting I/H against H, instead of I against H, 
although this has the disadvantage of exaggerating the experimental error 
at low fields. At high temperatures I/H is the susceptibility xi (inde¬ 
pendent of H) and it is convenient to preserve this name in the field 
dependent region also. 

Fig. 3 shows the field dependence of xi for the two positions of the field 
parallel and perpendicular to a binary axis and at the temperatures 77° K, 
20° K, 14° K, and 4° K. The following points should be noted: 

(1) The singularities become much more marked as the temperature 
is reduced. (At 4" K, the singularities are so pronounced that 
the deflexion of the balance can be seen to vary periodically as 
the field increases from zero.) 

(2) The singularities at lower fields are more rapidly increased than 

those at higher fields by reduction of temperatures. 

(3) The positions of the singularities (maxima and minima) of the 
curves are approximately independent of temperature:—for the 
binary axis parallel to the field they seem to be slightly displaced 
to lower fields as the temperature is reduced. 

(4) At 4° K some new singularities appear for the binary axis per¬ 
pendicular to the field, particularly at 8(X)0 gauss. This singularity 
is just apparent as an inflexion in the 14° K curve. 

(5) At 77° K, Xi is independent of field up to 10,000 gauss within 
experimental error, i.e., the de Haas-van Alphen effect has dis¬ 
appeared. 

We may mention also that the observation (2) agrees with the results of 
de Haas and van Alphen at higher fields, for between 15,000 and 35,000 
gauss they found very little difference between the curves at 20° K and 
14° K. 

In order to see how the effect disappeared above 20° K, we used the 
temperature variation technique described in Part I. As the liquid 
hydrogen evaporated, susceptibility measurements were made for the 
two usual positions, at a single field strength. The results at 8080 gauss 
and 10,590 gauss are shown in fig. 4 together with the variation up to 
20° K. obtained from fig. 3, and these curves bring out rather strikingly 
our observation that change of temperature has a much more marked 
effect at lower field strengths. The actual temperature at which the 
separation of the curves becomes less than experimental error is between 
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30° K and 40° K, if anything, slightly increasing with field strength (it 
should be remembered that the separation of the curves disappears when 
the expansion of I in powers of H contains only linear and third order 
terms). 

In this connexion it is interesting to note that Kapitza* has measured 
the magnetization curve of bismuth up to 300,000 gauss and found an 
accurately linear relation between I and H down to 77° K so ' that appar¬ 
ently no de Haas-van Alphen effect occurs at this temperature even at 
very high fields. This conclusion is, however, not entirely certain as 
Kapitza’s specimen consisted of a bundle of fine crystal wires, which 



0 20 <tO 0 20 40 O 20 40 -*’>K 

62S0 gauss 8080 gauss 10,320 gauss 

Fig. 4— o Field parallel to the binary axis; • field perpendicular to the binary axis. 

although having the same orientation of their trigonal axes may have had 
their binary axes randomly oriented; also, as mentioned in Part I, the 
bismuth used by Kapitza was probably not completely pure. 


Influence of Alloying on the de Haas-van Alphen Effect 

We have already had occasion to mention that the effect is very sensitive 
to impurities and we now describe how the effect is changed by adding 
definite concentrations of various other elements to the pure bismuth, 

In figs. S and 6 we have plotted the field dependence at 14° K of Xi 
for the two usud orientations, for a series of ciystals containing increasing 

• ‘ Proc. Roy. Soc.,’ A, vol. 131, p. 231 (1931). 
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O Field parallel binary axis 
• Field perpendicular binary axis 
Fio. 5. 


amounts of lead and tellurium respectively. Three distinct results of 
the alloying may be distinguished:— 

(1) The singularities are displaced to higher fields with addition of 
tellurium, and to lower fields for addition of lead. This displace¬ 
ment may fairly accurately be described by a change of scale, i.e., 
if the susceptibility is plotted against XH instead of H, X being a 



710 D. Shoenberg and M. Z. Uddin 



Fio. 6. 

suitably chosen constant, the singularities will occur at the same 
places as for pure bismuth. The constant X is then greater than 
unity for lead and less than unity for tellurium. 

(2) The singularities become less and less marked with addition of 
either lead or tellurium until, for more than 0*08% lead or 0'009% 
tellurium, the de Haas-van Alphen effect has practically dis* 
appeared. . 
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(3) The absolute value of the susceptibility averaged over the field 
variation increases with addition of lead and decreases with 
tellurium. This corresponds, of course, to the similar result found 
for higher temperatures in Part I. 

Since both lead and tellurium have the effect of reducing the amplitude 
of the field dependence singularities, we thought at first that the reduction 
might be due to some perturbing influence of the introduced foreign 
atoms which caused a smoothing out of the singularities, and in order to 
investigate this hypothesis we tried the effect of adding antimony which 
has the same number of valence electrons as bismuth, and so to a first 
approximation should not affect the electronic structure of bismuth. 
The result suggested that the hypothesis was wrong since small con¬ 
centrations of antimony (of the same order of magnitude as those of 
lead or tellurium mentioned above) produced very little effect on the 
field dependence. For much larger concentrations (~ 0 • 5%) the addition 
of antimony has an effect similar to that of lead and for about I -5% 
antimony the field dependence has practically disappeared. 

Another possible explanation of the reduction of amplitude is that the 
alloys are of very non-uniform concentration, so that the observed field 
dependence is an average over the field dependence curves for a variety 
of concentrations. To test this we tried the effect of dissolving away about 
half of one of the lead rich alloy crystals (0-08%) to see if the remaining 
half had the same mean concentration as the original crystal. Actually 
the field dependence curves were practically unchanged both as regards 
the position and size of the singularities, which suggests that if fluctuations 
of concentration occur they must be limited to regions much smaller 
than the size of the crystal (so that the mean concentration over any 
region 1 mm in dimensions is approximately constant through the 
crystal). We shall return to this possibility later as it is relevant in the 
general interpretation of the results. 

We have already seen in Part I that tin and lead, in spite of their equal 
number of valence electrons, have a different influence on the ordinary 
magnetic properties of bismuth, and we were particularly interested to see 
whether a similar difference occurred as regards the de Haas-van Alphen 
effect. The results are unfortunately confused by the circumstance dis¬ 
cussed in Part I (p. 700) that the first small amount of tin does not appear 
to go into the bismuth lattice (probably due to a slight impurity in the 
bismuth). Thus all crystals containing up to 0 012% tin show almost 
exactly the same de Haas-van Alphen effect as pure bismuth, while for larger 
concentrations (when presumably the tin is going into solid solution) 
the effect changes very rapidly and is already quite slight for 0-02% tin, 
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viiule at tite same time the singolarittes have moved to lower fields (as for 
the lead alloys). 

The result (1) above, of a change of scale of the magnetic field is 
important for the theoretical discussion, and in fig. 7 we show how the 
“ change of scale constant ” X varies with concentration of lead, tellurium, 
antimony, and tin. For tin we have also sketched in (with dashes) the 
probable course of the true X-conccntration curve, on the assumption that 
for 0-015% all the tin goes into solid solution, while between 0-012% and 
0-015% part of tin is in solid solution and part in flaws of the crystal. 


\ 

t 
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1-5 


1*0 


0-5 
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Although this dashed curve is necessarily very rough, it is probably 
correct as regards orders of magnitude. We should mention also that the 
values of X are obtained from the inverse ratios of the field strengths at 
which the various maxima, minima, and crossing^places occur to those for 
pure bismuth (using de Haas and van Alphen's results for the higher fields 
when necessary). These ratios for a given alloy show no systematic 
discrepancies as between the curves for the field parallel and peipendicular 
to a binary axis, and the arithmetic mean of all the ratios for each ahoy 



2 0% Sb 0 008%Te % 

0 004%Te 

Fio. 7. 
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is takes as the value of X. To give an idea of the accuracy of this deter¬ 
mination, a vertical line is drawn through each point, showing the range 
of variation among the ratios of which X is the mean. 

We have seen already that the magnetization parallel to the trigonal 
axis behaves quite normally for pure bismuth, i.e., that xa is independent of 
the field at low temperatures. It was interesting to see whether the change 
of electronic structure produced by alloying could not introduce a field 
dependence for xs similar to the complicated field dependence of xi- The 
result of this experiment was negative, however, no field dependence of 
Xa occurring at 20° K either for a lead rich alloy (0 -20%) or for a tellurium 
rich alloy (0 ■ 15%), which as we shall see in the next section is not altogether 
surprising. 


Theoretical Discussion 

(a) Peierls's Theory —It is a well-known result of metal theory that the 
energy spectrum of permissible states of motion of electrons in the per¬ 
turbing field of a lattice consists of “ bands ” separated by regions of 
energy in which no states occur, and it is only electrons with energies 
in the highest band which can contribute appreciably to the electrical and 
magnetic properties. 

Peierls considers the case when there are only a few electrons in the 
highest energy band, and for the simplest case of a cubic lattice, the 
relation between the energy E (measured from the lowest energy level in 
the band) and k (the electron wave vector, which specifies the state) is 

E-iAk*; (5) 

in other words, the energy surfaces in k space are spherical. The relation 
(5) is formally the same as for a gas of free electrons of elfeclive mass 
m -= (where d is the lattice spacing) and therefore of effective 

magnetic moment. 

(A ~ eAllmc — eAiPjlc. (6) 

If Eo is the energy of the highest occupied state (measured from the 
lowest in the band) it is easy to show from (5) and (6) that the number of 
electrons in the highest energy band is 

n«(Eoii)^ (7) 

For a gas of free electrons of normal mass Eo is large and |j. is small, so 
tha t in ordinary conditions (tH < ^T < Eq and the susc^tibility in this 
case is well known to be independent of the field. If, however, n is very 
small, and at the same time the lattice field is such as to make A lar^. 



714 


D. Shoenberg and M. Z. Uddin 


these conditions may no longer hold at low temperatures and high fidds 
and a field dependence may occur. Peierls has considered just this 
case, and we shall briefly describe his results in order to see what may be 
learnt from our experiments. 

Peierls shows that at absolute zero,-singularities will occur in the magne¬ 
tization curve when 

Eo = (2/ -f 1) (.H, (8) 

/ being an integer. As soon as the temperature T is difierent from zero, 
some electrons will have energies slightly greater than Eo, or roughly 
speaking we can say that the highest energy state is “ smeared out ” over 
an energy range ~ A:T surrounding £„ {k — Boltzmann constant). If 
then /:T ~ (i.H, the position of a singularity is spread out to an extent 
comparable with the separation of successive singularities, and when 
kT > (iH, as in most metals at ordinary temperatures, the singularities 
are almost completely smoothed out. 

The field dependence of magnetization is represented by 


I == 


t:' 
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( 9 ) 


where u is a very complicated function with singularities at fields given by 
(8) and for large values of [iH/Eo attaining a saturation value 1/3. 

For comparison with our results this may be conveniently rewritten 
(using (7)) as 

’It)’ <''» 

where 


flc —S’ u. 
|xH 


For high temperatures or low fields when the singularities are completely 
smoothed out, o' is just a constant (independent of and Eq) and 




( 11 ) 


(h) Comparison with Results for Pure Bismuth —^The expression (10) 
has indeed the same periodic character as the experimental curves, but 
it is not possible to represent the positions of the singularities more than 
very approximately by formula (8). It must be emphasized that the 
simple model of the bismuth structure cannot (owing to the qdioical 
symmetry of (5)) represent the variation of I with rotation of the magnetic 
field about the trigonal axis, and in view of this the ai^roximate nature of 
the agreement is not surprising: we can consider the two positions of tite 
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field parallel and perpendicular to a binary axis as corresponding to 
slightly different values of the parameters Eo and ji, but for the purposes 
of discussion, it is convenient to limit our attention to one particular 
position. 

The theory can be compared with observation at a given temperature 
as regards the following three features; 

(a) The absolute value of susceptibility (depending on n). 

(h) The position of the singularities (depending on EJ\i.). 

(c) The magnitudes of the singularities (which depend on both Eq and 
p. in a more complicated way). 

* • 

Since with the simplified model, there are only two independent para¬ 
meters (Eo and p), two of these features are sufficient to fix their values, and 
comparison may be made as regards the third, and also as regards the 
dependence of the effect on temperature and alloying. 

By comparing (h) and (c) with de Haas and van Alphen’s curves, 
Peierls estimated that very roughly Eo ™ 1 - 2 x 10“® volts (degeneracy 
temperature 150° K) and p --- 180 Bohr magnetons, these values corre¬ 
sponding to only 10~® electrons per atom in the highest energy band. 
Unfortunately, with these values (a) comes out quite wrong (susceptibility 
about 70 times too small). If (a) and (b) had been fitted to the experi¬ 
ments both Eo and jji would have been 70 times larger and correspondingly 
the magnitude of the singularities would have been much larger thaa 
observed. 

These discrepancies, again due to the simplicity of the model assumed, 
do not necessarily discredit the explanation, since a more detailed model 
of the bismuth structure would probably still lead to a field dependence 
of the same general character. Thus in spite of the lack of quantitative 
agreement it is plausible to suppose that the theory does give a qualitative 
picture of the mechanism of the field dependence, and the parameters Eq 
and |x, regarded as empirical quantities deduced from (b) and (c) above, 
may be used for the purposes of qualitative discussion, provided it is 
remembered that they may not have the same physical meaning as ascribed 
to them in the simplified model. 

The theory predicts also a saturation of magnetization at very high 
fields, but the results of de Haas and van Alphen do not show any evidence 
of this up to 35,000 gauss, although their curves suggest that the last 
singularity (corresponding to / == 0 in (8) above) has been reached. It would 
be veiy interesting to measure the low temperature magnetization at still 
higher fields, as would, for instance, be possible with Kapitza’s high field 
technique. 
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(c) Comparison with Results on Temperature Dependence —^The approxi¬ 
mate independence of temperature of the fields at which the various 
maxima and minima occur is at once explained by the theory, since the 
effect of temperature is only to smooth out the singularities. The slight 
shift towards higher fields as the temperature is increased is also explained, 
since the change in magnetization caused by averaging over a range of 
fields /cT / [x will depend on the curvature of the magnetization curve, and 
since this is in general greater on the low field side of a singularity, the 
high field side of a singularity is less affected by “ smearing out ” than the 
low field side, and the singularity is shifted to slightly higher field. 

A similar argument explains our observation that the singularities at 
low fields are relatively more sensitive to temperature than those at high 
fields, since the range kT / fx covers a much larger proportion of a singu¬ 
larity at low fields than at high fields, and averaging over this range has 
consequently a much larger smoothing effect. 

The de Haas-van Alphen effect up to a given field strength should 
disappear as soon as the range kl / (x over which the magnetization has to 
be averaged, becomes comparable with the breadth of the singularity at 
that field strength, and this is in fair agreement with our measurements 
above 20° K. Thus at 40° K where up to 10,000 gauss the field dependence 
is less than experimental error, ^T/(x ~ 3000 gauss, while the breadth of 
the singularity whose minimum is at 7500 gauss is of the same order of 
magnitude {see fig. 3). Since for field strengths higher than 10,000 gauss 
the region occupied by the singularities becomes rather larger (~ 10,000 
gauss), this argument would suggest that a field dependence of suscepti¬ 
bility at the higher fields might persist to rather higher temperatures {i.e.> 
up to 100° K), but, as we saw on p. 708, the experimental evidence on this 
point is rather inconclusive. 

As regards the lower temperatures, our results at 4° K suggest (in agree-, 
ment with the theory) that for still lower temperatures (which we have 
not yet been able to use) the de Haas-van Alphen effect would become 
still more marked at low fields, and in this connexion we should mention 
a recent investigation by de Haas, Blom, and Schubnikow,* on the change 
of resistance of bismuth in a magnetic field. This phenomenon, like the 
magnetization, also shows a complicated periodic field dependence at 
low temperatures, which is probably due to similar causes, and they found 
that although this periodic character was more marked at 4° K than at 
14° K, there was very little change between 4° K and 1° K, which would 
seem contrary to our suggestion that lowering of temperature below 4° K 
should still have a considerable influence. Our remark, however, applies 
* ‘ Physica,’vol. 2, p. 907 (1935). 
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only to fields below about 6000 gauss, and as the field used by these 
authors was about 20,000 gauss, the lack of difference between 4° K 
and 1" K is not surprising, since the “smearing out” is presumably 
already negligible at 4° K for such a high field. 

{d) Interpretation of the Alloying Results —^The change of scale effect 
of alloying other elements finds an immediate interpretation in terms of 
Peierls’s theory, since, from (9) or (10) above, the scale of field strengths 
depends on fx/Eo, and if owing to the alloying this is changed, the scale of 
field strengths will alter. The empirical constant X specifying the change 
of scale may, in fact, be interpreted as the ratio of (x/Eo for the alloy to 
|j./Eo for pure bismuth. 

At the same time, on the simple model used above, the ratio of the 
ordinary susceptibility xi (extrapolated to absolute zero) to that for pure 
bismuth gives the ratio of ((xEo)^ for the alloy to (txEo)* for pure bismuth, 
and so the effects of alloying on {x and Eo can be separated. For this 
purpose the data from Part I (p. 697) can be combined with the data for X 
from fig. 7, although it should again be emphasized that these data refer 
to the real electronic structure and not to our simplified model, so that Eq 
and |x may not have the simple meaning ascribed to them in the latter. 

In Table II we show the values of (x and E©, relative to pure bismuth, 
obtained in this way for various alloys. 

Table II 


Alioy 

0 02% Sn 

0-02% Pb 

0 08% Pb 

0*009% Te 

1*0% Sb 


P66 

113 

1-83 

0*52 

113 

Eo 

0-98 

0-96 

0-87 

1*38 

0-93 


Although these figures are rather rough, particularly for the tin alloy, 
it seems that the alloys with 0-02% tin and 0-08% lead, which arc equi¬ 
valent as regards their xi values, have different values of X and therefore 
of n and Eq. On the other hand, the alloys with same concentration of 
lead and tin, which have different values of Xi. have approximately the 
same Eq- 

If we assume that the empirical quantity Eo of Table II has a similar 
significance for the actual electronic structure as for the simple model, we 
can say that the degeneracy temperature of the electrons responsible for 
Xj is r^uced by the addition of lead, tin, or antimony and increased for 
addition of tellurium. This is in qualitative agreement with the inter¬ 
pretation of the temperature dependence of Xi given in Part I, but quanti- 
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tatively there is no detailed connexion between the Eq of Table II and 
the temperature at which variation of \ ceases. 

A change of Eg and (x such as caused by alloying, should also change 
the magnitude of the singularities, and we now examine whether the 
observed reduction of magnitude for both lead and tellurium can be 
explained by the theory. According to equation (10), the magnitude of a 
singularity at a field H and temperature T for the alloy should be (Egfi)* 
multiplied by the magnitude for pure bismuth at a field (xH/Eg and a 
temperature T/Eg (Eg and as in Table II being measured relative to 
pure bismuth). Thus for the 0 009% tellurium the size of a loop at 14° K 
(divided by (Eg jx)^ which is 0 • 86) should be compared with the correspond¬ 
ing loop (at 0 -38 of the field strength) for pure bismuth at about 10° K. 
This comparison shows that the loop between 9(XX) and 10,000 gauss (see 
fig. 6) is much smaller than it should be on this argument (very roughly 
seven times smaller). Similarly the de Haas-van Alphen effect for the 
lead alloys is less marked than it should be. 

It seems improbable that every change of electronic structure from that 
of pure bismuth should make the de Haas-van Alphen effect less marked, 
so even allowing for the inadequacy of the simple model on which the 
arguments are based, the above discrepancy has probably a secondary 
cause, and, as suggested on p. 711, may be due to fluctuations of con¬ 
centration in the alloys. We may note that to produce a sufficient 
sitioothing out of the field dependence, such fluctuations would have to 
be considerable: at least of order of magnitude 10%. 

If this fluctuation hypothesis is not true, it would be necessary to 
suppose that the de Haas-van Alphen effect was limited to a very narrow 
range of bismuth-like electronic structures, and so could hardly occur in 
other pure metals. In this connexion we have recently examined the 
magnetic properties of a pure antimony crystal,* but found no evidence of 
a field dependence of susceptibility down to 4° K. 

(<*) Some Remarks on the Electronic Structure of Bismuth —Since lead 
has only 4 valence electrons per atom compared with the 5 of bismuth, 
addition of lead presumably reduces the number of effective electrons per 
atom, and this appears to be in contradiction with the observed increase 
of the susceptibility Xi (which according to (11) above varies as »J). 
The contradiction is not, however, a real one, and is removed by the rather 
more detailed model used by Jones.f In this model the crystal structure 
of the bismuth is taken into account, and Jones shows that the highest 

* Shoenberg and Uddin, * Proc. Camb. Hiil. Soc.’ (/» course of publicatUm). 

t ‘ Proc. Roy. Soc.,’ A, vol. 147, p. 396 (1934). 
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energy surface in k space overlaps partly outside a “ Brittouin zone”, 
leaving a number of unoccupied states inside. Moreover, he shows that 
while it is mainly the overlap electrons which are responsible for Xa. it is 
these “ holes ” or unoccupied states which are mainly responsible for xn 
and if n is the number of “ holes ” it is naturally increased by a reduction 
of the average number of electrons per atom. Unfortunately, the form of 
the energy surfaces near the holes is very complicated and so with this 
more detailed model it has not been possible to make a quantitative theory 
of the susceptibility, or even a qualitative theory of its field dependence. 

As regards however, Jones, assuming an ellipsoidal form for the 
energy surfaces where they overlap outside the Brillouin zone, is able to 
make a more quantitative theory and estimates Eo~0-16 volts (corre¬ 
sponding to a degeneracy temperature of about 2000“ K). It is no longer 
possible in this model to specify a single parameter g., but the analogous 
quantities are something like five times smaller than the (x of Peierls’s 
theory. We see, therefore, that for the Xs electrons E, > fxH for the range 
of fields investigated, while > [xH for the lowest temperature used, so 
that the condition for an appreciable field dependence are not fulfilled for 
Xg. The absence of a field dependence of xs in the alloys (p. 713) suggests 
that the changes of electronic structure produced by alloying are n o 
sufficient to modify these conditions sufficiently, although the fluctuations 
of concentration discussed above might mask a field dependence even if 
the conditions for its appearance were favourable. 

In conclusion, we wish to thank Professor Lord Rutherford and Dr. 
Cockcroft for their interest in this work; and Dr. Peierls for much valuable 
discussion of the theory. We wish also to thank Mr. D. M. Smith of the 
British Non-Ferrous Metals Association and Mr. Laurmann for a number 
of spectrographic analyses, and Mr. Pearson and the workshop staff of 
the Royal Society Mond Laboratory for construction of the apparatus 
and preparation of liquid hydrogen and helium. One of us (M. Z. U.) 
wishes to thank the Aligarh University, India, for a grant. 

Summary 

A detailed investigation has been made of the peculiar periodic field 
dependence of susceptibility found by de Haas and van Alphen for bismuth 
at low temperatures. The experimental methods were the same as for 
Part I of this paper. At the temperature of liquid helium the effect 
became very pronounced, while measurements at higher temperatures 
showed that for fields up to 10,000 gauss the effect disappears at about 
40“ K. The alloying of very small concentrations of other elements (lead. 
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tin, tellurium, and antimony) was shown to have a remarkable iniEluence 
on the held dependence, changing both the position and the magnitude 
of the singularities. These new results are discussed in connexion with 
Peierls’s theory of the field dependence, and qualitatively interpreted, 
though quantitative agreement is not obtained. Combining the results 
with those of Part I on ordinary susceptibilities, some empirical con¬ 
clusions are drawn as to how alloying influences the electronic structure 
of pure bismuth. 
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